Local search for multiprocessor scheduling: how many
moves does it take to a local optimum?
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Abstract

We analyze two local search algorithms for multiprocessor scheduling.
The first algorithm is a job interchange algorithm for identical parallel
machines due to Finn and Horowitz [Bit 19; 1979]. We construct instances
for which this algorithm takes a quadratic number of iterations. This
contradicts the original analysis of Finn and Horowitz who claimed a linear
number of iterations.

The second algorithm adds an additional rule to the Finn and Horowitz
algorithm. Even for n jobs on m uniformly related machines, this modified
algorithm takes only O(nm) iterations.

1 Introduction

In this note we consider multiprocessor scheduling problems. We are given a
set of n jobs, 1,...,n, with positive integer processing requirements p; (j =
1,...,n). Each of these jobs has to be processed without interruption on one of
the m given machines, M, ..., M,,. A machine can process at most one job at a
time and all machines and jobs are available from the beginning. The objective
is to minimize the makespan, i.e., we want the last job to complete as early
as possible. We consider two machine environments: identical and uniform
parallel machines. In the case of identical machines, the time it takes to fully
process a job 7 on any machine is equal to the jobs processing requirement. In
the uniform parallel machine environment, each machine has a given positive
integral speed s; (i = 1,...,m). The time needed to complete a job j on a
machine M; is equal to p;/s;. The load of a machine is the total processing
time assigned to it. A critical machine is a machine with maximum load and
the makespan is equal to the maximum machine load. These problems are well
known to be NP-hard, even in the case for two identical machines, see Lenstra,
Rinnooy Kan, and Brucker (1977).
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procedure (0/1-INTERCHANGE
initialize S by placing the n jobs on the m machines in any order
while there is a job j € Jynax with pj < Lyax — Linin

modify S by moving job j to a machine M; with L; = Lyin
end while

Figure 1: The Finn-Horowitz 0/1-INTERCHANGE algorithm

A schedule is denoted by S = (Ji,...,Jn), where J; denotes the set of
jobs scheduled on machine M; (i = 1,...,m). Jmax denotes the set of jobs
scheduled on the critical machines. The load of a machine is L; = ) jeJ; Pigs
where p;; = p; for the problem on identical parallel machines and p;; = p;/s;
for the problem on uniform parallel machines. As the makespan is equal to
the maximum machine load, we denote it by Lmax = maxi<i<m L; and the
minimum machine load is Ly = ming<;<pm, Lj.

Finn and Horowitz (1979) presented for the problem on identical parallel
machines a simple improvement heuristic, which they called 0/1-INTERCHANGE.
For this procedure, we define a job j as a qualifying job if it is scheduled on a
critical machine and has p; < Lyax — Lmin- The procedure iteratively moves
a qualifying job to a machine with minimal load, until there are no qualifying
jobs; see Figure 1 for a more formal description. Note that the algorithm needs a
job selection rule for selecting which qualifying job to move. 0/1-INTERCHANGE
finds a so-called jump-optimal solution, i.e., a solution that cannot be improved
by moving one job to another machine. Finn and Horowitz showed that the
ratio of the makespan of the obtained schedule to the optimum is never worse
than ﬁ, where r denotes the number of jobs on a critical machine. If there
is a critical machine processing only one job, the schedule is optimal. For r > 2,
the ratio is bounded from above by n%—:”l, see also Schuurman and Vredeveld
(2001). Finn and Horowitz claimed that, regardless of the job selection rule,
the 0/1-INTERCHANGE procedure terminates in O(n) iterations. In Section 2,
we contradict this claim by providing an example and job selection rule for
which 0/1-INTERCHANGE needs §(n?) iterations. Brucker, Hurink, and Werner
(1997) showed that the procedure terminates in O(n?) iterations, regardless of
the job selection rule.

Finn and Horowitz also proposed an implementation of their algorithm. For
each machine, the jobs scheduled on the machine are stored in a linked list. The
procedure scans the list of a critical machine, starting at the beginning, and
moves the first encountered qualifying job. This job is added to the rear of the
list of a machine with minimum load. When a non-qualifying job is scanned,
we know that this job cannot become a qualifying job in future iterations as
Lax — Limin is non-increasing. We adapt the previously mentioned example so
that the proposed implementation of 0/1-INTERCHANGE needs §2(n?) iterations.

In Section 3, we consider the problem on uniform parallel machines. Schuur-
man and Vredeveld describe the so-called JumP-algorithm, which is an extension
of the 0/1-INTERCHANGE procedure to this machine environment. They define
the slack of a machine as the maximum amount of processing requirement that



can be added to the machine without increasing the makespan of the sched-
ule: A; = 8j(Lmax — Li), for i = 1,...,m. The maximum slack is denoted
by A = maxi<ij<m Ai. A qualifying job in this setting is a job j on a critical
machine with p; < A. The JuMP-procedure iteratively moves a qualifying job
to a machine with maximum slack, until there are no qualifying jobs left. Note
that in the case of identical parallel machines, ie., s; = 1 for i = 1,...,m,
A = Lpax — Limin and this procedure is the same as 0/1-INTERCHANGE. A solu-
tion found by this algorithm has makespan that is at most 1_7“57”_3 times the
optimum; the procedure terminates in O(n?m) iterations, see Schuurman and
Vredeveld (2001). We show that if the largest qualifying job is selected to move,
then the JuMP-algorithm finds a jump-optimal solution in O(nm) iterations.

2 Lower bound on number of iterations

In this section, we provide an example for which 0/1-INTERCHANGE needs §2(n?)
iterations to terminate.

We consider the following instance for the problem on two identical parallel
machines. Let ¢ be a positive integer. Then the number of jobs is n = 3¢ + 1
and the processing requirements are given by 1,2, ...,2% each length occurring
three times, except for 27 which has multiplicity one. For given ¢, we denote the
schedule after the ith iteration of the 0/1-INTERCHANGE procedure by SZ-(Q). We
represent a schedule by giving the processing requirements on both machines.
Our initial schedule is given by

SO My o1, 207 1,20
My: 1,...,2071

Lemma 1 Let g be a positive integer. There exists a job selection rule such that

the 0/1-INTERCHANGE procedure starting from S((]q) terminates after q(q+1)/2
iterations.

PROOF. We prove this lemma by induction on gq. For ¢ = 1, in the initial
schedule Ms processes one job of length 1 and all other jobs are scheduled on
M, and these jobs are all qualifying jobs. After moving one job from M; to Mo,
the difference in machine loads is equal to 1 and there are no qualifying jobs.

Assume the claim is true for ¢ — 1. In iteration 4, for 1 = 1,...,q9 — 1, we
select a job with processing requirement 2¢71.

SO My o1, 207, 28 90
My: 1,...,2971 1 2i—1

geany
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After ¢ — 1 iterations, we arrive in schedule S =1

SO My 1,...,2070, 2071 90
My: 1,...,20-1 1,... 202



The difference in machine loads in this schedule is 27 + 1 and we select the
qualifying job of length 29 to move in the next iteration.

S My:o1,...,201 201
My: 1,...,2971 1., 202 2¢

This schedule can be written as

S My . 20l 99t q. .. 2072
My: 29, 1,...,2972 1,...,29°1

This schedule is the schedule S(()q_l) in which the numbering of the machines
is reversed and two jobs of length 29~! are added to M; and one job of length
29 is added to Ms. By our induction hypothesis, we know that there exists
a job selection rule such that 0/1-INTERCHANGE starting from this schedule
needs ¢(q — 1)/2 iterations to terminate. Hence, the total number of iterations

isg+q(g—1)/2=gq(g+1)/2. O

As n = 3q + 1, the following theorem is immediate.

Theorem 1 For the problem of minimizing the makespan on identical parallel
machines, 0/1-INTERCHANGE needs Q(n?) iterations in the worst case to find a
Jump-optimal solution. O

To show that the implementation of 0/1-INTERCHANGE proposed by Finn
and Horowitz needs Q(n?) iterations to terminate, we use the same instance
and the starting solution has the same assignment of the jobs to the machines.
We assume w.l.o.g. that ¢ is a multiple of three. We need to specify the order
in which the jobs appear in the lists of the two machines. Hereto, we partition
the set of jobs into three disjoint subsets, A4, By, and Cy. The job of length 29
is assigned to Ag; each other job length occurs exactly once in a set. The order
in which the jobs appear in the three sets is as follows.

Ay 2,1,2322 24 93¢ 23171 93+l 94 2471 (j=2,...
By 1,222 23 2371l 93=2 93t | 9=l 9072 (j=2,...
Cy: 4,2,1,...,2%F2 93+l 931 | 194-129=2 24=3 (j =1

~—
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The initial schedule is given by

S M4, C,
MQ: Bq

Lemma 2 Let q be a positive multiple of three. Using the job selection rule
proposed by Finn and Horowitz, 0/1-INTERCHANGE starting from S(()q) needs

q(q + 1)/2 iterations to terminate.

PROOF. We prove this lemma by induction on gq. For ¢ = 3, it is easy, but
tedious, to see that the algorithm takes six iterations.



Assume the claim is true for ¢ — 3. In the first ¢ iterations only jobs from
the set A, are moved and we end up in the following schedule.

SW My : 20l
M, : Bq, Aq_g, 2q—2,2q

In the next g — 1 iterations, jobs from the set B, are moved and we obtain the
schedule Ség)_l.

S My: 2071, Cp By, 203,207
My: 2972 A, 5, 207224

In the next iteration, the first job to be scanned is the first one of length 27~!
on machine M. As the difference in machine loads in the current schedule is
29— _ 1, this job is not a qualifying job. Hence, the procedure moves in the

next ¢ — 2 iterations only jobs from the set C; and we find the schedule S?(’g)_?’.

S, My 2071, 2071203 B, 2073 901
My: 2972, Agos, 207229 C,g, 2972
This schedule is equal to S(()q_3) in which the numbering of the machines is re-

versed and some jobs have been added to both machines. We claim that these
additional jobs do not become qualifying jobs. Hence, 0/1-INTERCHANGE con-
tinues as if it was starting from schedule S(()qf‘o’). By our induction hypothesis,
we know that the procedure still needs (¢ — 3)(¢ — 2)/2 iterations to terminate
and the total number of iterations is (¢ — 3)(¢ —2)/2 +3¢ —3 =q(¢+1)/2.
To prove the claim that the additional jobs in schedule Ség)_?, do not become
qualifying jobs, note that the difference in machine loads in this schedule is
2¢=2 — 1. Hence, all additional jobs on the critical machine My are too large
to be qualifying jobs. M; becomes the critical machine after ¢ — 3 iterations
in which only jobs from A,_3 have been moved. In the resulting schedule, the
difference in machine loads is 2972 — 1 and the jobs with processing requirements
of at least 2973 cannot become qualifying jobs. d

The following theorem is a direct consequence of this lemma.

Theorem 2 For the problem of minimizing makespan on identical parallel ma-
chines, 0/1-INTERCHANGE, using the job selection rule proposed by Finn and
Horowitz, needs Q(n?) iterations in the worst case to find a jump-optimal solu-
tion. O

3 Upper bound on the number of iterations

We now turn to the uniform parallel machine environment. As mentioned
in the introduction, Schuurman and Vredeveld proposed the so-called jumP-
procedure, which is a generalization of 0/1-INTERCHANGE. In Figure 2 we give



procedure JUMP
initialize S by placing the n jobs on the m machines in any order
while there is a job j € Jmax with p; < A
Let job j be such that p; = max{py : k € Jmax, Pk < A}
modify S by moving job j to a machine M; with A; = A
end while

Figure 2: The JuMP-algorithm

a formal description of the JuMP-algorithm in which the largest qualifying job
is selected to move, until there are no qualifying jobs left. Recall that for this
setting a qualifying job is a job j on a critical machine with p; < A.

Theorem 3 For the problem of minimizing the makespan on uniform paral-
lel machines, the JuMP-algorithm as given in Figure 2 terminates in O(nm)
iterations.

PrROOF. The JUMP-algorithm computes a sequence of schedules with non-
increasing makespan and maximum slack. It finishes when all jobs on the critical
machines have processing requirements more than or equal to the maximum
slack: p; > A. We show that once a job is moved away from a machine, it
never returns to this machine. Hence, a job can move at most m — 1 times and
the total number of iterations is bounded by n(m — 1).

We denote the values of J;, L;, Lmax, A, and A at the beginning of iteration
t by Ji(t), Li(t), Lmax(t), Ai(t), and A(t). Suppose a job j moves from machine
M; in iteration ty. If after ¢y no job moves to machine M;, then, in particular,
job j does not move to machine M;. Otherwise, let to be the first iteration
after ¢y in which M; is a machine with maximum slack. Then there exists an
iteration t1 € [to,t2) such that M; is critical in iteration ¢; and not critical in
iterations ¢ € (t1,%2). Let job k be the job that is moved in iteration ¢;. Then
L;(te) = Li(t1) — px/si- By monotonicity of Lmax(t), we have that A(ty) =
Si(Lmax(t2) — Li(t2)) < 8i(Lmax(t1) — Li(t1)) + pr = px. Hence, in iteration to
and later iterations, job k is too large to be a qualifying job. As M; is not a
machine with maximum slack in iterations t € [ty,?1], the jobs assigned to M;
in iteration t; were also scheduled on M; in iteration t3. By our job selection
rule and the fact that A(tyg) > A(t1), we know that p; > p, and therefore
pj > A(tz). Hence, job j cannot return to machine M;. O
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