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Abstract

Both in game theory and in general equilibrium theory, there exists a number of universally con-
verging adjustment processes. In game theory, these processes typically serve the role of selecting
a Nash equilibrium. Examples are, the tracing procedure of Harsanyi and Selten or the equilibrium
selection procedure proposed by McKelvey and Palfrey. In general equilibrium, the processes are
adjustment rules by which an auctioneer can clear all markets. Examples are the processes studied
by Smale, Kamiya, van der Laan and Talman, and Herings. The underlying reasons for conver-
gence have remained rather mysterious in the literature, and convergence of different processes has
seemed unrelated. This paper shows that convergence of all these processes relies on Browder’s
fixed point theorem.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Both in game theory and in general equilibrium theory, there exists a number of adjust-
ment processes that are universally convergent. A universally convergent adjustment process
in game theory is an adjustment process that converges to a Nash equilibrium for almost
all games. A universally convergent adjustment process in general equilibrium theory is
an adjustment process that converges to a Walrasian equilibrium for almost all economies.
In game theory, these processes typically serve the role of selecting a Nash equilibrium.
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Examples are the tracing procedureHadrsanyi and Selten (1988y the equilibrium se-
lection procedure proposed cKelvey and Palfrey (1995)n general equilibrium, the
processes are adjustment rules by which an auctioneer can clear all markets. Examples are
the processes studied Bymale (1976)van der Laan and Talman (198 Ramiya (1990)
andHerings (1997)

There are several reasons to be interested in universally convergent adjustment processes.
They give players in a game the opportunity to coordinate on a uniquely determined Nash
equilibrium and an auctioneer in an economy to determine a competitive equilibrium price
system. In a more decentralized setting, they give rational agents in an economy the pos-
sibility to coordinate on current and future prices. Such processes can be used as a tool
to compute equilibria, which is also helpful for comparative statics exercises or policy
recommendations, sdedd (1997andEaves and Schmedders (1999)

In game theory, multiplicity of Nash equilibria seems to be the rule rather than the
exception. This poses serious problems for Nash equilibrium to be used as a solution concept
for games. One way out is to develop a theory that selects a unique equilibrium for any
game form, and to suppose that all players adopt that theory. An attempt to make such a
theory can be found inlarsanyi and Selten (1988)hat theory relies heavily on the tracing
procedure as introduced arsanyi (1975)The tracing procedure is a strategy adjustment
procedure by which players can adopt initial beliefs about the play of their opponents and
turn them into uniguely determined beliefs consistent with Nash equilibrium. The surprising
aspect of the tracing procedure is that convergence to a Nash equilibrium takes place for
almost any game for almost any initial beliefs, so the tracing procedure is universally
convergent.

Quantal response equilibria as introduceiicKelvey and Palfrey (1995are statistical
versions of Nash equilibria, where each player’s payoff is subject to random error. The
concept of equilibrium is consistent in the sense that all players maximize their utility given
the choices made by the others, and the utility maximizing behavior of a player, together
with the error structure, leads to the mixed strategy against which the others optimize.
Quantal response equilibria are quite successful in describing the behavior of participants
in experimentsMcKelvey and Palfrey (1995also consider a procedure similar to the
tracing procedure to select a Nash equilibrium. Start with the quantal response equilibrium
where choices are completely determined by the error terms, and follow the path of quantal
response equilibria that results when the error terms vanish. McKelvey and Palfrey show
that for almost all games, a unique Nash equilibrium is selected in this way. Again, universal
convergence of the procedure is obtained.

The simplest price adjustment process studied in general equilibrium theory is the Wal-
rasian tatonnement process. It is well-known that it may not converge to a competitive
equilibrium, seescarf (1960for some examples. The work 8bnnenschein (1972, 1973)
Mantel (1974)and Debreu (1974)basically claiming that any continuous function sat-
isfying homogeneity of degree 0 and Walras’ law is the excess demand function of an
economy, makes clear that it is possible to construct many examples where Walrasian taton-
nement does not converge and displays highly irregular dynamic behavior. The é&a&rof
and Simon (1978andSaari (1985)mplies that simple adaptations of the Walrasian taton-
nement process will not have better convergence properties. Still, at least three universally
convergent price adjustment processes are known in the literature, Smale’s global Newton
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method introduced ilrsmale (1976)the process oKamiya (1990) and the process pro-
posed invan der Laan and Talman (198@y which universal convergence has been shown
in Herings (1997)

The global Newton method of Smale provides a price adjustment rule that does converge
to a competitive equilibrium for almost any economy, so universal convergence is the case.
But it does not converge for any initial price system. Only when the initial price system is
chosen such that the prices of some commodities are sufficiently close to zero, convergence
to a competitive equilibrium can be shown. From the workieEnan (1981)it follows
that there may exist an open set of starting price systems for which Smale’s process does
not converge to some competitive equilibrium price system.

Another universally convergent price adjustment process has been preseéadiya
(1990) Under rather weak conditions on the total excess demand function, convergence
to a competitive equilibrium price system is guaranteed for almost every starting price
system. Although the boundary conditions of Kamiya are weak, they are not derived from
assumptions on primitive concepts.

An alternative price adjustment process has been proposechider Laan and Talman
(1987) For this process, universal convergence has been showerings (1997)Under
standard conditions on utility functions, consumption sets and initial endowments, this
price adjustment process converges to a Walrasian equilibrium price system for almost all
economies and almost all starting price systems.

Apparently, several processes in distinct areas of research have been shown to be uni-
versally convergent. The reason for these strong convergence properties has remained mys-
terious up to now, and the convergence proofs were rather ad hoc as a consequence. The
aim of the current paper is to point out that convergence of each one of these processes
can be understood from fixed point theory and is not even related to differentiability. This
makes our proofs very different from the original convergence proofs. It also increases our
understanding as to why these distinct adjustment processes converge. This understanding
is useful to develop other universally convergent mechanisms that may incorporate features
that are lacking in current processes.

Some alternatives and extensions have already been suggested. The procedure described
in Yamamoto (1993jnay serve as an alternative to the tracing procedureJaosten and
Talman (1997¥escribe an alternative price adjustment process. Extensions have been made
to economies with linear or constant returns to scale productiornvéseden Elzen, 1993,

1997 van den Elzen et al., 1994and to economies with short-run price rigidities (see
Herings, 1996Herings et al., 1997, 1998, 199All these extensions can be understood
as well from the unifying treatment that is given in this paper.

The organization of the paper is as follows Saction 2we outline the general structure
behind the approach that is used in our proofs and we present the most important tool
required, Browder’s fixed point theorem. 8ection 3 we apply this methodology to the
tracing procedure dflarsanyi and Selten (198&8hd inSection 40 the equilibrium selection
procedure proposed hyicKelvey and Palfrey (1995Next we turn to price adjustment
processes. We treat Kamiya’s processettion 5 the process proposed wan der Laan
and Talman (1987 Section 6and Smale’s global Newton methodSection 7 Section 8
discusses and illustrates how the approach suggested can be used to derive new adjustment
processesSection Sconcludes.
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2. A unifying approach

Before turning to the specific adjustment processes, it is helpful to highlight the approach
that can be used to give a unifying treatment of convergence. Usually, dynamic processes
are defined by a system of first-order differential equations

dx (1)
dr

wherex () € R™ denotes the state vector reached at tirgeR . andg is a function from
some subset of the state sp@t@into R™. The vectorx typically corresponds to a mixed
strategy combination in case of a strategy adjustment process, and to a price system for a
price adjustment process. The functigrspecifies the way in which players adjust their
strategies, or prices adjust in general equilibrium. The initial stéde is assumed to be
given.

Conditions for which the system of differential equations has a solution are well-known,
see for instancélirsch and Smale (1974)he orbity (x(0)) is the set of state vectors
that is generated by the system of first-order differential equations when the initial state
is x(0),

= g(x()),

yx(0) ={x eR™"3FIr >0, x=x@).

We denote the closure ¢f(x(0)) by y (x(0)), and cally (x(0)) an orbit as well.

Although all adjustment processes we consider can be formulated as a system of differ-
ential equations, they can alternatively be described by the orbit that they generate. In fact,
all adjustment processes considered share the property that the easiest way to formulate
them is in terms of the orbit that they generate. For each adjustment process, we define a
system of equations whose solutions correspond to the orbit of the adjustment process. We
study the properties of the set of solutions to the system of equations by means of fixed
point theory and not by the theory of dynamic systems. In this paper we argue that the
convergence of various adjustment processes is best understood from a single fixed point
theorem that is introduced Browder (1960)

Theorem 2.1 (Browder’s fixed point theorem)Let S be a non-empty, compact, convex
subset of R™ and let ¢ : [0, 1] x S — S be a continuous function. Then the set of fixed
points, F, = {(%,s) € [0,1] x S|s = ¢(i, s)} contains a connected set, F, such that
({0} x ) N FE # @ and ({1} x S) N FE % 0.

Theorem 2.Jimplies that for allx € [0, 1], ({1} x §) N F, # @. That property would
also follow from a repeated application of the well-known fixed point theoreBrofiwer
(1912) The surprising part of the theorem is that there exists a connecté“g weth those
properties. Notice that along the connected set of fixed points, it is not necessarily the case
that) increases monotonically from 0 to 1. The value.dficreases initially, may decrease
later on, and will eventually increase until it reaches the value 1.

In all sections, the strategy of proof is the same. A functoratisfying Browder’'s
fixed point theorem is constructed such that the fixed points in the connectefl cetre-
spond in a one-one way to the orbit generated by the adjustment process. The value of
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indicates the amount of progress of the adjustment process=A0, a fixed point corre-
sponds to the initial state vect®o(0). At . = 1, a fixed point yields an equilibrium state
vector.

Our assumptions on primitives are so weak, that orbits are not necessarily nicely behaved
sets, that is differentiable paths or loops. In exceptional cases it is for instance possible that
pitchforks may arise, or even higher dimensional solution sets. Such exceptional cases are
usually excluded by making differentiability assumptions and employing a transversality
argument.

Let @ be the set of twice continuously differentiable functians [0,1] x § — §
endowed with the topology of uniform convergence of the values of the function and its
first partial derivatives. Theorem 2 in Mas-Colell (1974) asserts that there is an open and
dense set’ C @, such that for every € @’ the setFy is a closed segment, that is
a set diffeomorphic to the unit interval ,[@], and only the end points of the segment
intersect{0, 1} x S, so one end point intersed8} x S and the othefl} x S. This result
is not completely surprising as the g€} is defined by a number of equations equal to the
dimension ofS in a number of unknowns equal to the dimensiof 6f1, leaving one degree
of freedom for the solution set. Mas-Colell's result does not red@ex S to be unique.

This, however, is important for algorithmic purposes, as it avoids the problem which point
in {0} x S is connected t¢1} x S.

Since an orbity (x(0)) of an adjustment process corresponds in a one-one way to the
fixed points of the mapping, it follows as a consequence of Theorem 2 in Mas-Colell
(1974) that generically an orbit is a nicely behaved set that does not allow for pitchforks or
higher dimensional solution sets. In particular, an optgit (0)) connectsc(0) to a unique
equilibrium. It is for this reason that we concentrate, in this paper, on the property that
¥ (x(0)) connects (0) to some equilibrium. The stronger property that (0)) is connected
by a segment to a unique equilibrium follows by suitable differentiability assumptions and
transversality arguments.

In the strategy adjustment processesSettions 3 and,4he parametex is an explicit
part of the adjustment process and is inversely related to the weight given to the prior and
the level by which players make errors, respectively. The fungtiorf0, 1] x S — S'is
such thaix, s) € 7(x(0)) ifand only if (A, s) € Fg.

In the price adjustment processesS#ctions 5—rthere is no explicit parameter For
A € [0, 1], a subse® (1) of the state space is defined, which is strictly increasing.in
The setT (0) corresponds to the starting price systgf) whereas'(1) contains all price
systems of interest. The numbkgx) € [0, 1] is defined to be such thatx) = A if x
belongs to the boundary @f(1). The numbei.(x), therefore, measures the distance of
to x(0). The functiony : [0, 1] x § — S is constructed such thate y (x(0)) if and only
if (A(x),x) € F(;.

Our construction also suggests alternative functiptisat lead to orbits (x(0)) corre-
sponding to novel adjustment processes, for instance by specifying alternative §ugets
Section 8llustrates how such a new adjustment process can be deBeetion 8also dis-
cusses the reverse question. How to specify a system of differential equations that leads to
7 (x(0)) as an orbitSection 8shows that this can be achieved by applying the so-called
Davidenko equationdavidenko, 1953)o the system of equations characterizing the orbit

y (x(0)).
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3. Thetracing procedure of Harsanyi and Selten

The tracing procedure is used repeatedly in the equilibrium selection theblarsfnyi
and Selten (1988p find a unique solution of the so-called basic games. Itis also used to de-
fine risk-dominance relationships between Nash equilibria. It models a process of convergent
expectations that rational players can use to find a particular Nash equilibrium as the solu-
tion for a given game. Before applying the tracing procedure, players are assumed to have a
common probability distribution expressing their expectations about the strategy choices of
the other players. This common probability distribution is called a prior. In the linear tracing
procedure the information on the best replies to the prior is gradually fed back into the expec-
tations of the players. As the linear tracing procedure proceeds, both the prior and the best
responses will gradually change until both converge to some Nash equilibrium of the game.

Consider a non-cooperativé-person normal form gamg = (®1,..., Py, R1, ...,
Ry).Eachplayet =1, ..., N, hasM; pure strategies. Theth pure strategy of playérs
denoted by, k). The set of pure strategies of playés denoted byp;. The total number of
strategies is given byl = Zf’:l M;. The set of all pure strategy combinations is given by
D = ]_[f\’:l @;. The functionr; : ® — R denotes the payoff function of a playieand it is
extended in the standard way to the set of all mixed strategy combinétien}s"[f\’=1 SMi
Here we identify all probability distributions of; with S¥i = {s; € Rf‘] Zy:"l sij = 1}.

Given a mixed strategy combinatiane S and a mixed strategy; € S;, we denote by
s \ 5; the mixed strategy combination that results from replaejrgy s;. The set of Nash
equilibria of I is denoted NEI).

A probability distributions® e S, called the prior, is given for the remainder of this
paper. The prior describes the initial beliefs of all players about the strategies played by the
other players. The prior is assumed to be the same for all players, and the determination
of the prior is part of the equilibrium selection theorytdérsanyi and Selten (1988yor
everyA € [0, 1], the linear tracing procedure generates a Nash equilibrium of the game
' =(&1,..., 95, Hy, ..., H}), where the payoff functio#/! : @ — R of playeri is
defined by

HM¢) = ARi(¢) + (1 — M Ri(s°\ ¢y).

It is straightforward to extendii’\ to the set of all mixed strategy combinatios=
["[fv=l SMi The gamel'® corresponds to a trivial game, where all players believe that
all their opponents play with probability 1 according to the prior beliefs. The gaifhe
coincides with the gamé'. The linear tracing procedure links a Nash equilibrium of the
gamerl"® to a Nash equilibrium of . Let £ denote the set of all Nash equilibria related to
the gamed™, A € [0, 1], so

L={(,s)€0,1] x S|s € NE(I'")}.

The linear tracing procedure is said to be feasible if there exists a continuous fupction
[0,1] — L,i.e.apath, suchthat(0) € LN ({0} x S) andy (1) € LN ({1} x S). The linear
tracing procedure is said to be well-defined if each path0, 1] — £ such thaty (0) e

LN {0} x S)andy (1) € LN ({1} x S) has the same image. We consider feasibility as the
more difficult property to establish. Indeed, as it has been argu@ddtion 2 it is possible
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to go from feasibility to well-definedness by invoking certain regularity properties fr
a rigorous proof in the context of the tracing procedure téengs and Peeters (2001)

SinceL is a set that can be described by a finite union of sets described by a finite number
of polynomial inequalities, it is a semi-algebraic set. All the components, dfiat is all
maximally connected subsets 6f are also path-connected. Therefore, any two points in
a component ofZ can be joined by a path, see for instari@ehanuel et al. (1991pr a
nice introduction into the properties of semi-algebraic sets. To show that the linear tracing
procedure is feasible, it is sufficient to show tifdhas a component that intersects both the
sets{0} x S and{1} x S.

The proof of feasibility of the linear tracing procedure presented here is not new. It
coincides with one of the proofs proposedarings (2000)lt is repeated here for illustra-
tional purposes, as the connection between Browder’s fixed point theorem and the tracing
procedure is the closest of all the adjustment processes that we will consider.

Let the functiory; : [0, 1] x S — SMi be defined by

0i(k,5) = Arg MALR; (s \5) + (L= MR\ ) =I5 = 51l
sieSMi
The functiono; is well-defined and continuous because it is the argmax of a function that
is strictly concave, because its first two terms are lineay; iiwhile the third is strictly
concave.
We define the functiorf : [0,1] x S — S by

F,s) = (01(x,8), ..., 0N (%, 5)).
The fixed points off are closely related to the strategies in theet

Theorem 3.1. For any non-cooperative N-person game I”, for any prior 52, it holds that
(A, s) € Lifand only if f(A,s) =s.

Proof. Itis obvious thati, s) € £ implies f (A, s) = s.

Suppose there i8,, 5) € [0, 1] x S such thatf (4, 5) = §, but(a, 5) ¢ L. Then, for some
si € SMi, H}5 \ si) — H}S) = h > 0. SinceH} (5 \ si) = Y x)ca, SikH} G \ (i, k),
it holds that, for O< & < 1, H (5 \ s; + (1 — £)5;) — H*(5) = sh > 0. Now, ||(es; +
(1—o)5) — 512 = &2|ls; — 51> < eh, for small enougte, contradicting thas; is the
argument maximizing the expression in the definitioah., 5). |

The argumentgiveninthe proofdheorem 3.1s the same as the one use@i@anakoplos
(1996) where Brouwer’s fixed point theorem, as opposed to Kakutani’s fixed point theorem,
is used to show the existence of a Nash equilibrium in a finite non-cooperéjerson
game.

Theorem 3.2. For any non-cooperative N-person game I, for any prior s°, the tracing
procedure is feasible.

Proof. It is immediate thatf satisfies the conditions of Browder’s fixed point theorem
and so there is a componeAf of F = {(A,s) € [0,1] x S|s = f(A,s)} such that
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({0} x )N FC £ Gand({1} x S) N F¢ +# @. By Theorem 3.1t follows that F = £, so F°©
is a subset of’ that connects a best response to the pfido a Nash equilibriuma*. [

Theorem 3.2demonstrates that feasibility of the tracing procedure is a corollary to
Browder’s fixed point theorem.

4. The quantal response equilibria of McKelvey and Palfrey

Quantal response equilibria as introducelicKelvey and Palfrey (1995are statistical
versions of Nash equilibria, where each player’'s payoff is subject to random error. One
possible interpretation is that players make errors according to some random process when
calculating their expected payoffs. An alternative interpretation is that players calculate
expected payoffs correctly, but have an additive payoff disturbance associated with each
available pure strategy. For a given specification of the error structure, a quantal response
equilibrium is a mixed strategy combination that is consistent with optimizing behavior
subject to the error structure.

Consider a non-cooperativé-person normal form gamg = (&1, ..., Py, R1, ...,

Ry). Playeri’s payoff when playing pure stratedy, k) against a mixed strategy combina-
tion s is subject to error and is given by

Ri(s\ (i, k) = Ri(s \ (i, k) + eik.

Playeri's error vectors; = (g1, . .., €im,) is distributed according to a joint distribution
with density functiong;. Given the vector of payoffs that playereceives when playing
his pure strategies and when errors are absent: (R;(s \ (i, 1)), ..., Ri(s \ (i, M;)))

for somes € S, theik-response seffik(R;) is defined as the set of error vectors that make
pure strategyi, k) the best response, so

Ex(R) = {ei € RM|Rix + eix > Rij +eij,  j=1,..., M)
The probability of choosing pure strategyk) is then given by
oik(R;) = / _ ¢i(si) ds;.
& €Eik(R;)

A quantal response equilibrium is a mixed strategy combinatfoa S that is consistent
with the error structure, thus

sto=oik(Ri(s*\ (i, 1), ..., Ris*\ G, My)), i=1...,N, k=1,..., M.

The following specification of the error structure is quite common in the theory of indi-
vidual choice behavior (seéeice, 1959and leads to the logistic quantal response equilibria.
For any parametet > 0, the logistic quantal response function is defined by

exp@ Rix)

ﬁ’ Ri S RMi’
2 L1 XP(O Rij)

oik(R;) =
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and is obtained whe; corresponds to the extreme value distribution. The parameter
is inversely related to the error level. Wheén= 0, the choice of all players is completely
determined by the errors, and corresponds to playing all pure strategies with equal probabil-
ity. When# approaches infinity, the influence of the errors disappears. This suggests a way
of selecting Nash equilibria analogously to the tracing procedure. Start from the quantal
response equilibrium & = 0 and let the influence of errors go to zekdcKelvey and
Palfrey (1995)xhow that for generic games, this approach selects a unique Nash equilib-
rium. We show that for all games the quantal response equilibrivin=a is connected
by a set of quantal response equilibria to at least one Nash equilibrium. As has been argued
in Section 2the stronger property that a unique Nash equilibrium is selected follows from
differentiability assumptions and transversality arguments.

Given an error level corresponding &o the set of quantal response equilibriaiofis
denoted by QREI). Let Q denote the set of all quantal response equilibria for varying
values ofg € R, so

Q={(6,5) € Ry x S|s € QRE(IN)},
or alternatively
expOR; (s \ (i, k)))
Y eXPpORi(s\ G, )

Q= {(9,5) € Ry x Slsik =

i=1...,N, k:l,...,M,-}.
To investigate whether the quantal response equilibriuth2at0 is connected to a Nash
equilibrium, it is useful to make the transformatién= 1 /(1 — 1) and to define

exp((/(L = W) Ri(s \ (i, k)
S exp((h/ (A= M)Ri(s \ (i )

0 = {(A,s) €[0,1) x S|sik =

i=1...,N, k:l,...,M,-}.

We define the functiorf : [0,1) x S — S by
Jik(x, s) = ;xp(()»/(l—k))R,-(s V(. 0) , i=1...,N, k=1,...,M;.
ij'l exp((A /(L = A)Ri(s \ (i, j)))

The fixed points off are closely related to the strategies in the@et

Theorem 4.1. For any non-cooperative N-person game I, it holds that (1, s) € Q if and
onlyif f(&,s) =s.

Proof. Obvious. O

The following result follows immediately from Browder's fixed point theorem, so a proof
is omitted.
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Theorem 4.2. For any non-cooperative N-person game I”, for any A € (0, 1), thereisa
component O° of O such that ({0} x $) N O° # B and ({1} x §) N O° # @,

The theorem makes clear that the unique quantal response equilibriam=a0 is
connected by quantal response equilibria to a quantal response equilibrium for an arbitrarily
high value ofy.

The next step is to extenitheorem 4.2and to consider what happens in the limit. In
particular, we want to show that the quantal response equilibriyim=a0 is connected by
gquantal response equilibria to a Nash equilibrium. To this end, we define

Q= QU ({1} x NE(I"))
and we show the following result.

Theorem 4.3. For any non-cooperative N-person game I”, there is a component 0°0of O
such that ({0} x §) N Q° # ¢ and ({1} x ) N Q° + @.

Proof. Forn e N, denote the compone®° of O such that({0} x S) N O° # ¢ and
{1— A/n)} x $)N O° # @ by O". Note that, fom € N, 0" c 0"+, By Mas-Colell
(1985) (Theorem A.5.1.(ii), page 10), the closed limit of the sequelialenoted)®, is
connected. We show th&® c Q.

Let (%, §) be an element o@c. Then there exists a sequence of po[tit$, s”)},en such
thatA® < 1, f(A",s") = s", and(A", s") — (A, 5). If L < 1, then the continuity off
implies (%, 5) € @ c Q. Supposé. = 1, and supposgis not a Nash equilibrium. Then
there is a playet, a pair of pure strategigs, k) and(i, /), ande > 0 such thasijx > 0, but
Ri(5\ (i,k))+& < Ri(5\ (i,]). Sinces” — 5, there isz such thatr; (s" \ (i,k)) +¢& <
R;(s" \ (i, 1)) forall n > in. However,

im_ 5" = fim — SR A ARG G )
s no0 Y eXp /(L= M Ri (7 \ (i, )
XL MR (. K)
= e eXp /(L= MR\ (D))

Therefore,
0 <5k = lim s = lim fix(A",s") =0,
n—o0 n—oo
a contradiction. We have shown thgf c Q. i
The property that{0} x S) N o° #@and({1} x $)N o° # () is immediate. O
As was the case for the tracing procedure, Browder’s fixed point theorem provides an

elegant way to show the connectedness of the quantal response equilibtium @to a
Nash equilibrium.
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5. Theprice adjustment process of Kamiya

In Kamiya (1990)the prices of commaodities are normalized by assumingZ[‘{gtl(jm)2
= 1. An adjustment process is defined for a total excess demand fumcﬂ@ﬁ\{O} — RE
and a starting price systepf € R, with 3/ (p%)? = 1. The following assumption is
made throughout this section.

Assumption 1. The functionz : R% \ {0} — R satisfies continuity, homogeneity, Walras’
law and the following boundary behavior:
Forp e RE\ {0}, fori=1,...,L, py = 0impliesz;(p) > 0.

Assumption lis a weak version of the assumptiongiamiya (1990) where also twice
continuous differentiability of onR% , is assumed. Since prices are normalized such that
Zle(p,)z =1, Walras’ law implies that we may replace the excess demand funchign
the excess demand functién B-~* — RL~1, where

L-1
zymf<1}

=1

andz;(p) = z(p1, ..., pr—1,y/1— Z,L:’ll(ﬁl)z), | =1,...,L — 1. The functionz is

obtained by omitting the last componentzodnd making use of the price normalization.
Kamiya’'s process is a weighted average of Smale’'s global Newton method,

9z(p)(dp/dt) = —A(p)z(p), and Walrasian tatonnemeitip/dt) = Z(p). The weights
depend on the norm of the excess demand and the distance bghaeerthe initial price
systemp?, where p° denotes the initial price system with componénteft out. When
formulated as a differential equation, Kamiya'’s process is given by

0z(p) I ) dp PPN

e — = —Mp)z(p),

<||1(p)||2 Ip— pOl2/) dt

wherel is the(L — 1) x (L — 1) identity matrix and\ is an arbitrary scalar function gf
such that

sign(A(p)) = sign det(

hL—1 A L-1
By "= {peR+

I __%@)
15— P2 1z(P)l2)
Although dp/dr is not directly defined ap = p° or for a competitive equilibrium price
systemp, it can be appropriately defined by taking a limit. The process corresponds to Wal-
rasian tatonnement @°, and it becomes Smale’s global Newton method as it approaches
an equilibrium.

As Kamiya (1990%hows, prices generated by the differential equation belongs to the set

L-1

Y ¥ <1

A L-1
P = {peR_,_
=1

30 €[0,1], fori=1,...,L—1 05(p)=1-6)(pi—pd ;-



352 P. Jean-Jacques Herings/ Journal of Mathematical Economics 38 (2002) 341-370

Itis easily verified tha@ = 0 yieldsp = p° as the unique solution, & € P. By consider-

ing® = 1itfollows thatif p* is a Walrasian equilibrium price system w@le(p;“)z =1,
then(pj, ..., pj_;) € P. From the definition of the se® it follows that the differential
equation adjusts prices in such away that the excess demand at a price system is proportional
to the difference between this price system and the initial price system.

Kamiya (1990)shows that under suitable differentiability assumptions, for a generic
economy, the component @f containing p° is a path that connectg® to a Walrasian
equilibrium price system. Since we do not make any differentiability assumptions, nor do
we restrict ourselves to generic economies, we want to show that the component of
containingp® connects? to a Walrasian equilibrium price system. Kamiya’s adjustment
process is said to be convergent if this latter property holds.

First, we give a different characterization of the getlt follows from the boundary
behavior and the continuity of that there exists > 0, < p(L), such that:z(p) > 0

wheneverp;, < & andY [ (p)? = 1. We introduce the set

L-1
> (n? < 1—52} :

Bt = {ﬁ eRL™?
=1

For any non-empty, closed, convex subseif R™, the continuous functiony : R™ — X

is the orthogonal projection oK, sorx(y) = x if x € X and||y — x|2 < ||y — X|2, for

all x € X, i.e.mx(y) is the closest point itX to y. We extend the excess demand function
2 to a functionz defined oriRL~1 by setting

2p) = 2wgrr (P),  peRT
We define the seP by omitting the non-negativity constraints on priceimnd replacing
2(p) by z2(p), so

P={peR:Y30e[0,1], fori=1,....,L—1, 0%(p)=1A—-60)p — pd)

i i ; 0
Lemmab.1. For any excessdemand func~t|on zsatisfying Assumption 1for any p* € Ri :
with 3/, (p?)2 = 1,it holdsthat P = P.

Proof. Consider some € P. First, it is shown thap € Bi*l(é). Suppose not, then

0< 1= 2 < & s0z0(pr, ..., pr1./1— S (p?) > 0. By Walras’s
law it follows that

L-1
0> pi(p).

=1

Sincep € P there isd € [0, 1] such tha¥2;(p) = 1 —0)(p — p)), 1 =1,...,L — 1.

If 6 = 0, thenp = p°, which implies,/1 — >"F7'(p)2 = p® > &, contradicting our
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supposition. I = 1, thenz(p) = 0, which contradicts G- Zfz_ll pi1zi(p). It follows that
6 € (0, 1). But then, using the definition of the sBt

L 1

szzz(p) —sz(pz ) >0,

=1

where the inequality comes fropf = p, Z, 1 pl Zl 1 b1, andé < 1. This con-
tradicts 0> Z,Zl piz1(p). Consequentlyp e Bi l(e), from which it is obtained that
Z(p) = 2(p)andp € P.

Now consider somé € P. Supposep ¢ BLfl(é). Denote the projectionBifl(é) (p)
by 7. Then there ig’ such thatr, = 0 or Z, 1 1y = 1 —&. In the former case, it holds
that 5 < 0 andz;(p) > 0, and for somé < (0, 1),%

0<0zr(p)=1L—0)(pr—p?) <0,

a contradiction. In the latter case it holds that»(Z,L 11 m,Z;(p) and, for somé < (0, 1),
0Z1(p) = 1 —0)(p; — plo), [ =1,...,L — 1. Because of the contradiction obtained to
7y = 0 in the former case, we may assume without loss of generalityathat 0, so

p is projected onto the strictly positive part Bf_ﬁfl(é), sop = Ax for somexr > 1.
Therefore,

L-1

1-
0> M) = Aszzz(p) —A— sz(pz ) >0,

=1
a contradiction. Consequently € Bifl(é), from which it is obtained tha#(p) = z(p)
andp € P. O

The lemma makes clear that we may either study the smtthe setP in order to study
the adjustment process.
For A > 0, we define the set

TEY ) = {p e RETY|Ip — pO2 < A).

In Fig. 1the setTt~1(%) is shown for various values of for the casel. = 3. The set
TL=1(0) contains only the poinpo. The setTX~1(1) expands when. increases, and
TL-1(1) contams the seBL™1. For p € RE~1, we definer(p) as the distance tg°,
A(p) = 1p — pOllo. Itis |mmed|ate thap € 71— l()L) forall » > A(p).

We define the functiorf : [0, 1] x Tt-1(1) — TL-1(1) by

f &, p) = mri-10)(p 4+ 2(p)).

The fixed points off coincide with the prices in the sét

Theorem 5.2. For any excess demand function z satisfying Assumption 1for any p° with
Zl 1(p; 02 — 1,itholdsthat p € P ifandonlyifthereisa € [0, 1], suchthat £ (i, p) = p.

1 The argument that € (0, 1) is similar to the one in the first part of this proof.
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Fig. 1. The set®:~1, T7L-1(0), T ~1(1/3), TF1(2/3) andTL (D), for p° = (1/3,1/3)T.

Moreover, either z2(p) # 0 andi = A(p) or z(p) = 0 and f(r,p) = p for all
A= M(p).

Proof. Consider a fixed poinp of f(%,-), s0p = f(r, p) = mrL-1(P + 2(p)). We
show thatp € P, from which it follows thatp € P by Lemma 5.1
Sincef (0, p) = pO, itis obvious thatf (0, p) = p impliesp = p°, sop € P.
Consider the case > 0. The projection of an arbitrary vecteron the se’Z~1(1) is
determined by the following optimization problem.

L-1 1 L-1
; 2 2 0y2
min ;Em—xn st. A —;(yz—m > 0.

yeRL-1
The necessary and sufficient Kuhn—Tucker conditions for an optimum are given by

yi—x+2uy—pH=0 I[=1..L-1,
L-1

u (kz - Z(yz - p,°)2> =0,
=1

L-1
W= m—-pD*=0,
=1

nw =0,
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wherey equals the projection .1, (x) andu denotes the shadow price of the constraint

22— - p)?=0.
It follows that there exists > 0 such that

a(p)=2upr—pd), 1=1,...,L—1

Sincep > 0, it follows thatp € P.

Consider somg € P. If 3(p) = 0, then it is trivially the case thaf (1, p) = p for
all A > A(p). Suppos€&(p) # 0. If A(p) = 0, thenp = p° and trivially £ (0, p°) = p°.
Supposé(p) # 0andr(p) > 0. We need to show thgt(r(p), p) = p, whichis equivalent
to the statement that the projectionf- z(p) on TL=1(1(p)) equalsp.

Sincer(p) > 0 there exist® < (0, 1) such thatoz;(p) = (1 — 0)(p; — plo), | =
1,..., L — 1. Substitute in the Kuhn=Tucker conditiong,= p;, x; = p; + z2/(p), i =
6/(2(1—6)) and observe that all equalities and inequalities in the Kuhn—Tucker conditions

are satisfied. O
When p* is a competitive equilibrium, thetp], ..., pj_,) is a fixed point of f for
any value ofx exceeding\(pj, ..., pj_1). Whenp is a price system generated by the

adjustment process, but does not correspond to a competitive equilibriung; tharfixed
point of f(A(p), -).

At p0the value of.(.) is zero. Along the path of the adjustment process, the valué pf
increases initially, but it may decrease later on. Eventually, it will increase until it reaches
the value 1, and a competitive equilibrium has been found.

Theorem 5.3. The price adjustment process converges for any excess demand function
satisfying Assumption 1for any p® € R:  with 11 (p9)? = 1.

Proof. It is immediate thatf satisfies the conditions of Browder’s fixed point theorem
and so there is a componeRf of F = {(A, p) € [0,1] x TL=YD)|p = f(r, p)}
such that({0} x 7t=1(1)) N F¢ # ¢ and ({1} x TE~1(1)) N F¢ # @. Let the projec-
tion functiong : [0,1] x Tt=1(1) — TL~1(1) be defined byg(x, p) = p. By The-
orem5.2 it follows thatg(F) = P. Sinceg is continuousg(F°®) is a connected subset
of P that connects the starting price systgifito some competitive equilibrium price
systemp*. O

Convergence of the price adjustment process is a corollary to Browder’s fixed point
theorem.

6. Theprice adjustment process of van der Laan and Talman

van der Laan and Talman (198in}roduce a price adjustment process for an exchange
economy. The prices of the commodities are normalizecﬂf;g1 pi = 1. Given a total
excess demand functian: RL, — R and a starting price systep® e R% ., with

Zle plO = 1, the adjustment process generates price systems in the set
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L
P = [peRi+ dp=1 forl'=1....L z(p) <0
=1
= p—l(; =min_1, . Lﬂé, forl/ =1,...,L, zy(p)>0
Py P
pr pi
= g =MaX=1..L73-
Py Py

Two types of restrictions are made on prices in theRseThe first is an innocuous price
normalization Y} ; pi = 1. The second concerns the requirement that the relative price of
a commodity, i.e. the ratio of the price of a commodity and its initial price, be minimal when
the commaodity is in positive excess supply, and maximal when the commodity is in positive
excess demand. This is closely related to the ideas behind Walrasian tatonnement, where
prices of commodities in positive excess supply are decreased and those of commodities in
positive excess demand are increased. Itis obvious that the starting price pfielongs
to P. It can also be verified that whenevgf is a Walrasian equilibrium price system with
Zlel p; =1, thenp* € P.

In Herings (1997)it is shown that under suitable differentiability assumptions, for a
generic economy, the component®fcontainingp? is a path that connecgs® to a Wal-
rasian equilibrium price system. Since in this section we do not make any differentiability
assumptions, nor do we restrict ourselves to generic economies, we want to show that the
component ofP containingp® connectsp® to a Walrasian equilibrium price system. The
adjustment process is said to be convergent if this latter property holds.

To simplify the exposition, we renormalize the units of measurement of quantities of
commodities to make sure tha? = (1/L, ..., 1/L). It follows that the seP is given by

L

Zplzl, forl/ =1,...,L, zy(p) <0
=1

= pr=min_y . rp, forl'’=1,...,L, zy(p)>0

L
P = {peR_H_

= pr = Max=1, .., LPZ} .

We may also take the value of excess demand, defined by a functiom : ]R{i+ — RE,
where

v(p)=pzup), 1=1...,L,

instead of the excess demar(gh), to define the seP. Sincev(p) is positive (negative) if
and only ifz(p) is positive (negative), it follows that replacingp) by v(p) leaves the set
P unchanged.

We assume that : RY, — Rl is an excess demand function, so it satisfies
Assumption 2
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Assumption 2. The functionz : Ri+ — R satisfies continuity, homogeneity, Walras’
law and the following boundary behavior:
If (p™),en iS @ Ssequence converging foe Ri \ {0}, then lim,_ o 12(p™) o = +00.

Contrary to the boundary behaviorAssumption JAssumption Zollows from standard
assumptions on primitives, that is from standard assumptions on consumption sets, utility
functions, and initial endowments.

The continuity and the boundary behaviorzomply that we can choose > 0 such that
foranyp ¢ SL(s) ={p e St |p; =& [1=1,...,L}, itholds that;(p) > 0 for some
with 0 < p; < &.

We modify the value functiom near the boundary of the unit simplé% and extend it
to a functioni defined orl'” = {p € RL| Y/ | p; = 1} by setting

i(p) = v(msL(p). peTh
We define the seP by omitting non-negativity constraints and replaciig) by #(p), so

P={peTk forl'=1,....,L, Op(p) <0= pp=min=y1_ rp
forl’ =1,....L, Uy(p)>0= py=max-1. Lp}

Lemma 6.1. For any excess demand function z satisfying Assumption 2 it holds that
P=P.

Proof. Consider somg € P. Itisimmediate thap € S (g) andi(p) = v(p). Therefore
1(p) > 0if and only ifz;(p) > 0 andi;(p) < Oifand only ifz;(p) < 0.Sa p € P.
Consider somg € P. Supposes ¢ S (g). There isl’ such thatﬂsL(g)l, (p) = & and
21 (L (p)) > 0. Butthenvy (p) > 0 andpy < max—i,...pi, acontradictiontep € P.
Consequentlyp € SE(g). Therefored;(p) > 0 if and only ifz;(p) > 0 and?;(p) < O if
and only ifz;(p) <0.Sa p € P. O

For A > 0, we define the set
T ={peTlipr—pi<ir, kil=1,...,L, k#I}.

In Fig. 2the setr'” (1) is shown for various values of. The setT'Z (0) contains only the
point (1/3, 1/3, 1/3). The setT' /(1) expands when increases. The s@t’ (1) contains
the setS”.

For p € RE, we definer(p) = max. px — pi. It is immediate thap € T% () for all
A > A(p). We define the functiorf : [0, 1] x 7L (1) — TL(1) by

F e, p) =77y (p +0(p)).
The fixed points off coincide with the prices in the sét
Theorem 6.2. For any excess demand function z satisfying Assumption 2 it holds that

p € Pifandonlyif thereis i € [0, 1] such that f (&, p) = p. Moreover, either z(p) # 0
and A = A(p),or z(p) =0and f (A, p) = pforal A > L(p).
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)

SL
N
L2 T%(1)
)TL(é 3
1 0
0 1
0 0

Fig. 2. The sets’, 7L (0), T£(1/3), TX(2/3) andTL(1).

Proof. Consider a fixed poing of f (%, ), s0p = f (%, p) = 7y, (p + 0(p)). We show
thatp € P, from which it follows thatp € P by Lemma 6.1
The projection of an arbitrary vectaron the se’” (1) is determined by the following

optimization problem
L 1 L
minZ—(y,—x,)z st. Zy1—1=0, Ve—Y—A>0, k#L
yeRE 1= 2 =1

The necessary and sufficient Kuhn—Tucker conditions for an optimum are given by

w=xitu— Y kY ms =1L,
kAl kAl

L
Y w—1=0,
1=1

ik —yi—A) =0, k#I,
Ye—w—2>0, k#I,
wkg =0, k#IL,

wherey equals the projectionr;.;,(x), u denotes the shadow price of the constraint

Zle yi—1 =0, anduy, k # I, denotes the shadow price of the constrajnt y; —A > 0.
Sincep = myri,(p + v(p)), it follows that there existg € R anduk,; > 0,k # 1,
such that

v(p) = —p+ ZMZ,k - Zﬂk,z, I=1,...,L.
ey Kl
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Moreover,
L
=Y = PO + =Y kY pki
=1

L
=1 k#l Kkl

—1+sz(P)+LM+Z =Y ikt Y ks | =1+Lu,

=1 k£l k£l

sou = 0and

v (p) =Zul,k—z,uk,1, l=1..., L.

k£l k£l
It also holds that

pei(pr—pr—2) =0, k#L

Supposeé; (p) < 0 for somel’. Thenuy » > 0 for somek, sopy = px — A. Since for all
I, p1 = px — A, it holds thatp; = min=1, ..z p;. Similarly it can be shown thag (p) > 0
implies py = max—1, 1 p;. Consequently, it holds that e P.

Considersomg € P.If z(p) = 0, thenitis trivially the case that(x, p) = pforall » >
A(p). Suppose(p) # 0. We need to show that(A(p), p) = p, whichimplies that the pro-
jection of 5+ 5(p) onT L (1) equalsp. This is achieved by substituting in the Kuhn—Tucker
conditionsy, = p;, x; = pr+ U(p), u = 0, A = A(P), kg = vk(p)or(p)/v if
Uk (p) > 0 andy;(p) < 0, anduy; = 0, otherwise, where = Z{”ﬁl(ﬁko} v;(p). Observe
that all equalities and inequalities in the Kuhn—Tucker conditions are satisfied. [

When p* is a competitive equilibrium, thep* is a fixed point off for any value ofx
exceeding.(p*). Whenp is a price system generated by the adjustment process, but not a
competitive equilibrium, them is a fixed point off (A(p), -).

At pOthe value of\.(-) is zero. Along the path of the adjustment process, the valué pf
increases initially, but it may decrease later on. Eventually, it will increase until it reaches
the value 1, and a competitive equilibrium has been found.

Theorem 6.3. The price adjustment process converges for any excess demand function
satisfying Assumption 2

Proof. It is immediate thatf satisfies the conditions of Browder’s fixed point theorem
and so there is a componeRf of F = {(x, p) € [0,1] x TE(D)|p = f(x, p)} such
that ({0} x T4 (1)) N F€ # @ and ({1} x TL(1)) N FC # @. Let the projection function

g 1 [0,1] x Tt (1) — TE(1) be defined byg(x, p) = p. By Theorem 6.2t follows
thatg(F) = P. Sinceg is continuousg(F°) is a connected subset #fthat connects the
starting price system? to some competitive equilibrium price systgrm. a

Once again, the convergence of a price adjustment process is intimately connected to
Browder’s fixed point theorem.
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7. The global Newton method of Smale

The following assumption on the excess demand functidé®m made throughout this
section.

Assumption 3. The functiory : Ri \ {0} — RZ satisfies continuity, homogeneity, Walras’
law and the following boundary behavior:

For everyp € RE\ (RE, U{0}), z(p) — Z(p)1 is not radially outward pointing, i.e. there
isnou > 0 suchthat(p) — z(p)l = u(p — (1/L)1), wherez(p) = Z,L=1 z1(p)/L is the
mean excess demandgtand1 is a vector of ones of appropriate dimension.

Assumption 3s a weak version of the assumptior8male (1976)where twice continu-
ous differentiability of is assumed and a rather complicated and strong boundary condition
is stated. An illustration of a radially outward pointing vectép) — z(p)1 for various val-
ues ofp can be found irFig. 3. It holds thatz(p) — z(p)1 is radially outward pointing if it
lies on the ray starting at 0 and passing thropgh (1/L)1. We normalize prices, such as
to belong to the unit simples’.

The assumed boundary behavior is weaker than the requirement(hat- 0 for some
[ € L for which p; = 0, a requirement that is natural for a function defined&j:n\ {0}.
Indeed, if/ is such thatp; = 0 andz;(p) > 0, then Walras’ law implies that there is
I" such thatpy > 0 andz(p) > zr(p). Sazi(p) — z(p) > zr(p) — z(p), Whereas
—1/L = p — 1/L < py — 1/L, which implies that(p) — z(p) is not radially outward
pointing.

There are several versions of Smale’s global Newton method. Here we combine the
approaches suggestedSmale (1976pn page 117, andarian (19775 to apply Smale’s
method to the functiof : DY — RL defined by

I(p)=7(p)—p+A—lp—A/D1|2) F#(p) —2(7(p)HL), p e D",

whereD™ = {p e RL| Y} (pr — 1/L)? < 1and Y[, pi = 1}, a disk containings™ in
its interior, andz denotes the radial projection &t . For p with 3%, p; = 1 notinS*,
the radial projection op on S’ is given by the price system where the line betwgend
(1/L)1 hits the boundary of™. If p with Y, p; = 1 does not belong t6~, then, for
I' e argmin=a,...Lpi

- 1/L —pr

VL vy
If p e SE, then(p) = p.

The functiort is simply an extension of the functiait-) — z(-)1 multiplied by a positive
number to a disk containing the unit simplex in its interior. The vegtp) is the sum of
the termsw (p) — p andz(w (p)) — z(7 (p))1, where the latter term is multiplied by the
non-negative numbeéfl. — || p — (1/L)1]|2). Itis a positive multiple ot (p) — z(p)1 on S,

(1/L)1.

2 The construction o¥arian (1977)applies to a more abstract problem on the unit disk, but our variation of his
construction to the set” is rather straightforward.
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2(p*) —Z(p*)1 2(p°) — Z(p°)1

2(p") = Z(pHH1 2(p”) £ Z(p")1 2(p%) 2 Z(p*)1 Z(px)—'?(zﬂ)ﬂ

Fig. 3. A vectorz(p) — z(p)1 that is radially outward pointing fop = p, p? po.

.....

sinces (p) = p for p € St. The contribution of the term( (p)) — Z(7 (p))1 vanishes
on the relative boundary db’, where it holds thafp — (1/L)1|» = 1. This makes the
functionz radially inward pointing on the relative boundary Bf.

The zero points of andz coincide. Indeed, there are no equilibriazobn the relative
boundary ofD” as the term 1 | p — (1/L)1]|2 vanishes there and the remaining term is
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7(p) — p. OnSE, the functior? is a positive multiple ot(-) — z(-)1. Obviously the zero
points ofz(-) — z(-)1 andz coincide. Consider a point not on the relative boundary @’
and outsideS”. Thenz(p) = 0 if and only if

7(p)—p+@A—lp—1/DLl2) (7 (p)) — z(7(p)HL) = 0.
Then it holds that
1
1—|lp— (/D12
—Lpr

= T —(1/0)1),
1= ip =@, P~ DD

wherel’ € argmin_1 .z p;. This implies that; is radially outward pointing af (p), a
contradiction to Assumption 3.4.

Let zZ be the functiorz with the last component omitted. The differential equation of
Smale’s global Newton method is given by

(7@ (p)) —z(@(p)HL (p—7(p))

9Z( )d—p— A(p)z(p)
2p) g, = ~MP)a(p),

dp
1m—=
dr

wherex is an arbitrary scalar function ¢f such that

=0,

. , <—82(p)>
sign(A(p)) = sign det| N
1

Since the sum of the componentszgp) equals zero, it holds that' 9z(p) = 0. Then
9z(p)(dp/dt) = —A(p)z(p) impliesdzy (p)(dp/dt) = —A(p)Zr(p), so the adjustment of
the price of commodity. is similar to the adjustment of the prices of the other commaodities.
Sincel ' (dp/dr) = 0, the sum of the prices is kept equal to one.

The starting price systepf has to be chosen in the relative boundaryéfto guarantee
convergence to a competitive equilibrium price systenKdenan (1981i has been shown
that Smale’s process may not converge for starting price systems in the relative interior
of DL,

As Smale (1976f5hows, his process generates price systems in the set

P={peDF30 >0, zZ(p)=0z(p%).

It is easily verified, by taking = 1, thatp® e P, and, by taking = 0, thatp* e P if
p* e Stisanequilibrium price system. By the arguments given before there are no solutions
for6 = O with p* € D\ SE. From the definition of the se it follows that the differential
equation adjusts prices in such a way that the excess demand remains proportional to the
excess demand at the starting price system.

Under suitable differentiability assumptions, for a generic econ@mgle (19763hows
that the component @? containingp? is a path that connecj to a Walrasian equilibrium
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Fig. 4. The sets™, TL(0), T*(1/3), TL(2/3) andT* (1), for p° = (0.545 —0.455 0.91) .

price system. We show that even without such differentiability assumptions, and without
restricting attention to generic economies, the componert ebntainingp® connects
pY to a Walrasian equilibrium price system. Smale’s global Newton method is said to be
convergent if this latter property holds.

For > 0, we define the set

L) = {p e DX Ip-2(p% < @ —20)p° - 2(p%)).

In Fig. 4the setr' (1) is shown for various values af The setl'" (0) contains only the
point p°. The sefl'’ (1) expands when increases. The s&t" (1) equalsD’. Forp € D,
we definex(p) = (p — p%) - 2(p®)/ — 2p° - Z(pY). It holds thatp e TL () if and only if
A= A(p).

We define the functiorf : [0, 1] x TX(1) — TL(1) by

J O, p) =mrLy(p +2(p)).

Theorem 7.1. For any excess demand function z satisfying Assumption 3for any p® in
the relative boundary of D, it holdsthat p € P if and only if thereis A € [0, 1] such that
f(, p) = p. Moreover, either Z(p) 2 Oand A = A(p) or Z(p) = 0and f(x, p) = p for
al A > A(p).

Proof. Consider a fixed poing of f (%, ), s0p = f (&, p) = 715, (P +Z(p)). We show
thatp € P.

Since £ (0, p) = pC, it is obvious thatf (0, p) = p implies p = p°, sop € P. Next
consider the cask > 0. For p in the relative boundary ob”, Z(p) is radially inward
pointing, so obviouslyr;. ) (p + z2(p)) # p. Considerp in the relative interior ofDL.
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Thenj = w73, (p + Z(p)) if and only if the projection ofp + Z(5) on T (1) = {p €
REp-2(p%) < (1 —20)p° - 2(p%)} equalsp. 3

The projection of an arbitrary vectaron the se’~ (1) is determined by the following
optimization problem.

L
. 1 - -
min E Si—x)? st @-20p°-200% -y 2% = 0.
yeREI T 2

The necessary and sufficient Kuhn—Tucker conditions for an optimum are given by
y—x+uz(p® =0,
p(@=20p°-2(p% - y-2(p%) =0,
1-20p°-2(p% =y - 2(p%) 2 0,
u =0,

wherey equals the projection;, oy ) andu denotes the shadow price of the constraint

A—-20p°-2(p% —y-2(p% = 0.
Sincep = Ly (P + Z(p)), it follows that there existg > 0 such that

p—p—2(p)+ui(p® =0,

s0z(p) = uz(p%), andp € P. This completes the first part of the proof.

Considersomg € P.If 7(p) = 0, thenitis trivially the case that(x, p) = p whenever
p € TE()), i.e. whenh > A(p). Supposé€(p) # 0. Itis obvious thatf (A, p) # p when
A # A(p). It remains to be shown that(L(p), p) = p. If A(p) = 0, thenp = p° and
trivially (0, p% = pO. Suppose&(p) # 0 andr(p) > 0. There exist® > 0 such
thatZ(p) = 6z(p®). From the necessary and sufficient Kuhn—Tucker conditions it follows
that s, 5, (P + 2(P)) = p. Sincep € TL(A(p)) c TE((p)), it holds as well that

Treppy (P +2(p) = p. U

Theorem 7.Jestablishes that the fixed points pfcoincide with the prices in the sét.
When p* is a competitive equilibrium price system, thefiis a fixed point off for any
value of exceeding.(p*). Whenp is a price system generated by the adjustment process,
but does not correspond to a competitive equilibrium, théma fixed point off (A (p), -),
wherei(p) < 1.

At pPthe value ofi(-) is zero. Along the path of the adjustment process, the valué pf
increases initially, but it may decrease later on. Eventually, it will increase until it reaches
the value 1, and a competitive equilibrium has been found.

Theorem 7.2. The price adjustment process converges for any excess demand function
satisfying Assumption 3for any p° in the relative boundary of DL .

Proof. It is immediate thatf satisfies the conditions of Browder’s fixed point theorem
and so there is a componeRf of F = {(x, p) € [0,1] x TE(D)|p = f(x, p)} such
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that ({0} x T5(1)) N F® # ¢ and ({1} x TL(1)) N FC +# @. Let the projection function
g . [0,1] x TY(1) — TE(1) be defined byg(x, p) = p. By Theorem 5.2 it follows
thatg(F) = P. Sinceg is continuousg(F°) is a connected subset #fthat connects the
starting price system? to some competitive equilibrium price systgr. O

The proof of Theorem 7.Xhow that convergence of the price adjustment process is a
corollary to Browder's fixed point theorem.

8. From orbitsto differential equations

In the previous five sections, the orbit of a number of adjustment processes is specified
as being the set of fixed points of a continuous functfon [0,1] x § — S. In the
strategy adjustment processessefctions 3 and,4he specification of is straightforward.

In the price adjustment processesSactions 5—7 f (A, p) = wrL,(p + Z2(p)), with Z
corresponding to some normalization of the excess demand functiofi’apd a set that
expands ir. and being such that’ (1) = S. By choosing different normalizations fpand
different expanding sets’ (1), it is possible to generate new price adjustment processes,
as is illustrated at the end of this section.

It has been argued i8ection 2that, under suitable differentiability and transversality
conditions, the orbits generated by the adjustment processes are well-behaved sets. If so,
the reverse of the question treated so far in the exposition arises, i.e. whether it is possible
to find a system of differential equations that generates a given orbit.

Consider first the case where the differentiable ofbit), s(¢z)) corresponding to the
fixed points of f can be parameterized by arc lengtiNotice thati(0) = 0 and thats(0)
is the starting point of the adjustment process.

Let the functiong be defined by (1, s) = f(A,s) — s. Suppose that zero is a regular
value of bothg and of the restriction of to {0, 1} x S. Let J(A, s) denote the Jacobian of
g evaluated atA, s). The matrixJ (A, s) is L x (L + 1), with L the dimension of, and
has rankL because of the regularity assumptions made with respect to

These regularity assumptions also imply that there is a unique VE¢HO, s(0))) in
the kernel of/ (0, s(0)) satisfying| T (J(0, s(0)))|l2 = 1 and with the first component of
T(J(0, s(0))) positive. LetT (J (%, s)) denote the unique vector in the kernel bfx, s)
satisfying||T (J (%, s))|l2 = 1 and being such that

J(A,s) J (0, s(0))
et T | = det T
T(J(A,s)) T(J(0,5(0)))
It can be shown that the orbit of zero points induceg;big generated by the autonomous
system of differential equations
(A, $) =T (%, 9),

where (4, §) denotes differentiation with respect to arc length, see for instatigewer
and Georg (1983)The system of autonomous differential equations was first proposed by
Davidenko (1953)and is also referred to as the Davidenko equations.
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Using the Davidenko equations immediately leads to Smale’s process. Indeed, the orbit
of Smale’s process is characterized by the system of equations

2(p) = A —nZ(pY),

p=1

Mh

=1

It follows that

~ 0 a~
J(,\,p)z[Z(g) i(f)]

The Davidenko equations specify that

(b, p) =TT (., p)),
from which it follows that

.. dp dr_
az(p)a = —dtz(p ),

dp
1" =0.
dr

Sincez(p) = (1 — 1)z (pY), the specification of Smale’s process asaction 7ollows.

By varying the sef' £ (1) it is possible to obtain new adjustment processes. Consider for
instance the case where the endogenous varjabtdongs to a cube [@]" and the excess
demand functiorf : [0, 1]% — R’ satisfies the boundary conditiGn(p) > 0 if p; = 0
andz;(p) <0if p; = 1.

The cube [01]% could represent prices belonging to the set of extended real vectors
of dimensionL, andz the excess demands of the filsstommaodities out of. + 1. The
price of commodityL + 1 is normalized to be equal to some constant. By Walras’ law it
follows that the market for commodit + 1 clears when the excess demands for the first
L commodities are zero.

Consider the case whef&- (1) is an expanding cube,

TEO)={peCtA-MpP <p<p’+rA-pp). 1=1... L}

It follows that p € T (%) if and only if A > A(p), where

.....

0_ 0
)»(p)zlmaxL:p’ Pt PL Pr p’}.

P 1-p
The functionf : [0, 1] x TX(1) — TL(1) is defined by

F O, p) =mrepy(p+2(p).
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To analyze the properties ¢f, consider first the projection of a vectore RE on 71 (3).
This projection is determined by the following minimization problem.

L
i 1
min E =y —x1)2 st. p?—kplof y < p[O—I—)»(l—plo), l=1,...,L.
yeRL —1 2

The necessary and sufficient Kuhn—Tucker conditions, wﬁmnduf the Lagrange mul-
tipliers corresponding to the two inequality constraints related to commbdégd to:

yi—x1—p; +u =0,

wy = pl+ip)) =0,

W (=yi+ pl+ - ph) =0,
yi—pP+ap? >0,

i+ pP+ a1 -pd) >0,

u; >0,

u > 0.

Itis easily verified that; > p? + A(1 — p?) implies ;" > 0, soy; = p? + A(1 — p?).
Also, x; < p? — ap? impliesy; > 0, soy, = p? — Ap?. Otherwisey, = x; and p? +
ML= pd)=x = p —app.

Fixed points off have nice properties. Considgr, p) such thatp = w3, (p +2(p)).
If pr+2(p) > p?+ 11— pD), thenp; = p? +i(L— pP). If p; +Z(p) < p? — Ap?, then
p1 = p? — ap?. Otherwise it holds thak; = p; + Z(p), S0%(p) = 0. It follows that the
adjustment process generates price systems in the set

P ={pel0,1]Fare[0,1], fori=1,...,L,
Z(p)>0= pr=pP+rd-pd), fori=1,... L,
Z2(p) <0= pr=pd—apd, fori=1,...,L,
Z(p) =0= p? —Apf < by < pP + AL — pD)).

It can be shown as before that the price adjustment process is convergent. Notice that the
price adjustment process has a very nice intuitive interpretation. Prices of commédities
in excess demand are increased at a (ate plo) with respect to the initial price;l0 and
prices of commoditie$ in excess supply are decreased at a yzr;?te/vith respect to the
initial price. Prices of commodities whose markets are in equilibrium are adjusted such that
markets remain in equilibrium, as long as it is possible to do so for pricestisfying
p?—ap? < pr < p?+ 21— pd).

Is it possible to formulate a system of differential equations that generates the orbit of
the adjustment process above. Compared to the situation in the beginning of the section,
an additional difficulty is that orbits can only be expected to be piecewise differentiable.
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This problem can be solved by applying a so-calletiansformation as proposed@arcia
and Zangwill (1981)If we make the following substitutions into the system of first-order
conditions that characterizes the fixed pointgof

w = [max{o, )],
pi— py + App = [Min{0, o],
W = [max{o, )1,
—pi+ pp + (1= pp) = Min{0, )1,
and rearrange terms, we find that the fixed pointg afe characterized by the solutions to
z1([min{0, &}]? + p® — 4p%) + [max(0, o}]? — [max{0. A}]* = 0,
[Min{0, a;}]% + [min{0, B}]? = A.

Since the system above is differentiablexing andx, it is possible to apply Davidenko’s
equations, and get a system of differential equations that generates the orbit of the adjustment
process.

9. Conclusion

We have studied the convergence of a number of distinct adjustment processes in game
theory and in general equilibrium theory. Convergence of the processes has been shown
before in the literature by rather ad hoc arguments, and only for generic games and generic
economies, under suitable differentiability assumptions. We have argued that the driving
force behind convergence is to be found in Browder’s fixed point theorem, which applies
under very general conditions and does not involve any assumptions on differentiability. Itis
remarkable that not only existence of equilibrium, but also universal stability, is fundamen-
tally based on fixed point theory. The use of Browder’s result provides a uniform and simple
way to show convergence of all the adjustment processes considered. It also enables us to de-
sign a sheer unlimited number of new adjustment processes, that are universally convergent.
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