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Abstract

In this paper a price and quantity adjustment process in continuous time is considered
for an economy facing price rigidities. In the short run prices are assumed to be completely
fixed and the markets are cleared by quantity adjustments until a fixed price equilibrium is
reached where every market is typically characterized by either supply rationing or demand
rationing. Using only standard assumptions on the primitive concepts of the economy and a
non-degeneracy condition, it is shown that the process indeed converges to a fixed price
equilibrium for the initially given prices in the short run. In the long run prices are assumed
to move upwards in the case of demand rationing on a market and downwards when supply
rationing occurs, while markets are kept in equilibrium by infinitesimal quantity adjust-
ments. Again, under standard assumptions on the primitive concepts of the economy and a
non-degeneracy condition, the process is shown to reach a Walrasian equilibrium in the
long run. A simplicial algorithm has been developed to make the study of the price and
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quantity adjustment process possible and the accuracy of this algorithm is discussed.
© 1998 Elsevier Science S.A.
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1. Introduction

Probably the best-known process of price adjustment in an exchange economy
is the Walrasian tatonnement process. In a situation where demand does not equal
supply on the markets of some commodities, the price on any market is adjusted
according to the sign of the excess demand. Furthermore, as long as a non-zero
excess demand prevails on some market, no exchange of commodities takes place.
Eventually, it is hoped, a situation of zero excess demand will be obtained such
that trade can take place.

The Walrasian tatonnement process has several shortcomings. One of the
drawbacks of the Walrasian tatonnement process is that convergence to a Wal-
rasian equilibrium price system cannot be guaranteed in general. Examples of
economies for which the Walrasian tatonnement process does not converge have
been given by Scarf (1960). It has been shown by Saari and Simon (1978) that
convergence of a process based on the excess demand function can only be
guaranteed when it uses almost all of the information provided by the excess
demand function and its first derivatives. A well-known process that satisfies this
condition is the global Newton method by Smale (1976), which converges to an
equilibrium price system when started at the boundary of the price space. The
processes by van der Laan and Talman (1987a,b) and Kamiya (1990) not only use
local information about the excess demand, but are also based on information of
the starting price system. As a consequence, it can be shown that the process of
Kamiya converges under standard assumptions plus a reasonably mild boundary
condition on the total excess demand function for a generic starting price system
(see Kamiya, 1990), while for every starting price system the process of van der
Laan and Talman converges for a generic exchange economy satisfying the
standard conditions (see Herings, 1997).

Even when convergence takes place, it will take some time before the equilib-
rium price system has been reached. Until then, demand is not equal to supply on
every market and trade is excluded by the Walrasian tatonnement process, as well
as the other processes described above. A related drawback is that the relevant
market signals for an adjustment process in an economy are based on the effective
demand associated with a Dréze equilibrium (introduced by Dreze, 1975), as has
been noticed in Veendorp (1975), and not on the notional demand used in the
processes above. In a model with three commodities and two consumers and with
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the total excess demand function satisfying a gross substitutability condition,
Veendorp has shown the convergence of an adjustment process that is based on
effective excess demands and which follows the path of (unique) Dréze equilibria
(see also Laroque, 1981, for a correction of the convergence proof). In general,
however, such a process does not necessarily converge to a Walrasian equilibrium
price system and even chaotic behaviour may be expected as argued in Day and
Pianigiani (1991) and confirmed in a more complicated model in Béhm (1993). A
model closely related to the one of Veendorp is considered in Movshovich (1994).
Movshovich considers a process in discrete time, where at each point in time the
price of a randomly chosen commodity is adjusted on the basis of the effective
excess demand in the previous period at the (unique) Dréze equilibrium at the
current price system. Also in the model of Movshovich gross substitutability like
conditions are needed in order to guarantee convergence.

In Herings et al. (1997) an adjustment process is proposed such that a Dréze
equilibrium prevails in the economy at any point generated by the process, and in
which prices are adjusted according to the market situation at the Dreze equilib-
rium. That process is inspired by recent experiences in Eastern European countries
and starts from a situation where the price level of the non-numeraire commodities
is so low that complete demand rationing is necessary to equilibrate the markets.
Next the process generates a path of Dréze equilibria in which only demand
rationing prevails, until a Walrasian equilibrium is reached. Contrary to other price
adjustment processes based on effective excess demands, this process converges to
a Walrasian equilibrium price system under standard assumptions with respect to
the economy.

The above described process only allows for initial situations in which there is
demand rationing on all markets of the non-numeraire commodities. This implies
that the process has two disadvantages. First, the process has to start from an
initial situation at which the prices of the non-numeraire commodities are suffi-
ciently low. Second, the process fails in explaining adjustments along a path of
equilibria with both demand and supply rationing. As argued already in van der
Laan (1980), in Western economies supply rationing occurs much more frequently
than demand rationing. Therefore in this paper a price and quantity adjustment
process is presented that follows a path of Dréze equilibria along which both
demand and supply rationing may occur.

The starting point of the process is a historically given price system and
quantity constraints which may not constitute a Dréze equilibrium. Initially, only
the quantity constraints are adjusted until a Dréze equilibrium with respect to the
initial price system has been reached. It is referred to as the short-term quantity
adjustment process. Next, the process proceeds by adjusting prices and rationing
schemes simultaneously in such a way that any point on the path reached by the
process is a Dréze equilibrium. This path of Dréze equilibria either ends with a
second Dréze equilibrium with respect to the initial price system or with a
Walrasian equilibrium. In the first case, the process proceeds with a short-term
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quantity adjustment process, until a third Dréze equilibrium with respect to the
initial fixed price system has been reached. It will be shown that eventually a
Dreze equilibrium at the initial price system will be reached from where the path
of Dreze equilibria leads to a Walrasian equilibrium. This part of the path is
referred to as the long-term adjustment process. It should be noticed that the
long-term process generates a path of Dréze equilibria and therefore at any point
on this path trades can be carried out. Since the economy deviates from the
Walrasian equilibrium, trade takes place under rationing and therefore may differ
from the notional demands and supplies, as is generally accepted by ‘Keynesian’
economists; see e.g. Gordon (1990), who considers it as the essential feature of
Keynesian macroeconomics. Since our adjustment process does converge to a
Walrasian equilibrium, it gives some underpinning for the view, subscribed to by
e.g. Mankiw (1994), that the economy does not stay away from the Walrasian
equilibrium in the long run.

The adjustments made, in economic terms, are as follows. In the short-term
process, prices do not adjust (this is based on the paradigm that quantity
adjustments take place much faster than price adjustments) and, compared with the
initial situation, supply rationing (demand rationing) adjusts such that it is
maximal (minimal) in case of excess supply in a market, and minimal (maximal)
in case of excess demand. Moreover, the rationing schemes adjust in such a way
that markets in equilibrium stay in equilibrium, unless this would violate the
maximality and minimality properties of rationing schemes mentioned before. In
that case markets may get out of equilibrium. In the long-term process, the
quantities adjust such that equality of constrained supply and demand always
holds. Now prices adjust in such a way that, compared with the initial situation,
they are minimal in case of supply rationing in a market and maximal in case of
demand rationing in a market. Moreover, prices adjust in such a way that markets
without rationing stay in equilibrium without rationing, again unless this would
violate the maximality and minimality properties just mentioned. In that case,
supply rationing or demand rationing may emerge again.

The convergence proof of the adjustment process described in this paper is
based on some techniques of simplicial approximation, as initiated by Scarf
(1973). First, an artificial function of excess demands, called the reduced total
excess demand function, is constructed. The points reached by the adjustment
process are zero points of this function. Subsequently, a simplicial algorithm is
described and is shown to generate a path of zero points for a piecewise linear
approximation of the reduced total excess demand function. This path is then
shown to yield an approximation of the desired adjustment process. Similar to the
processes of van der Laan and Talman (1987a,b) and Kamiya (1990), the
adjustment process of this paper does not only use local information about the
reduced total excess demand function, but is also based on information of the
historically given price system and quantity constraints. Moreover, we derive a
number of boundary properties of the reduced total excess demand function, that
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will guarantee that the adjustment process is bounded. These ingredients together
with the specific definitions of the adjustments made, will be the main reasons for
convergence to a Walrasian equilibrium.

2. The model

For ease of notation, in the sequel we denote the set of indices {1, ..., k} by 1,
the set of indices {0, 1, ..., &} by I, R} ={xeR!x;>0, Vje1), and
R:, ={x€R*x;>0, Vj}. We consider an exchange economy & = ({X’,
= wl i ). In this economy there are m consumers, indexed i=1, ..., m,
and n+ 1 commodities, indexed j=1, ..., n+ 1. Each consumer i€l, is
characterized by a consumption set X', a preference preordering >’ on X', and a
vector of initial endowments w'. The vector w is defined by w=X,_ L w. We
assume that the economy & is initially faced with a completely fixed pricemsystem,
determined by the vector 5 € R’%' We take one of the commodities, say
commodity n+ 1, as the numeraire commodity having a price equal to 1, so
D+, = 1. In the short run the prices are completely fixed and market equilibrium
will be achieved by quantity constraints on the non-numeraire commodities. In the
long run we allow for price flexibility by introducing a so-called ‘flexibility’
parameter a € [0, 1), describing the maximal possible decrease or increase of a
price relative to p. For a given vector p of fixed prices and a flexibility parameter
a, the set of admissible price systems is given by the set P(«) defined by

P(a)={peR*(1-a)p<p<(1-a) "B, Vi€l p. =1}

For ease of notation, in the following we define, for @ € [0, ), p(a)=(1 - @),
Viel, pla)=0—-a) "5, Vi1, and pus1(a) =p,, (a) = 1. Clearly, the
set of admissible price systems varies from the unique vector of fixed prices p for
a = 0 to the set of all positive prices with the price of the numeraire normalized to
one for a = 1.

The following assumptions with respect to the economy & are made:

Assumption 1. For every consumer { € /,, the consumption set X' belongs to
R"*', is closed and convex, and X'+ R"”"' c X’

.- the preference preordering >’ on X'
is complete, continuous, strongly monotonic, and strictly convex.

Assumption 2. For every consumer i € /

Assumption 3. For every consumer i € I, the vector of initial endowments w'

A m?
belongs to the interior of X'
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A preference preordering >’ is said to be strongly monotonic if X', '€ X',
¥ <%, and X'# %' implies £‘>X'. A preference preordering >’ is said to be
strictly convex if ¥, €X', ¥ # 2, ¥'~% and A¥ +(1 -2 €X' for
some A€ (0, 1) implies AX'+ (1 —A)&' > ‘X', Notice that the assumption of
strict convexity in Assumption 2 allows us to work with demand functions instead
of demand correspondences.

In general the short-term vector j of fixed prices will not be equal to the price
system in any Walrasian equilibrium of the economy &, being a price system
p~ €R"*! and consumption bundles x*' € X', Vi €[, such that both &  x*'
=X" w'and x"' is a best element for > in the budget set {x' € X|p* - x' <
p* -w'} for every i €I,. To equilibrate the demand and the supply under price
rigidities one may introduce an equilibrium concept involving vectors of quantity
constraints on the net demands and the net supplies of the non-numeraire
commodities. Given a price system p € R""' a rationing scheme on supply
/€ —R" , and a rationing scheme on demand L € R , the constrained budget set
of consumer i € /,, is given by

B(p,.L)= {x"EX"{p-,xi5p~w" and l,Sx_;—wst,,Vjeln}.

Following the fix-price literature (see for a recent survey Bénassy, 1993), it is
assumed that there is no rationing on the market of the numeraire commodity. The
corresponding constrained demand d'( p, I, L) of consumer i is defined as the best
element for > in B'(p, I, L). Because of the strict convexity and strong
monotonicity assumptions this element is unique and lies on the budget hyper-
plane, ie. p-d(p, I, L)=p-w'

Following Dréze (1975), for given « € [0, 1), a Dréze equilibrium with respect
to the set P(«) of admissible price systems is defined as follows.

Definition 1 (Dréze equilibrium). For given « € [0, 1), a Dréze equilibrium with
respfect to the set P(a) (denoted DE ) for the economy & = ({X', =", w'}" |, p)
is a price system p* € P(a), a rationing scheme (/", L") € —R’ X R, and,
for every consumer i € /,, a consumption bundle x"’ € X' such that

1. forall iel,, x"'=d(p*, 1", L"),

2 T, xt =T wh

3. forall j€I: x/" —w!=1' forsome h €1, implies x/'~w/ <L, Vi€El,,
and, analogously, x;" —w/'=L; for some he&l, implies x;'—w/>1",

Viel,;

4. for all jeI,, p; > pla) implies I <x; ‘—w/, Viel

e and p <p(a)
implies L; >x; ' —w;, Viel,.

7

The rationing schemes on supply and demand are assumed to be uniform, i.e. the
same for each consumer. This assumption can be relaxed easily. Condition 1
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requires that the consumption of each consumer equals his constrained demand,
while Condition 2 is the market clearing condition. Condition 3 implies that there
is not simultaneously rationing on both sides of a market. Condition 4 precludes
supply rationing on the market of some commodity as long as its price is not
minimal, whereas demand rationing on the market of a commodity does not take
place if its price is not maximal. In case a =0, Condition 4 is redundant. For
a > 0, Condition 3 is implied by Condition 4.

A Dreze equilibrium without rationing yields a Walrasian equilibrium. It will
be shown in Lemma 3 that for « large enough it holds that any DE_ is a
Walrasian equilibrium.

3. The reduced total excess demand function

The price and quantity adjustment process will start with the vector of fixed
prices j and an arbitrary rationing scheme (I, L) € —R” X R?. In a first stage of
quantity adjustments, the initial rationing scheme is adjusted until a short-term
DE, for the vector of fixed prices j is reached. In the second stage prices are
adjusted while markets are kept in equilibrium by infinitesimally small changes in
the rationing scheme. In this way the process will generate a path of DE, for
varying values of « and will finally converge to a Walrasian equilibrium.

Condition 4 of Definition 1 shows that for a Dreze equilibrium with respect to
P(a) the price and the rationing scheme in a market have to satisfy the
complementarity condition that rationing is not binding as long as the correspond-
ing price is not on its upper or lower level. Therefore, to equilibrate markets,
prices adjust as long as they are not on their upper or lower bound, while
otherwise the rationing schemes are adjusted. Due to these complementarity
conditions, it is possible to describe the price and rationing scheme for a
commodity by one variable. The excess demands at the prices and rationing
schemes defined by these variables are given by the so-called reduced total excess
demand function. The set of variables defining the prices and rationing schemes is
taken to be the (n + 1)-dimensional set C"*' given by

cl={geR" 0<q,<1,Vj€L,0<q,,, <1}

To obtain the reduced total excess demand function, we relate to any element g of
this set a flexibility parameter @(q) and thereby a set P(&(q)) of admissible price
systems, a price system p(g) € P(&(q)) and a rationing scheme (/(g), L(g)),
defined by

a&(q) =9, (1)

Prii(g) =1 (2)
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forall jel,,

p,() = max{p,(&(4)).min{(2 - 3¢,)p,(&(q))

+(3q,= 1)B,(&(q)) B (&())}) (3)
[{(q) = —min{1.3¢;}w, (4)
L,(¢) =min{1,3 - 3q}pp (5)

Let some g€ C""' be given, For every j&1, we have that g, =0 implies
I(q) =0 and ¢g;=1 implies L i(g) =0. Moreover, 0 <g; <1/3 1mplles Pl
= pla(q), l(q) > —w;, and L (q)=p- w/p Furthermore 1/3<g¢;<2/3
lmphes P (a(q)) <plq) <p; (a(q)), I (¢) = —w;, and L {q)=p-w/p; whereas
2/3<q;<1 1mp11es plq)=pla(q), l(q)— w;, and I (@ <p- w/p, For
any g it holds that p(g) € P(a@(q)). So, supply rationing prevalls at the minimum
admissible price when 0 < g, < 1/3. When 1/3 <q, <2/3, then neither supply
rationing nor demand rationing exists. Finally, when 2 /3 <¢q; <1, there may exist
demand rationing, there is no rationing on the supply side, and the price is on its
upper bound. For g€ C"*"' we call B/(q) =B'(p(q), {gq), I{g)) the reduced
constrained budget set of consumer i €/, at g, i.e.

B'(q) = {x' €X' p(q) - x' <p(q) - w'
and

f(q) <x’-—wr~"<f,-(q) Viel)

Let d '(¢) denote the best element for >’ in the reduced constrained budget set
B ‘(¢) of consumer i €] , so d(q) d'(p(q), (e, L(q)) let d(g)=(d"(q),

, d"(g)) denote the collection of vectors of resulting demands, and define the
total excess demand at g by

2(q)=Xd(q)— Lw'
i=1 i=1

The function 3: C"*' = R"*! is called the reduced total excess demand function.
For ¢* € C"*! it holds that (p(g*), Kg*), L(g™), d(qg*)) is a DE,,,-, if and
only if 2(g*)=0. The price and quantity adjustment process can now be
described in terms of ¢ and the total excess demand induced by g, £(g), only.

Before we describe the process in detail, we describe some properties of the
reduced total excess demand function Z in the following lemmas.

Lemma 1. Let the economy & =({X"', =', w}" |, p) satisfy Assumptions 1-3.
Then the reduced total excess demand function % is continuous on C"*' and
Mg 2g)=0,YgeC !
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Proof. By the lemma in Dreze (1975, p. 304) it follows that, for every i €1, B’
is continuous on R% X {1} X ~ R X R’ , using that p,, , =1 and the absence of
rationing on the market of the numeraire commodity. Using the continuity and the
strict convexity of the preferences and the maximum theorem it follows that, for
every i€l , d'is continuous on R’ X {1} X —R% X R’ . By the continuity of

the functlons &, p, [and L in q it follows that Z is continuous on C"*'. The
strong monotonicity of the preferences yields that

p(q) -2(q) =0,Yge . QED

The next lemma gives the behaviour of % (g) on C"" ' for values of g, J €1,
equal to zero or one.

Lemma 2. Let the economy & =({X', =', wi}" |, p) satisfy Assumptions 1-3.
Then, for every g € C""', for every j€ 1, q; =0 implies 2(q) 20 and q,= 1
implies £(q) < 0.

Proof. If g, =0 for some j € I,, then l(q) =0 and hence Z,(g) =X 1(d (q) —
W] Y > mi, (q)—O Analogously, if g;=1 for some J€1,, then L(q)=0,
and hence (g =27, (d i(q) — W] Yy < mL {q) = QED

Lemma 2 will be used to show that the adjustment process will not hit the
boundary of C"*! where g;=0or g;,=1 for some jEI,.

If g~ € C""! satisfies g, =0 and £(¢*) =0, then p(q )=pand (p(g*),
{q™), i{q*), d(g*))is a DE,. The next lemma states that if g €C"*} is such
that a(g*)=gq,,, is sufflclently close to one and Z(g*)=0 then (p(q" )
[(g*), i(q*), dig ) is a Walrasian equilibrium, i.e. for every consumer i €1,
holds that l(q )<d(q ) —w/ <L(q ).

Lemma 3. Let the economy & =({X', ="', '}”11, P) satisfy Assumptions 1-3.
Then there exists B € (0, 1) such that for every q* € C"*! satisfying 2(q”) =0
and q;, =B it holds thar (p(q*), gq*), I(g*), dq")) is a Walrasian
equilibrium.

Proof. Suppose there exists a * €(0, 1) such that ¢, , < a* for any zero point
g* € C""' of Z. Then the lemma is true for 8=« ".

Now, suppose the lemma is not true. Then there is a sequence (q )re\, such
that for every reN, ¢, , <r—1/r, 2(¢")=0 and (p(g"), iqgn), L(g"),
d(q’)) is a DE(,( . but not a Walrasian equ1hbr1um Modify the consumptlon set
X', Vi€, by imposing the constraint x/,, <w! , +w,.,. Since ¢" induces a

DE;,, d' (q ), Vi€ 1, satisfies this constraint with inequality. Without loss of
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generality, it can be assumed that (i) there is a commodity ;' €1, such that
ﬁ](q) p(a(g"), YreN, or (ii) there is a commodity j €/, such that
p] (q") = pir(a(q"), Vr € N, since otherwise there could be no binding rationing
in the DE;, -, induced by g” by Condition 4, implying that ¢" yields a Walrasian
equlhbnum contradicting our supposition. Consider the sequence

pa") .

mvl(Q')’L(Q')ad(q') .

which is bounded and therefore, without loss of generality, can be assumed to
converge to some ( p', I', I, d) € R ' X —R” X R" X T RY” ' Notice that
Condition 2 of Definition 1 implies that ¥, _ ,,d" Z,E ; w'. Clearly, there is
kel ., such that p\, = 1.1t follows easily that I = ——w,‘m if k€ I,. Therefore,
evenincase k=n+1, p'-(I'", —w,_ )7 <0, and so the function d’, Vi€,
is continuous at (p’, ', ) by the lemma in Dréze (1975, p. 304). In case (i) it
holds that p/,_,=lim, ., ﬁnﬂ(q")/llﬁ(q’)llx = 0, so by the strict monotonicity
of preferences, for every i €1,

m?*

d:1’+l hm dl1+l(q )_ hm dn+l(p(q ) l(q ) L(q ))
=d,, (PUL)=w + W,

SO W, =Xicq d’”'+I (m+ Dw,, ,, a contradiction. In case (ii) it holds that
py=0and L,=p-w/p,, so by the strict monotonicity of preferences, for every
iel,,

di = limd;(g") = lim dy(p(q").1(a7).L(a"))
i AT i ﬁ i
=d;(p'.0I.L)y=w;+ —

Py

>witwy,

SO w; =1L, I, d” >(m+ l)w a contradiction. Consequently, the lemma is true.
QED

For the remainder of the paper we fix a real number B € (0, 1), satisfying the
requirement of Lemma 3, and define the sets C fntl ocntloand C"t' by
crt! ={qgeC""q,., < B}, Crn+1 ={gecCc"tyq,., —0} and C""'={g€
c* g, ., = B}. In Section 5 we give a constructive proof of the existence of a
path of points in €"*! leadmg from an arbltrarlly chosen initial state v € C, ,
an approximate zero point ¢~ € C” *1 of £ if some non- degeneracy condmon is
satisfied. Since g~ is an element t of C**', it induces an approximate Walrasian
equilibrium. The path itself corresponds to the desired adjustment process for a
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piecewise linear approximation of the reduced total excess demand function,
where the inaccuracy of the approximation can be made arbitrarily small.

4. Definition of the price and quantity adjustment process

In this section an initial state v in the relative interior of €'~ ' is assumed to be
given. Notice that the initial state v induces a flexibility p—arameter a(v)=0, a
price system p(v)=p, and a rationing scheme ({(v), L(v)). The price and
quantity adjustment process consists of two parts. First, only quantities, i.e. the
rationing schemes, are adjusted and the price system is assumed to be fixed and
equal to p. This part of the adjustment process is referred to as the short-term
adjustment process. The short-term adjustment process results in a DE, and
coincides with the quantity adjustment process given in Herings (1994) to find a
Dreéze equilibrium given a fixed price system. Secondly, after a DE, has been
found, the prices are adjusted and the quantities, i.e. the rationing schemes, are
assumed to change in such a way that the markets stay in equilibrium. This part of
the adjustment process is referred to as the long-term adjustment process and
results in a Walrasian equilibrium of the economy. The long-term path can be seen
as an adjustment process in continuous time leading to a Walrasian equilibrium
and having an attractive economic interpretation, namely that at any point in time
we have a Dreze equilibrium with respect to the current set of admissible prices.
So, keeping all markets in equilibrium by a rationing scheme satisfying the Dreze
complementarity conditions while expanding the set of admissible prices from the
single initially given price vector p to the set of all non-negative prices provides
us with a convergent process leading to a Walrasian equilibrium and allowing
trade at any point in time.

More in detail, the behaviour of the price and quantity adjustment process can
be described as follows. Initially, from ¢ the path proceeds in the subset C"*' of
C"*" until a zero point ¢* € C'*' of 2 is reached. Clearly, ¢* induces a DE,
since at ¢* it holds that &(g") =g, , =0. In general, the initial state v is
incompatible with a DE,, i.e. Z(¢) # 0. First only adjustments of the rationing
scheme take place, being based on the excess demands on the markets of the
non-numeraire commodities and on the change of the rationing scheme compared
with the initial state, whereas the price system remains initially unchanged. So
initially the process generates a path in C"*'. If there is a negative excess demand
on a market, the rationing scheme is adjusted in such a way that, compared with
the initial state induced by point ¢, the rationing is tightened maximally in case of
supply rationing and is weakened maximally in case of demand rationing. So,
compared with the initial state, consumers are enforced to supply less or are
allowed to demand more of this commodity. If there is a positive excess demand
on a market, the rationing scheme is adjusted in such a way that, compared with
the initial state induced by point v, rationing is tightened maximally in case of
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demand rationing and weakened maximally in case of supply rationing. If a market
is in equilibrium, then the rationing scheme is adjusted in such a way that the
market is kept in equilibrium. These adjustments seem natural in economic terms.

The properties of the states of the economy reached by this quantity adjustment
process can be formulated mathematically as follows. If a point g€ C""' is
reached by the process, then there exists a real number y € [0, 1] such that for
every j€1,,

q;= 7Y, if 2,(q) <0
yy<g;<l—y(l-y) if 2(q)=0 (6)
g;=1-7y(1-v) if 2,(q) > 0.

Notice that the initial state ¢ satisfies the properties given above for y= 1. The
adjustment process then proceeds by decreasing 7, i.e. decreasing g, if there is
excess supply on the market of commodity j, and increasing g; if there is excess
demand on the market of commodity j. The process continues like this, until one
of the markets of the non-numeraire commodities becomes in equilibrium, say the
market of commodity j'. Then g; adjusts such that the market of commodity j "is
kept in equilibrium, whereas g ,s‘of markets in excess supply are kept minimal and
g,s of markets in excess demand maximal. Furthermore, if there was excess supply
in the market of commodity j' before it was equilibrated, then qj is increased
away from the minimum value, and if there was excess demand in the market of
commodity j' before equilibration, then g, is decreased away from the maximum
value Again, the process continues untll one of the markets of commodities

1,\{j'} is equilibrated, after which g, adjusts such that it stays in equilib-
rlum or it holds that in order to keep the market of commodity j' in equilibrium,
either ¢; would fall below the minimum value yv; or would rise above the
maximum value 1 — y(1- -v; 1). In the first case, q 1 is kept equal to yu; and excess
supply results on the market of commodity j', and in the latter case g is kept
equal to 1 ~ y(1 — v;1) and excess demand results on the market of commodity it
The process contmues in this way until a Dreze equilibrium is reached.

Observe that the properties of the short-term adjustment process are closely
related to the ideas behind the Walrasian tatonnement process, but now with
adjustments of quantities instead of prices. In fact, at a point g reached by the
process we have that g;/v; = min, . ,{g,/v,} if 2,(¢) <0, so that g; is minimal
relative to v, if there is excess supply of commodity j. On the other hand we have
that (1 —¢,)/(1 —v))=min, . {(1 —¢,)/(01—v,)} if £(g)>0, so that rela-
tively 1 — g, is minimal if there is excess demand of commodity j. Finally, when
fj(q) =0, then g, is allowed to vary between these relative lower and upper
bounds in order to keep market j in equilibrium.

In Herings (1994) it is shown that for a generic economy (parametrized by the
initial endowments) the properties in Eq. (6) determine the short-term adjustment
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process, up to the speed of adjustment, uniquely, and that it converges to a
uniquely determined DE,. The proofs given there are for the function £ itself, but
are extremely tedious. Therefore, the proofs given in the next section are related to
a piecewise linear approximation of Z, allowing us to give considerably easier
demonstrations. As a heuristic for the former statement, notice that the system of
equations in Eq. (6) has n + | independent free variables, g,, ..., g, and vy, and
n equations, leaving 1 degree of freedom being the dimension of the adjustment
path. The process leads to a point ¢* € C"*', yielding a DE,. Observe that at this
point the properties in Eq. (6) are satisfied for y = min; . La) /v (L—q;) /(0 —
v )b ’

’ Continuing from this point ¢ *, the process generates a path of zero points of 2
in €7+ Along the path the flexibility parameter « is adjusted according to the
adjustment of the value of ¢, . ,. Moreover, if there is demand (supply) rationing
on the market of a commodity, then its price is increased (decreased) relatively
maximal, whereas the rationing scheme is adjusted such that any point on the path
induces a DE,,. It will be shown that this long-term process of following a path
of DE; s by price and quantity adjustments either comes back to a point in C ntl
at which g,,, =0, or ends at a point in C"*' at which g,., = B. In the latter
case a Walrasian equilibrium has been found according to Lemma 3. In the former
case the process has found a second DE,,. Then the process continues in C"*' by
short-term adjustments of the rationing scheme determined by Eq. (6) until a new
(third) DE,, is found. From this point on the process continues again in ¢ by
following a path of DE;s. It will be shown that eventually a DE, will be
reached from where the long-term path of DE, s leads to a point g in C e,
to a Walrasian equilibrium.

Mathematically, the properties of the states of the economy reached by the
long-term adjustment process can be formulated as follows. If ¢~ € SLARIT
reached by the long-term adjustment process, then

2(q") =0, (7)

s0 ¢ induces a DE,,-). Again, it should be expected that for a generic economy
property Eq. (7) determines the long-term adjustment process, up to the speed of
adjustment, uniquely. As a heuristic, notice that the system of equations in Eq. @)
has n+ 1 independent free variables, g,, ..., g,,,, and, by Walras law, n
independent equations, leaving 1 degree of freedom being the dimension of the
adjustment path. It can now also be made intuitively clear that finally a Walrasian
equilibrium is obtained. All Dréze equilibria with respect to 5 (g, | = 0) satisfy
Eq. (7) as well as all Walrasian equilibria (g, , = B). It should be expected that,
generically, Eq. (7) determines a one-dimensional manifold with boundary, with
the Dréze and the Walrasian equilibria as boundary points. Moreover, it is known
that generically there is both an odd number of Dreze equilibria and an odd
number of Walrasian equilibria. Consider the first DE, found by the short-term
adjustment process. It is the end-point of a path described by Eq. (7) having either
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another DE, as end point or a Walrasian equilibrium, after which the long-term
adjustment process terminates. In the former case, since the number of DE, is
odd, there exists another DE; not yet reached by the adjustment process. Such a
DE, will be found by the short-term adjustment process. Again, this is the end
point of a path described by Eq. (7) having yet another DE, or a Walrasian
equilibrium as end point. Using the oddness of the Dréze equilibria with respect to
p it follows that finally a DE is reached that leads to a Walrasian equilibrium.

By definition of the reduced total excess demand function 2, if holds along the
path determined by property Eq. (7) that, for j&€ [, the prices satisfy the
conditions

pi(q")=(1-a(q"))p if gf <%
(1_&(q*))ﬁjsﬁj(q*)S(l—&(q*))_lﬁj ifésqj‘*s% (8)
Al s PO e
pla")=(1—-a(q")) 5 if g7 > 3.

Therefore, along the path of long-term price and quantity adjustments, the price of
a commodity is kept on its lower bound with respect to &(g*) as long as there is
supply rationing on the market of this commodity and the price of a commodity is
kept on its upper bound with respect to &(g") as long as there is demand
rationing on the market of this commodity. If there is no rationing on the market
of a commodity, then its price may vary between these lower and upper bounds, to
keep that market in equilibrium without rationing.

Notice that the properties mentioned above are again closely related to the ideas
behind the Walrasian tatonnement process. Starting from ¢ * inducing a DE, the
flexibility parameter « is increased, implying that prices of commodities in the
market on which there is supply rationing are decreased maximally, while prices
of commodities in the market on which there is demand rationing are increased
maximally. In general, none of the markets is in equilibrium without rationing yet.
The long-term adjustment process continues, until one of the markets, say market
j3, is cleared without rationing, or another DE, is found. In the latter case, the
short-term adjustment process will yield a third DE;, from which the long-term
adjustment process continues. In the former case the price of the corresponding
commodity adjusts such that the market is kept in equilibrium, implying that it is
increased away from the minimum value (1 — &(g))p;s in the case there was
supply rationing in this market before the equilibration, and the price is decreased
away from the maximum value (1 — &(g))™'p,» in the case there was demand
rationing in this market. The prices of the other commodities are kept minimal in
the case of supply rationing and maximal in the case of demand rationing. The
long-term adjustment process continues like this until one of the markets in
I \{j%} is equilibrated without rationing, say the market of commodity j*, or in
order to keep market j° in equilibrium its price would fall below the minimum
value (1 — &(g))p;» or would rise above (1 — &(g))™'p». In the latter case, the
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price of commodity j® is kept equal to this minimum or maximum value, and
supply rationing is used in the first case and demand rationing in the second case,
to clear the markets. In the former case, the price of commodity j* adjusts to keep
this market in equilibrium without rationing, etc. All these properties are a simple
consequence of Eq. (7) and the definition of the reduced total excess demand
function Z.

Let Q denote the subset of C"*' whose points satisfy Eq. (6) or Eq. (7), i.e. all
points ¢ satisfying the properties of points generated by the price and quantity
adjustment process. As has been argued above the set @ can be expected in
general to be a compact one-dimensional manifold with boundary, so a finite
collection of paths and loops. Not all the points in the set Q will actually be
reached by the adjustment process. This will only hold for the points in Q which
are connected to the starting point v, i.e. which are on the path starting in .
Denote the component of ¢ in Q by Q,. This leads us to the following definition.

Definition 2 (price and quantity adjustment pro;‘ess). The price and quantity
adjustment process for the economy & = ({X’, =, w'}% |, ) with starting point

v e g"“ is given by the set Q,, the component of v in Q.

Notice that the price and quantity adjustment process is now defined by
considering explicitly the points ¢ generated by it. Since we have given a
topological definition of the process, we will also give a topological definition of
the convergence of it.

Definition 3 (convergence). The price and quantity adjustment process for the
economy & = ({X‘, >, w,}/_,, p) with starting point v € C"*' is convergent if
Q, is an arc, i.e. a set homeomorphic to the unit interval [0, 1], having v and a
Walrasian equilibrium price system as its boundary points.

Notice that any arc described as the zero points of a system of continuously
differentiable functions satisfying certain regularity properties can be described by
a system of differential equations, see for instance Garcia and Zangwill (1981).
Hence, by making suitable differentiability and regularity conditions, it is possible
to express the adjustment process in a more standard way by means of a system of
differential equations. This is also the approach as adopted by Smale (1976) and
Kamiya (1990). Such a system of differential equations will depend on the
function # and its first derivatives (where these are well-defined), exactly the
amount of information indicated by Saari and Simon (1978). In this paper we will
not make any differentiability assumptions. However, we will provide a method to
follow the adjustment process arbitrarily close, even in the case where the function
Z is only continuous.
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5. The approximate price and quantity adjustment process

In this section attention is focused on the price and quantity adjustment process
for a piecewise linear approximation of the reduced total excess demand function,
where the inaccuracy of the approximation can be taken arbitrarily small. We
show that, under a standard non-degeneracy condition, for any arbitrarily chosen
starting point v in the relative interior of C"* ! there exists a unique path of points
connecting v with a point in C"*' yielding an approximate Walrasian equilib-
rium. So we show that the price and quantity adjustment process related to any
piecewise linear approximation of the reduced total excess demand function
satisfying a non-degeneracy condition, is convergent. Applying the technique of
simplicial approximation provides us both with a constructive proof of the
existence of such a path of points and with the possibility to follow this path. By
taking the mesh size of the underlying triangulation small enough the inaccuracy
of the approximation can be made arbitrarily small. In the following definition an
approximate DE_, for any parameter value of o € [0, 1) is introduced.

Definition 4 (¢ —DE_). For given a €[0, 1) and given real number &£ > 0, an
&— DE_ for the economy & =({X', ="', w}". |, p) is a price system p € P(a),
a rationing scheme (/, L)€ —R’, X R%? and for every consumer i€/, a
consumption bundle x’ € X’ such that all conditions of a DE, are satisfied with
the condition of equality of demand and supply replaced by L7, x' — X/ w'll.
<e.

Clearly, a 0 —DE_ is a DE,. In order to show the existence of the described
path we will use some techniques of simplicial approximation of functions. We
first recall the concept of a simplicial subdivision.

For given t €N, 0 < <k, a r-dimensional simplex or z-simplex is defined as

the convex hull of ¢ + 1 affinely independent vectors in R, ¢', ..., ¢'*', and is

denoted by o(g', ..., ¢'"") or shortly by o. The vectors q', ..., ¢'"" are called
the vertices of o. A (¢t — 1)-simplex 7 being the convex hull of ¢ vertices of

a(q', ..., q¢'*") is called a facet of o. For h 1, the facet 7(q', ..., ¢"",

g""', ..., ¢'*") is called the facet of o opposite the vertex ¢”". For 0 <j<t, a
j-simplex being the convex hull of j+ 1 vertices of a t-simplex o is called a face
of o. A finite collection .7~ of k-simplices is a triangulation of a compact, convex
k-dimensional subset S of some Euclidean space if:
1. § is the union of all simplices in 7 ;
2. the intersection of two simplices in 7 is either empty or a common face of
both.
It can be shown that each facet 7 of a k-simplex o €. either lies in the
relative boundary of S and is only a facet of o or it is a facet of exactly one other
k-simplex in . The mesh size of a triangulation 5 is defined by mesh(F ) =

max,, o ; max{lg — §l-Ig, § € o}.
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Let a compact, convex t-dimensional subset S of some Euclidean space, a
triangulation .7~ of § and a function f: S — R* be given. A function F: § —» R*
is called the piecewise linear approximation of f with respect to J if for every
vertex g of any o €7 it holds that F(g) = f(g) and for every element g of § it
holds that F(q) =¥, A,F(g"), when g€ o(q', ..., g'*") for some t-sim-
plex 0 €9 and ¢ = E,ie, Ang" for some A€ R with Z,., A, =1.

The price and quantlty adJustment process will be considered for a piecewise
linear approximation Z of the reduced total excess demand function Z with
respect to a given triangulation 9~ of ¢! with an arbitrarily small mesh size. As
is intuitively clear, and as will be shown formally later on, a point g € crt!
satisfying Z(g) = 0 yields an & — DE;,, with &> 0 related to the mesh size of
the underlying trlangulauon Therefore, such a point g will be called a DEa( o of
Z or an approximate DE; . The short-term adjustment process operates in the
n-dimensional subset C"*'. To obtain the path generated by it one can apply the
product-ray algorithm described in Doup and Talman ( 1987) or the exponent-ray
algorithm given in Doup et al. (1987) to the function Z on the set C"*'. Due to
the special properties of the function £ and therefore of Z we will be able to
derive several interesting properties of the path. After the short-term adjustment
process has reached a DE, of Z in C "*1 it generates a path of approximate
DE; s in C “7+1 This part of the price and quantity adjustment process does not
correspond to any simplicial algorithm considered before in the literature. Next, a
simplicial algorithm will be described that generates the path followed by both the
short-term and the long-term price and quantity adjustment process.

To describe the algorithm, let an initial state v in the relative interior of C ntd
be given. Notice that for any such point it holds that Z(v) <0, VjeI,, and
L (v)>0, VjeI,. Therefore, there is neither complete supply rationing nor
complete demand rationing, and in general no component of Z(v) will be equal to
zero. The algorithm now proceeds by increasing any component j €1, of v for
which £,(v) > 0 and decreasing any component j € I, of v for which Z,(¢) <0.
To formallze this, let S be the set of n-dimensional sign vectors given by

S={seR"s;e{-1.0,+1},Vjel}

For any s €S, define the sets 17(s), 1°(s), and I*(s) by I"(9)={j €l ]s; =
=1}, I%(s)={j€1Lls;=0} and I"(s)={j € 1Lls; = + 1}, s0 I (), 10(s) and
I7(s) are the sets of negative, zero, and positive components of s, respectively.
Let i7(s), i°(s), and i*(s) denote the number of components in these respective
sets. For any s € S\ {0}, define the i°(s)-dimensional set C"*'(s) by

sy = {qeg'ﬂlqj=0,Vj€I‘(s), and ¢, =1, Vje]*(s)}
and define the (i°(s) + 1)-dimensional set A(s) by
A(s) =co({r} U CT(9)).
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Fig. 1. The sets A(s) for n=2.

where co denotes the convex hull of a set. Moreover, the set A(Q) is defined by
A(0)=C"*' The sets A(s), s+ 0 are illustrated for n =2 in Fig. 1. Let the first

n components of the functions 2 and Z be denoted by Z and Z respectively,
Observe that a point g € C"+ ! satisfies the properties of Eq. (6) for the function Z
if and only if ¢ € A(s) and sgn(Z(q)) = s for some s € S\ {0}. Moreover, a point
ge C"* ! satisfies property Eq. (7) for the function Z if and only if g € A(s) and
qgn(Z(q)) =g for s =
Now, let G(0) be a trlangulatlon in (n + 1)-simplices of the (n + 1)-dimensional
set A(0) such that for any s €S the restriction of G(0) to A(s) induces a
triangulation G(s) in (i°(s) + 1)-simplices of A(s). Such a trlangulatlon of C"*!
is said to be a proper triangulation. A proper triangulation of ¢! with arbitrarily
small chosen mesh size exists and can be obtained by adapting the so-called
V-triangulation on a cube developed in Doup and Talman (1987). For the
remainder of this section some proper triangulation of C “n+ 1 is assumed to be
given.
Let s € S be a sign vector with i°(s) = ¢, for some 1 € I,?, and let o(q’, ...,
g'*") be a (r+ 1)-dimensional simplex of G(s). Consider solutions
(XO, CAL (B e o) €ERMT 2 to the following system of (n + 1) equa-

tions:
g(q")) ¥ #j(s_,-em) _ (9) )

1 JEI (HUIT(s) 0 !

Z A/1

hel®

e

where e(j) denotes the jth n-dimensional unit vector. If A, <0, Vh€ ', |, and
120, Vjel (s)UI(s), then Moy o os A 12 (B, e - (oo 1)) 18 called an
admissible solution to Eq. (9.
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_Notice that if o(g° ..., ¢'*')€ G(s) for some s€ S and
(Ags s A 15U 2 U s#(s)) 18 an admissible solution to Eq. (9), then the
point g given by ¢ =X, 0, )\hq is an element of o satisfying Eq. (6) for Z if
s # 0 and Eq. (7)f0r21f s=0

An admissible solution (A,, ...,7t,*|,(ﬁ,.)_,.E (o 1ty 10 Eq. (9) such that
two or more variables are equal to zero is called a degenerate admissible solution
to Eq. (9). Following the literature on simplicial algorithms, we make the
non-degeneracy condition that there are no degenerate admissible solutions. Notice
that the non-degeneracy condition is a very weak assumption, since Eq. (9) is a
system with »n + 2 unknowns and n + 1 equations, whereas letting two unknowns
being equal to zero yields two more equations. Moreover, the number of possible
systems, i.e. all simplices in U o (G(s), is finite. Clearly, if the function 2 is
such that the non-degeneracy condition is not satisfied, then this assumption will
be fulfilled for an arbitrarily small perturbation of Z. Furthermore, it is possible to
circumvent this non-degeneracy condition completely by using lexicographic
pivoting, see Todd (1976). However, lexicographic pivoting implies a much higher
mathematical complexity and therefore we simply make the non-degeneracy
condition in this paper. It is important to point out that the non-degeneracy
condition has some interesting economic implications in our model due to the fact
that Z satisfies the boundary behaviour of Lemma 2. It will guarantee that the
price and quantity adjustment process will not reach states of the economy with
complete supply rationing or complete demand rationing on some market, i.e. if ¢
is generated by the price and quantity adjustment process, then 0<gq; <1,
Vje€ 1, Indeed, the following lemma makes clear that there are no admissible
solutions on the boundary of C"*"' where q;=0or g;=1 for some j & if the
non-degeneracy condition is satisfied.

Lemma 4. Let the economy & ={X', =", w}" |, p) satisfy Assumptions 1-3.
Let G be a proper triangulation of C"™ " and assume that the non-degeneracy
condition is satisfied. Let a sign vector s € S, a simplex o(q°, ..., ¢'*") € G(s)
and an admissible solution (A, ..., A,, ,(& Bi)ie - (mu s to Eq. (9) be given.
Let g=2Yc o, ALqt. Then g, € (0, 1), VJEI

Proof. Suppose the lemma is not true and there exists & € I, such that g, =0 or
g, = 1. First, consider the case where g, = 0. Since v is a point of the relative
interior of C"* " it follows that k € I™(s) U I°(s) and that  lies in a facet of o,
so there is ¥ € 1” v With A, = 0. Without loss of generallty it can be assumed
that & =t + 1. Therefore, by the non-degeneracy condition, A, >0, Vi € I°, and
w >0, Vjelr (s) U I*(s), and hence g¢; =0, Vh & 1. Notice that
Lye 1“A A(‘Ih) Licrmur (s)l‘LjS/e(.})

Suppose k € I"(s). Then, using Lemma 2, 0 < ¥, [n/\h_,\(q = -1, <0, a
contradiction. Consequently, k € I°(s).
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Since k € 1°(s) it follows that ¥, ,<>/\h4k(q )=0. Since g =0, YheI’, it

follows by Lemma 2 that 5,(¢") > 0, Yh €I°, and therefore (g =0.Yhel’
Hence, row k of the matrix M given by

1 Jaer 0 JEI(HUIT(S)

is the zero vector and the rank of M is at most n. Since the system Mx = (O
)7 has a solution (Aq. ..., A, (&) - (yyu 1#(s) With A, >0, YheI? ,.Lj>0
VjeI (s)UI"(s), and since the rank of M is at most #, there is a ray of such
solutions. Hence, there is a solution with A >0, Vhel! . =20,Vjelr (s)uU
I (s), whereas A, =0 for some & € I° or 1; =0 for some jE€I (s)UI(s), a
contradiction to the non-degeneracy condition. The case where g, =1 is com-
pletely symmetric. QED

_ For some s €S and a simplex o(q°, ..., ¢'7') € G(s), let
Rgs -2 A 1 () - (sy0 1(») be an admissible solution to Eq. (9) with A, =0
for some h’ €1’ . Then the point §=1X, ", I\(h})\,,q is a point satlsfymg the

properties of the adjustment process belongmg to the facet 7(q° ..., ¢"7!,

g"', ..., ¢'™") of o opposite the vertex g". Such a facet is called an
s-complete (or complete) facet. More precisely, a facet (4% ..., ¢") of a simplex
o € G(s) is s-complete for some sign vector s € S with i°(s) = ¢ if the system of

equations

Z/\h(g(qh))— z u_,-(s"e(j))=(9) (10)

helf 1 jeI~ (YUl (s) 0 1

has a solution (A, .. 7\,,(71,])}e I rt(y)) Satisfying A,>0, Yhel’, and

720, Vjer(sHul” (s) called an admissible solution to Eq (10). Notice that

the non-degeneracy condition implies A, >0, VA€ I°, and & r;>0,¥jel (s)u

I"(s). Two facets T and 7 are said to be adjacent complete facets if

1. 7# 7 and for some s, both 7 and 7 are s-complete facets of the same simplex
o€ G(s), or

2. 7+ 7, for some s# 0, 7 is an s-complete facet of 7 and there exists some
JEI7(s)UI(s) such that 7 is an §-complete simplex in G(s) with 5,=0
and 5, =s, for all k # j, or ‘

3. 7=7 and for some s # 0, j €I (s) UI"(s), k € I°(s) we have that T is both
an s-complete facet of a simplex o € G(s) and 7 is an 5-complete facet of a
simplex & € G(3) with 5,=0, 5, €{—1, +1} and §, =5, for all h+j, k.
Consider the simplex {v} This O-simplex can only be an s-complete facet for

some s € S if i°(s)=0. It follows easily that {¢} is an s-complete facet of the

unique simplex o (v, ¢') € G(s) containing {v} as a facet, where s = sgn(Z(v))
and the admissible solution to the system in Eq. (10) corresponding to s and {v} is
given by Ag =1 and p,=I2(v)l, Vj €1, The admissible solution corresponding
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to the system in Eq. (9) for the simplex o (v, ¢') is given by A, =1, A, =0, and
p;=IZ(v)l, Vj €1, Notice that the non-degeneracy condition 1mp11es ;> 0,
Vje 1 Hence, it follows immediately that there is no other sign vector s € S for
which { v} is s-complete.

The following lemma shows that there is exactly one adjacent complete facet to
{v}). Moreover, if T is an s-complete facet belonging to C"*!, (hence 7 is a
O-complete facet), then there is also exactly one adjacent complete facet to .
Finally, if 7 is an s- s-complete facet for some s € S, and 7 is not equal to {¢} and
does not belong to C"* !, then there are exactly two adjacent complete facets to 7.

Lemma 5. Let the economy & = (X', =', w'}Y" |, p) satisfy Assumptions 1-3.
Let G be a proper triangulation of C"*" and assume that the non-degeneracy
condition is satisfied. Let a sign vector s € S and an s-complete facet 7(q°, ...,
q") of a simplex in G(s) be given. If r={v} or if TC C"*", then there is exactly
one adjacent complete simplex to 1. Otherwise, there are exactly two adjacent
complete simplices to 7.

Proof. Let 7={c}. Then 7 is s-complete for a uniquely determined sign vector
s €S. Since 7 lies in the relative boundary of A(s) there is a unique simplex
a(v, ¢') € G(s) having 7 as a facet. Make a linear programming pivot step with
the vector (2(¢')",1)7 in the system Eq. (10) corresponding to s and 7. By the
non-degeneracy condition exactly one of the variables Aq, w;, j&€1,, becomes
zero. If A, becomes zero, then {¢'} is an s-complete facet of a 51mplex in G(s). If,
say, u, =0, then a(r, g¢') is an s—complete facet of a uniquely determined
simplex in G(5), where 5, =0 and 5, =s;, ¥j € \{/}. This yields exactly one
adjacent complete 51mplex to 7. It is clear that there cannot be any other.

Let 7(q°, ..., ¢") be an s-complete facet in C"*'. Then, 7 is O-complete and
t=n. Since 7 lies in the relative boundary of A(0) there is exactly one simplex,
say o(q° ..., ¢"""), in G(0) having 7 as a facet. Make a linear programming
pivot step with the vector (3(¢"* )7, 1)7 in the system Eq. (10) corresponding to
s=0 and 7. By the non-degeneracy condition exactly one of the variables A,,
h 67,?, becomes zero, say A,. Therefore, the facet of ¢ opposite the vertex {q"’}
is a O-complete facet of a simplex in G(0). This yields exactly one adjacent
complete simplex to 7. It is clear that there cannot be any other adjacent complete
simplex.

Let T(q , ..., q') be an s-complete facet such that neither 7= {v} nor 7 is a
subset of C""'. There are two possibilities: either 7 lies in the relative boundary
of A(s) or 7 lies in the relative interior of A(s). Suppose 7 lies in the relative
boundary of A(s). Then there is a unique simplex o{(g°, ..., ¢'™') in G(s)
containing 7 as a facet. Make a linear programming pivot step with the vector
(3(¢"*")7,1)7 in the system Eq. (10) corresponding to s and 7. By the non-de-
generacy condition exactly one of the variables A, h€I°, p,, j€ I (s)UT*(s),
becomes zero. If A, becomes zero, then the facet of o opposite q" is an
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s-complete facet of a simplex in G(s). If iy =0, then & is an s-complete facet of
a uniquely determined simplex in G(53), where 5,=0and 5,=s, Vje L\{j}
This yields exactly one adjacent complete 51mplex to 7. Smce T lles in the relative
boundary of A(s), but 7 is neither a subset of C"*' nor of the boundary of A(s)
where g; =0 or g, =1 for some j €/, by Lemma 4, it holds that 7 is a simplex
of G(3) for a unique sign vector § € S with i°(§) =¢— 1. Let j € I°(s) be the
unique component such that §, # 0. Make a linear programming pivot step with
the vector (s, e(;j)",0)7 in the system Eg. (10) corresponding to s and 7. By the
non- degeneracy condition exactly one of the variables A,, h €17, p;. j € I (s)u
1*(s), becomes zero. If A, becomes zero, then the facet of T opposite ¢ is an
S-complete facet of 7. If u;=0, then 7 is an S-complete facet of a umquely
determined_simplex o (¢°, ..., ¢'. ¢'*') in G(3), where ;=0 and 3, 8,
Vje I \{/}. In this case 7 is both an s-complete facet of a 91mplex in G( s) and
an 3-complete facet of a simplex in G(5), with s+ 3, and is therefore adjacent
complete to itself. It is clear that there cannot be any other.

Consider the case with 7 lying in the relative interior of A(s). Then there are
exactly two simplices, say 0 (q°, ..., ¢'*Dand (g’ ..., ¢', 7", containing
T as a facet. Make a linear programming pivot step with the vector (3(g'* )7, )7
and with the vector ((7"")7,1)7, respectively, in the system Eq. (10) corre-
sponding to s and 7. Using the same arguments as before, this yields exactly two
adjacent complete simplices to 7. It is clear that there cannot be any other. QED

Lemma 6. Let the economy &= ({X', =', w'}" |, P) satisfy Assumptions 1-3.
Let G be a proper triangulation of C"' and assume that the non-degeneracy
condition is satisfied. Then there is a unique finite sequence of different pairs of
sign vectors and simplices (s', t'), ..., (s™, ™) such that 7" = {v}, ¥ c C"*!,
t* is an s*-complete facet, and any two successive simplices in the sequence are
adjacent complete simplices.

Proof. Let 7' = {v}, which is sgn(#(v))-complete. Let 72, with corresponding sign
vector s2, be the unique adjacent complete simplex to 7', which exists according
to Lemma 5. Now, for k € N\ {1}, it holds that either 7% € C"*' and there exists
no adjacent complete simplex other than 7*~' by Lemma 5, or there exists by
Lemma 5 a unique simplex 7**', with corresponding sign vector s**', that is not
equal to 7¥7'. Proceeding this way, there exists a finite number M such that either
™ c C"*" or, by the finiteness of the number of pairs (s, 7) such that 7 is an
s-complete facet of a simplex in G(s), the pair (s, 7) has been generated
before. However, from the door-in-door-out principle of Lemke and Howson
(1964) it follows that each pair (s, 7), representing an s-complete facet 7_of a
simplex in G(s) for some s € S, can be generated at most once. Hence, 7% < C"*!,
QED
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The algorithm generating the sequence of adjacent complete simplices as
described in Lemma 6 is given below. In the description of the algorithm,
¥ =co({g"|h € 1°}) will denote an s*-complete facet currently generated by the
procedure, where s* with i°(s*) =1 is a sign vector generated by the procedure
and induces the set A(s*) and the triangulation G(s*) of A(s*) in which the
procedure generates simplices. The algorithm operates as follows.

Algorithm
Step 0. Set =0 and k= 1. Set 7 ={v}, s* =sgn(%(v)), and let ¢'"' be the
unique point in A(s*) such that o *(v, ¢'* ") is a (¢ + I)-simplex of G(s*). Go
to Step 1.
Step 1. Let o be equal to the convex hull of 7 U{g'"'}. Make a linear
programming pivot step with the vector (2(¢'*")7, 1)7 in the system Eq (10)
corresponding to s* and 7*. Then exactly one of the variables A,, h €1 ) M
je I (s") U I (s"), becomes equal to zero. If for some # €1°, A, = O 'then
set s**' =s* and go to Step 2. If for some j €77 (s*) U T (s*), p; =0, then
set §=s" and go to Step 3. A
Step 2. Increase the value of & by 1 and let 7% be the facet of o opposite ¢". If
¥ C"*', then the algorithm terminates. If 7% € G(5) for some § € S, then go
to Step 4. Otherwise, there is exactly one (7 + 1)-simplex & € G(s*) such that
o+ o and 7° is a facet of &. Go to Step 1 with ¢'*' as the unique vertex of &
opposite 7*
Step 3. Define s¢*' by si*'=0and s/"' =5, Vj€1,\{j'}. There is a unique
simplex o€ G(s**1) havmg o asa facet Increase the values of & and t by 1
and go to Step | with ¢'~' as the unique vertex of & opposite o and 7 = 0.
Step 4. Let & be equal to 7*. Make a linear programming plvot step w1th the
vector (5,¢(j)", 0)" m the system Eq. (10) corresponding to s* and 7*, where
JEI, is such that s =0 and v # 0. Then exactly one of the varlables AL,
hEIO p. JEI™ (s‘)Ul*( s5), 'becomes equal to zero. If for some 4 €1’,
A, =0, then set s**' =75, decrease the value of ¢ by I and go to Step 2. If for
some j €17 (s*) U I"(s"), u, =0, then decrease the value of ¢ by 1 and go to
Step 3.

Let the assumptions of Lemma 6 be satisfied and let (s', '), ..., (s™, 7*) be
all different pairs of sign vectors and simplices successively generated by the
algorithm. For every pair (s*, 7%), k € I,,, it holds that 7* is an s '-complete facet
of an (i°Cs%) + 1)- sxmplex of G(s‘) For every k€1, define t* =i%s*), let
% =1%q" ..., ¢") and define g* € 7* by

~ N,
= Z /\hq
helll

with 7{,, following from the admissible solution to Eq. (10) corresponding to st
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and 7% For 7 € R, define | ¢] as the smallest integer which is less than or equal to
t. Finally, define the piecewise linear, continuous function 7:[0, 11— C"*'! by

m(t) = (1= (M= D)+ [(M=1)t])g =D
+((M—1)—=[(M-1)t])g* M- vreo,1),
m(1) =g".
Clearly, 7 generates a piecewise linear path in ¢! connecting the point
g' ={v} with a point g¥ € C"*'. Furthermore, every point g€ m(0,1DnC!
satisfies Eq. (6) for the piecewise linear approximation Z, and every pomt

ge w0, 1D N(C*! \ C"*1) satisfies Eq. (7) for Z, as is proved in the following
theorem.

Theorem 1. Let the economy & =({X', =", w'} |, p) satisfy Assumptions 1-3.
Let G be a proper triangulation of C"' and assume that the non-degeneracy
condition is satisfied. Then, for every g € w([0, 1) N C"*" there exists a real
number y € [0, 1] such that, for every jE€ I, -

g, =7 ifZ(q) <0
g, <q;<1—y(1—v;) Jﬁ,(q)=0
‘1/:1‘7(1_”./) ifZAj(‘I)>0-

Furthermore, for all g€ ({0, 1) N (C"*! \C"*") it holds that Z(q) =0

Proof. Consider the pairs (s*, 7%) and (s*7', 7%*') for some k€1, . Let
o%=co(7*U %) and let 5* be such that I7(5*) =1 (s U I (s**1), I°GGH)
=19 N 15 ), and IT(GX) =17 (s*)U T (s*""). For g* and g* ', induced
by the admissible solutions to Eq. (10) corresponding to (s*, 7%) respectively
(s**1, 751, it holds that they are also induced by admissible solutions y*,
y**le R"*? to Eq. (9) corresponding to (5%, ¢*). When y*, y**! are admissible
solutions, then so is Ay* + (1 — A)y**!, WA €[0, 1]. Then, since o * € G(5*) for
all k& 1,_,, it follows that for every g€ w([0, IDNC"" ', and thus g € G(s)
for some s # 0, Eq. (6) is satisfied for Z, whereas for every g € ([0, 1) N (C"*!

\NC""!, and thus g € G(0), Eq. (7) is satisfied for _Z_ QED

6. Accuracy analysis

In Section 5 we have proved that the price and quantity adjustment process,
applied to an arbitrary piecewise linear approximation 7 of 2 satisfying a
non-degeneracy condition, yields the existence of a piecewise linear path of points
in C"*! that connects the starting point {v} with a zero point of Zin C"*". For
every point along the path that belongs to C #+1 Eq. (6) holds for the piecewise
linear approximation, whereas for every point along the path that belongs to
crt! \C""', Eq. (7) holds for the approximation Z
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In this section it will be shown that this path follows the price and quantity
adjustment process related to Z arbitrarily close when the mesh-size of the
triangulation is taken small enough. To this end, observe that the properties, as
given by Eq. (6), of points g€ C""'\{v} that are reached by the price and

quantity adjustment process are equivalent to
2(q) <0 ifg=vyv
2(q)=0 ifyy;<g;<l—y(l-v)
2(q)=0 ifq_,-=1—y(l—vj).

For g = the properties in Eq. (6) are trivially satisfied by taking y = 1, both
for Z and for Z. The following result shows that the other points related to the
adjustment process for Z approximately satisfy the properties Eqs. (6) and (7) for

2
-

Theorem 2. Let the economy & = ({X', =, w'}" |, p) satisfy Assumptions 1-3.
Then, for every € > 0 there exists 6> 0 such that for every proper triangulation
G of C"* satisfying mesh(G) < & and for which the non-degeneracy condition is
satisfied, it holds that

1. for every g€ 7w((0, IDNC""", for every j€1,,

Z(q)<e ifg;=vvy
~e<i(g)<e ifyy;<q<l—y(1-¢)
2(q) > ¢ ifg;=1-y(1-v).

2. for every g € w([0, IDN(C" '\ "),
I2(l < &.

Proof. Given £>0, define &' =(1—BXE;., p) "¢ and let Z=min(e, s}
Smce Ertl s compact and Z is continuous, there exists &> 0 such that q R
g>e "', and lg' —g*ll. <& implies |2(g') — 2(¢g*)ll. <. Let G be a proper
triangulation of ¢! satisfying mesh(G) < 8 and being such that the non-degen-
eracy condition is satistied. Furthermore, for all g € C"’r ! there exists A € R" ™!
such that Z;el A;=land g=X,., A;q’, with g’ the vertices of an n-sim-

plex a(q', .. "“) of G containing g. Consequently, forall g C"',
uz‘(q)—z(q)nx:n Y r(2(d) —2(g))lk <
PASE

and therefore, for all j &1/ |,

Z(q) —2<3(q) <Z(q) + 3. (11)
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Now, for every g € 7((0, 1D N C"*' there exists u, €R,, Vj€ [, and y£I0,
1], such that for every j €1,

Z(q) = —w  ifg=vyy
2,-(q)=0 if‘yul.<qj<l—‘y(l—t{i)
2(q) =i, if g;=1-7y(1-v).

Comblnmg this with Eq. (11) ylelds Part 1 of the theorem. For g € 7 ([0,
IDN(E™IN\C"*") it holds that Z(q) =0, Vj € ,,, and thus, using Eq. (11),
1Z; (q)l < g. Consequently, IZ,E, PAD DI < Z, o, PPl < =
B) Z 1 P& < &. But then, since 5(q) - L(q)—O by Lemma I, we have that
IN,,H(q)I IZ,E, Plp)2(g)l<e. QED

Notice that Theorem 2 implies that for every & > 0 there exists § > 0 such that
for every proper triangulation G of C "7 1 with mesh(G) < & and for which the
non-degeneracy condition is satisfied it holds that every point ¢ in "'\ C""'
generated by the algorithm is an &—DE;,, and that every point ¢ in C nt
generated by the algorithm is an & — Walrasmn equilibrium. This follows easily
once it is shown that demand rationing on the market of commodity j € I, cannot
be binding for such a point g if g, <2/3. Without loss of generality assume that
e<min,., ;c,(p-w/P;—w;+w)). Then, for every i €1, for every jE1,. it
follows that

di(q) —w/<5(q) +w—w/ <etw —w/ < p—pi —L(q)if g;<3.
J

The next result shows that the path of the approximate adjustment process gets
arbitrarily close to the set Q.. This does not exclude that the set @, contams
points which are never approximated by the adjustment process related to Z. For
instance, in case the set @, displays a bifurcation, it is possible that the
approximate adjustment process converges to one of the branches. In case the
adjustment process related to Z is convergent, also the converse follows, i.e. every
point of Q, gets arbitrarily close to the path of the approximate adjustment
process. It follows that if the adjustment process related to Z is convergent, then
any sequence of paths related to the approximate adjustment process with mesh
size going to zero converges to Q,. For a non-empty compact set S of R* define
the distance function g¢:R*— R by

gs(5) = minlls — 5., Vi € R}
ses§
Notice that both the sets Q, and 7([0, 1]) are compact.

Theorem 3. Let the economy & =({X', =1, w'}"|, P) satisfy Assumptions 1-3.
Then, for every €> 0 there exists 8> 0 such that for every proper triangulation
G of C"*! satisfying mesh(G) < 8 and for which the non-degeneracy condition is
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satisfied, it holds that, for every t€[0, 11, g, (w (1) <e. If the price and
quantity adjustment process is convergent then, for every & > 0 there exists >0
such that for every proper triangulation G of crt! satisfying mesh(G) < & and
for which the non-degeneracy condition is satisfied, it holds that, for every
4€ Q.. & (9 <e.

Proof. Suppose the first part of the theorem is not true. Then there exists &> 0
such that for every r € N there exists a proper triangulation G” of C"*' satisfying
mesh(G”") < 1/r, for which the non-degeneracy condition is satisfied, and there
exists " € [0, 1] such that g, (7'(¢")) > £. By Hildenbrand (1974, Proposition 1,
p. 16), the sequence {m"([0, 1]}, _, has a convergent subsequence which we also
denote by {7 ([0, 1]}, o . Using the continuity of Z and Theorem 2 it follows
easily that the closed limit of this sequence is a subset of Q. By Mas-Colell (1985,
Theorem A.5.1.(ii), p. 10), the closed limit is connected since every 7 "([0, 1]) is
connected. Therefore, the closed limit is a subset of Q,. Consider any accumula-
tion point of the sequence {7 "(t")}, ., say g, so g€ Q,. So,

0=2g,(q)>inf{go (7" (t"))IreN}> ¢,

a contradiction.

Suppose the second part of the theorem is not true. Then there exists £> 0
such that for every r € N there exists a proper triangulation G” of ¢! satisfying
mesh(G) < § for which the non-degeneracy condition is satisfied, and there exists
q"€Q, such that g, . ,(¢")>&. Without loss of generality, the sequence
{q"}, < is convergent, say to the element g. Also without loss of generality, by
Hildenbrand (1974, Proposition 1, p. 16), the sequence {m ([0, 1D}, <, is conver-
gent, say to the set 1. By the first part of the theorem it follows that [IC Q,.
Clearly, g &I1. Since the adjustment process (, is convergent there exists a
homeomorphism f:[0, 1] = Q,, where f(0) =v and f(1) =g~ with ¢~ inducing
a Walrasian equilibrium of & and ¢, , | = B. Using that Q, is an arc and that
there exists a neighbourhood N of ¢~ such that g € N and Z(g) = 0 implies that
g induces a Walrasian equilibrium of &, it follows that there is no ¢ € Q, such
that g#g¢* and g,,, =B. Hence, 7' (0) > A0)=v and 7' (1) >A1)=gq".
Moreover, there is ¢ € (0, 1) such that g =f(7). By Mas-Colell (1985, Theorem
A.5.1.Gi), p. 10), [T is connected. However, IT C ([0, 1]\ {z}, f(O) € I1, AD T1
and f is a homeomorphism, so I is not connected, a contradiction. QED
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