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THE COMPUTATION OF A CONTINUUM
OF CONSTRAINED EQUILIBRIA

JEAN-JACQUES HERINGS, DOLF TALMAN aAND ZAIFU YANG

The equilibria of a model of an exchange economy with price rigidities are called
constrained equilibria. A simplicial algorithm on the unit cube is proposed to compute an
approximation of a continuum of zero points of the excess demand correspondence of such
an economy. This continuum of zero points corresponds to a continuum of constrained
equilibria of the economy, linking the two so-called trivial equilibria. Moreover, the conver-
gence properties of the algorithm and the accuracy of the approximate constrained equilibria
obtained by the algorithm are discussed. Finally, an example is given as an illustration.

1. Introduction. Over the last two decades many important and basic existence
problems raised in economic theory and game theory have been successfully solved by
constructive approaches. Most of the literature on this issue derives from the
pioneering work of Scarf (1967); see also Scarf (1973). Scarf introduced an algorithm
based on the relationship between Sperner’s lemma and Brouwer’s fixed point
theorem to generate a sequence of adjacent primitive sets in the unit simplex which
terminates with an approximate fixed point or equilibrium price vector of an Arrow-
Debreu economic model within a finite number of iterations. Kuhn (1968) proposed
such an algorithm with simplices instead of primitive sets. Later more efficient and
sophisticated algorithms were developed, e.g., by Eaves (1972), Merrill (1972), and
van der Laan and Talman (1979). In these algorithms a sequence of adjacent
simplices of a triangulation is generated in order to approximate a fixed point of a
continuous function.

There is a clear interaction between the developments in economic theory and
game theory on one side and those in fixed point or zero point algorithms on the
other side. Shoven and Whalley (1992) and Kaneko and Yamamoto (1986) use
simplicial algorithms to compute an approximate equilibrium in a general equilibrium
model with taxation and an economic model with indivisible commodities, respec-
tively. By providing constructive equilibrium existence proofs the computational
approach might give additional insight into the problems under consideration. An
example of the influence of game theory on simplicial fixed point or zero point
algorithms is given in the paper of van der Laan and Talman (1982). Whereas the
algorithms developed earlier were suitable for a problem only defined on the unit
simplex or on R”, in their paper an algorithm on the Cartesian product of unit
simplices was developed, which is more natural when computing Nash equilibria of
noncooperative games.

In some recent work the problem of computing equilibria when the conditions of
Kakutani’s fixed point theorem are not satisfied and computing refinements of
equilibria has been addressed. Brown, DeMarzo and Eaves (1993) give a procedure to
compute equilibria in a model with incomplete markets. In this model the equilibrium
existence problem can be formulated as a fixed point problem for some function, but
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either the domain of this function is not convex, or the function is not continuous.
Using the special structure of the discontinuities they are still able to compute an
equilibrium for this model in generic cases. Yamamoto (1993) and Talman and Yang
(1994) consider the problem of computing a proper Nash equilibrium in a noncooper-
ative game.

In this paper we consider an exchange economy with price rigidities and quantity
rationing as introduced by Dreéze (1975). This model is often studied in economic
literature. In such an economy the situation in which under rationing demand equals
supply is called a constrained equilibrium. It is well known that there exist two trivial
constrained equilibria, one under complete demand rationing and the other under
complete supply rationing. We propose a simplicial zero point algorithm on the unit
cube with vector labelling, which starts from one of the trivial constrained equilibria,
generates a piecewise linear path contained in a sequence of adjacent simplices of
varying dimension, and terminates with the other trivial constrained equilibrium
within a finite number of iterations. We demonstrate that every point on the path
generated by the algorithm yields an approximate constrained equilibrium. The
algorithm differs from other simplicial algorithms in the sense that a whole set of
approximate constrained equilibria is generated. By using a limit argument we are
able to prove that there exists a connected set of constrained equilibria linking both
trivial constrained equilibria. Therefore, the method allows us to find all kinds of
constrained equilibria. Moreover, the excess demand is allowed to be a correspon-
dence instead of a function. To do this, we have to deal with specific degeneracy
problems. For some work to compute one specific kind of constrained equilibria
induced by continuous excess demand functions, we refer to van der Laan (1982) and
Cornielje and van der Laan (1986).

The rest of the paper is organized as follows. In §2 we introduce the model of an
exchange economy with price rigidities and rationing. In §3 we present the steps of
the algorithm in detail and prove the convergence of the algorithm. In §4 we analyze
the accuracy of the approximate solutions obtained by the algorithm and show that a
connected set of constrained equilibria containing the two trivial constrained equilib-
ria is approximated. Finally, an illustration of the algorithm can be found in §5.

2. A model of an economy with price rigidities. In the following, for k € N, I,
denotes the set of integers {1,..., k}, C* denotes the k-dimensional unit cube, so
Ck ={q e R*Nj € I,, 0 < g, < 1}, 0* (1*) denotes the vector in R* for which each
component is equal to 0 (1), and E* denotes the k X k identity matrix. If x, y € R,
then x >y means x, > y;, Vj € I;, x > y means x >y and 3j € I such that x, >y,
and x > y means x, >y, Vj € I,. The set {x € R*|x > 0} is denoted by RE,.IES
is a subset of R¥, then Int(S) denotes the interior of S in R*.

In this section a model of an exchange economy with price rigidities and a rationing
system is presented and the equilibrium existence problem for such an economy is
formulated as a zero point problem. An exchange economy with price rigidities is
defined by E = (X", =" ,w'}%,, P). There are m consumers indexedby i=1,...,m
and n commodities indexed by j = 1,...,n. For i = 1,..., m, consumer i is charac-
terized by a consumption set X', a preference ordering »=' on X', and a vector of
initial endowments w". The set of admissible prices is denoted by P. Since the set of
admissible prices is allowed to be restricted, a Walrasian equilibrium price system at
which demand equals supply for every commodity does not necessarily exist. In case
of excess demands or excess supplies, rationing can be used to obtain a situation
where the excess demands on all markets are zero. A rationing scheme gives lower
and upper bounds on the excess demands of all consumers. The description of the
economy is extended by a rationing system. This rationing system specifies the
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feasible rationing schemes in the economy and is given by functions [ and L,
following Weddepohl (1987). Both [ and L have mn components and describe
rationing schemes for each of the consumers on their excess supplies and on their
excess demands, respectively, being permitted in the economy. For i = 1,...,m and
j=1,...,n,component (i — Dn + jof ['is denoted by l’ and component (z - 1)n +J
of L is denoted by L’ With respect to the economy E and the rationing system (7, L)
the following assumptlons are made:

(A1) For every i € 1,, X' is a convex, closed, nonempty subset of R” and
X'+ RicX.

(A2) For every i € I,,, the preference ordering >' on X' is transitive, complete,
continuous, strongly monotonic, and convex.

(A3) For every i € I, the initial endowments w' are an element of Int(X").

(A4) The set of admissible prices is equal to

P = {p €Rilp, <p <p,Vj€ In},

for given p, p € R}, where p <p,Vjel,.
(A5) The functions I: C" -» —R7” and L: C" - R™ spemfylng the rat10n1ng
system are continuous on C" and satisfy for every i€ 1,, j €1, and q',q* € C*,

I(g") =1, itr'ecCrand gl =r!, Lg% =Li(?), ifr’eC"and ¢ =r?,

J

I'(g") =0, ifq! =0, i(g*) =0, ifq?=0,

j : : . T 2 h . 2

I(q") < —w}, ifq =1, Li(g%) > hé: w', if gl =1.
L

As has been shown in Debreu (1959), Assumptions (A1) and (A2) imply that it is
possible to represent the preferences of consumer i € I, by a continuous utility
function u' from X' into R. Assumption (A4) implies that the admissible prices are
restricted to lie between a lower bound and an upper bound.

The constrained budget set of consumer i € I, at price p € P and his individual
rationing scheme (I, L') € —R’ X RY, is denoted by B'(p, I', L") and is given by

B'(p,I'L')={x'eX'|p-x*<p-w,I'<sx'—w <L}

The rationing scheme (I, L) = ((/',...,I"),(L',..., L™) € —R™ x R™ is permit-
ted in the economy if there exists g',q*> € C" such that (I, L) = (i(¢"), L(g?)).
Assumption (A5) guarantees that the rationing scheme on the market of commodlty
J €1, is completely determined by component j of ¢' and g% The value q
determlnes the amount of supply rationing on the market of commodity j and the
value of qj determines the amount of demand rationing on the market of commodity
- When q = 0 there is complete supply rationing on the market of commodity ] and
if q/ =1 then there is no binding supply rationing on this market. When q =0
there is complete demand rationing on the market of commodlty j and if q = 1 then
there will be no binding demand rationing on this market in an equlhbrlum of the
economy. As is shown by Herings (1992), Assumption (A5) admits many possible
specifications of the rationing system, for example uniform rationing, rationing
determined by a priority system, etc.

The demand of consumer i €1, at price p € P and his individual rationing
scheme (I, L') € ~R% X RY is denoted by 8'(p, I, L') and is given by

&' (p,I', L") = {x’ € B'(p,I', L')lu'(x") = u'(y )}
y EB'(p LY
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The following definition of a constrained equilibrium is similar to the one given in
Dreéze (1975).

DEFINITION 2.1 (CONSTRAINED EQUILIBRIUM). A constrained equilibrium of the
economy E = ({X',%',w'}”,, P) with rationing system (I.L) is an element
(x*,...,x*™ I*, L*, p*) of the set [T, X’ X — R™" X R™ X P such that

() Vi el x* e §(p* I*, L*),

(@ T x* — T w! =07

QVvjel,: xj*" -w) = l}"h for some & € I,, implies x}' — w} < L¥,Viel,, and
x}"” — wh =I*" forsome h I, implies x}*i -w > Viel,; .
(4) ¥j € I: p} <p; implies L} >x}' —w/, Vi € I,,, and p} > p, implies [} <
X -w,Viel; 3 ) -

(5) 3g*!, g** € C™ such that (I*, L*) = (l(g*"), L(g*?)).

Consider the state of the market of some commodity j € I, in a constrained
equilibrium (x*!,..., x*™,I*, L*, p*) of the economy E. Let g*',q** € C" be such
that /* = I(g*!) and L* = L(g*?). By Conditions 3 and 4 of Definition 2.1 there are
three mutually exclusive possibilities on the market of commodity j. First, it may
happen that for some consumer the supply rationing is binding on this market, i.e.,
there exists a consumer 4 € I,, such that x;"" - wj" = l;"", so 0 < qj’"1 < 1. Then, by
Condition 3 of Definition 2.1, x;"‘ — W <L’}'?’, Viel,, so there is no binding
demand rationing on the market of commodity j. Therefore, there is no loss of
generality in assuming that q;“2 = 1. Moreover, by Condition 4 of Definition 2.1,
supply rationing can only be binding when the price is on its lower bound, ie.,
pf =p, So, in this case the state of the market of commodity j is completely
determined by the value of qj*l. The second possibility is that I¥' <x)' — w < L¥,
Vi € I, so there is no binding rationing on the market of commodity j. There is no
loss of generality in assuming that q,”‘1 =1 and qj‘"2 = 1. Clearly, the price of
commodity j is between p; and p,, so p; < pf < p;. The state of the market of
commodity j is completely determined by the value of p}. Finally, the third possibility
is that there exists a consumer % € I, such that x;“h - w) = Ljf”, so 0 < q]’"2 <L
Then, by Condition 3 of Definition 2.1, x;‘" - w > l;“’, Viel,, so there is no
binding supply rationing on the market of commodity j. There is no loss of generality
in assuming that qj‘l = 1. Moreover, by Condition 4 of Definition 2.1, p* = p;, so the
state of the market of commodity j is completely determined by the value of qj*z.

Let some commodity j € I, be given. Motivated by the remarks in the previous
paragraph, any of the three possible regimes on the market of commodity j will be
described by one parameter g, €[0,1]. If 0 <g; < 1, then the first possibility
described above will occur with price p; =p, and rationing scheme (I, L) =
(fq"), Li(q?), Vi € I,,, where g} = 3q, and g’ = 1. If $< g; < 3, then the second
possibility will result with price p, = (2 — 3g;)p, + g, — 1)p, and rationing scheme
(I, L) = (g"), Li(g®), Vi € I, where g} =1 and g7 = 1.If $<g; <1, then the
third possibility will occur with price p; =p, and rationing scheme (I}, L)) =
(Ii(g"), L'(g?), Vi € I,, where q; = 1 and g} = 3 — 3g;. Therefore, the price and
rationing function (p, [L).c" » Px — R™ x R™ is defined by

5(q) = max{_;_yj,min{(Z —~3¢,)p, + (34, - 1);7],5,}}, VvgeC" VeI,
fi(q) = F(min{1",3q}), VqeC"Viel, Vj€l,

L'(q) = Li(min{1",31" - 3g}), VgeC"Viel, Vjel,
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where the minimum of two vectors is taken componentwise. It can easily be shown
that if only prices and rationing schemes are considered which are in the image set
of the function ( p,l Ly cr->Px - R7" x R%" then all constrained equilibria
satisfying Definition 2.1 are obtained. Defme the excess demand correspondence
{: C" > R” by

(q) = ¥ 6'(p(a).F(a). B()) - L {w), Vgecm
i=1

i=1

Then it holds that all zero points of { correspond to constrained equilibria and vice
versa. More precisely, if 0" € { (g*) for some g* € C", then there exists x*' €
8'(p(g*), Mg®), [(g*), Vi € I, such that (x*,..., x*™ {(g*), L(g*), p(g*) is a
constrained equilibrium. Using the results in Herings (1992) the following theorem
can be shown.

THEOREM 2.2.  Let the economy E = (X', ' ,w'} |, P) with rationing system (, L)
be given and let Assumptions (A1), (A2), (A3), (A4), and (A5) be satisfied. Then the
correspondence {: C" — R" satisfies the following conditions:

(1) ¢ is a nonempty valued, convex valued, upper semi-continuous correspondence such
that U, c»{(q) is bounded;

@QVgecC",Vze (g, Vjel, z,20ifq =0;

B VgeC',Vze (g, Vjel, z,<0ifq =1

W VgecCc,Vze (g, pl@)-z=0.

Using Conditions 2 and 4 it is not difficult to show that g = 0" corresponds to a
constrained equilibrium where all the excess supply is rationed. From Conditions 3
and 4 it is easily seen that g = 1" corresponds to a constrained equilibrium where all
the excess demand is rationed. In the following section an algorithm is presented
which yields a piecewise linear path of points in C" with end points 0" and 17 such
that every point on the path corresponds to an approximate constrained equilibrium.
This result will be used to show that there exists a connected set C in C” containing
0" and 1" and satisfying 0" € {(g), for any g € C, so each point ¢ € C corresponds
to a constrained equilibrium.

3. The algorithm. In this section we introduce a simplicial variable dimension
algorithm which will be used to approximate and prove the existence of a continuum
of constrained equilibria. More generally, the algorithm can be used to compute a set
of zero points for any correspondence {: C" - R" satisfying the following condition.

ConpITION B.  The correspondence {: C" — R” satisfies:

(1) { is a nonempty valued, convex valued, upper semi-continuous correspondence
such that U, ¢ »{(q) is bounded;

(2) For every g € C", there exists z € {(g) such that, for every j €1, q,=0
implies z, > 0, and g, = 1 implies z, <0

(3) For every g € C” for every z € {(q), there exists p € R”, such that p-z = 0.

Notice that, by Theorem 2.2, the excess demand correspondence of an economy
with price rigidities satisfies Condition B. More precisely, Condition B(1) is the same
as Property 1 of Theorem 2.2, Condition B(2) is weaker than Properties 2 and 3 of
Theorem 2.2, and Condition B(3) is weaker than Property 4 of Theorem 2.2.

In order to describe the algorithm, we need to introduce some notation first. A
vector s € R” of which each component is equal to —1, 0, or +1 is called a sign
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FIGURE 1.

vector. For a sign vector s € R” define the sets I (s) = {j € I,,Is] = —1}, I%s) =
{j €Lls; =0}, and I*(s) ={j € L,ls; = +1}. Moreover, the subset A(s) of C" is
defined by

A(s) ={xeC"lx;=0if s, = +1,x, = 1if s, = ~1}.

It is easy to see that the dimension of A(s) is equal to |I°(s)|. Notice that the set
A(0") equals the set C". All 3" possible sets A(s) are illustrated in Figure 1 for
n=2

For given ¢ € N, a t-dimensional simplex or t-simplex, denoted by o, is defined as
the convex hull of ¢ + 1 affinely independent points x!,..., x'*! of R". We usually
write o = o(x!,...,x**1) and call x!,..., x"*! the vertices of o. A (¢ — 1)-simplex
being the convex hull of ¢ vertices of a f-simplex o is said to be a facet of o. The
facet 7(x,..., x"1, x**1, ..., x'*1) is called the facet of o(x},..., x'*!) opposite to
the vertex x'. For k, 0 < k < t, a k-simplex being the convex hull of k£ + 1 vertices of
o is said to be a k-face or face of o. A finite collection J of n-simplices is a
simplicial subdivision or triangulation of C" if

(1) C™ is the union of all simplices in .7;

(2) The intersection of any two simplices in .7 is either the empty set or a common
face of both.

It can be shown that for any sign vector s with [1%(s)| = ¢ the collection of ¢-faces
of the simplices in J lying in the set A(s) induces a triangulation of A(s). Since 7 is
finite and C” is compact, it can be shown that each facet 7 of a t-simplex o € A(s)
either lies in the relative boundary of A(s) and is only a facet of o or is a facet of
exactly one other t-simplex in A(s). The mesh size of a triangulation J of C” is
defined by mesh(¥) = max{|lx — yll-lx,y € o, 0 €5}

An example of a triangulation of C" having an arbitrarily chosen mesh size and
that can easily be implemented is the K-triangulation proposed in Freudenthal
(1942). Let r € N be given. The K-triangulation of C” with mesh size r-! is the
collection of all n-simplices o, ,, Wwith vertices x',...,x"*1 in C" such that each
component of x* is a multiple of r™!, 7 = (m,..., m,) is a permutation of elements
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of I, and forevery j €I, x'*' =x/ + r‘le(w]). Here, for k € I, e(k) denotes the
kth n-dimensional unit vector. In the notation e(k) the parameter » is omitted, since
the dimension of e(k) will always equal the number of commodities, n. For n = 2
and r = 6 the K-triangulation is illustrated in Figure 2.

Let ¢{: C* - R" be a correspondence satisfying Condition B. A function
Z: C*" - R" is called a piecewise linear approximation of { with respect to a given
triangulation 9 of C”" if for each vertex x of any o € 7 it holds that Z(x) € {(x)
and Z is affine on each simplex of 7. Moreover, in the sequel Z will be chosen such
that the following boundary condition is satisfied.

ConpITION C. Let {: C* — R” be a correspondence satisfying Condition B and
let 9 be a triangulation of C". The piecewise linear approximation Z: C* — R” of ¢
with respect to 7 is such that for each vertex x in the triangulation .7 it holds that
Z(x)z0if x, =0,and Z(x) <0if x, = 1.

Notice that it is always possible to let a piecewise linear approximation Z of { with
respect to a triangulation 5 of C" satisfy Condition C if { satisfies Condition B.

To approximate and to prove the existence of a connected set of zero points of ¢
lying in C" and containing 0” and 17, we constructively prove that for any piecewise
linear approximation Z of [ satisfying Condition C it holds that there exists a
piecewise linear path f:[0,1] —» C" of pomts in C" connecting 0" and 1", and having
some specific properties. Let C denote the image of [0,1] by f, so C = f([O 1D. The
piecewise linear path C will be constructed such that for every point g € C there is a
number B € R satisfying

(1) 0<Z(q) <B ifq =0,
Z(q) =B if0<gq <1,
0>Z(q) =B ifg =1

As will be shown in the next section, if mesh(7) is small enough, then B will be
arbitrarily close to zero for every g € C, ie., every point g on the path is an
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approximate zero point of / when the mesh size of the underlying triangulation 9 is
taken small enough.

Let o(x',..., x"*!) be a t-simplex in C" and let s be a sign vector with |7°(s)| = ¢.
Let iy < -+ <i,_, be such that I=(s) UI*(s) ={i,,...,i,_,}. Consider solutions
(Aps s Ay gs M5 e ooy g, B) € R™*2 of the following system of equations:

SRR

If ,20,Vjel,,,and p=>0,Vjel,_, then (A,..., A ¢, fyyenns oy, B) IS
called an admissible solution to (2). Notice that g is unrestricted and that X/} A, = 1.
For an admissible solution to (2) corresponding to a simplex o (x',..., x'*1) in A(s)
it holds that the point g satisfies (1), where ¢ = L{1]A,x’ € o. Notice that the linear
system (2) has n + 1 equations and n + 2 variables and hence there is one degree of
freedom. The piecewise linear path C connecting 0" and 1" will be obtained by an
algorithm that generates a sequence of adjacent simplices of varying dimension in 7
such that with respect to each simplex of this sequence there exists a set of admissible
solutions. Each linear piece of the path C within some simplex of .7 will be traced by
making a pivot step in system (2) with one of the variables. Since 8 is an uncon-
strained variable, its corresponding column is not subject to leaving the system. No
nondegeneracy assumptions are to be made. The pivot steps to be described below
are inspired by Todd (1976) and Wright (1981), where algorithms are presented to
compute a zero point of a correspondence f: R” — R”. In their work lexicographic
pivot rules are used in order to circumvent degeneracy.

An admissible solution to (2) is said to be degenerate if at least two of the variables
Ay, J €1y, and w, j €1,_,, equal zero. For any piecewise linear approximation Z
satisfying Condition C of a correspondence ¢ satisfying Condition B with respect to
any triangulation 9 of C” it holds that Z(0") = 0" and Z(1") = 0". Hence A, = 1,
m,=0,Vjel, and B=0is a degenerate admissible solution to (2) corresponding
to the 0-simplex o(0") and any sign vector s with |[I°(s)| = 0. A similar completely
degenerate admissible solution exists corresponding to the O-simplex o(1*). So, the
usual nondegeneracy assumption that there exist no degenerate admissible solutions
makes no sense for the problem under consideration.

A row vector x € R" is said to be lexicographically positive if it is nonzero and its
first nonzero entry is positive. A matrix A is said to be semi-lexicopositive if each row
except possibly the last row is lexicographically positive. For a (¢t — 1)-simplex
r(x!,...,x") in C" and a sign vector s with {I%(s)| = ¢, the (n + 1) X (n + 1) matrix
A, , is defined by

t+1

1
(2) jg A, Z(x')

1 1 0 0
At =\ z(xty 7 z(xt) se(i) s, ein) —17 |

DEFINITION 3.1. Let 7 be a (+ — 1)-simplex of C” and let s be a sign vector with
|1°(s)|=t. Then 7 is s-complete if A;! exists and is semi-lexicopositive.

When 7 is s-complete, then the first column of A} corresponds to an admissible
solution to (2) for a t-simplex o being the convex hull of 7 and some vertex
x'*1 e C", where A,,; = 0.

We will now describe an algorithm that generates a finite sequence of simplices
starting with the simplex {0"} and terminating with the simplex {1"} satisfying that for
every (¢ — 1)-simplex 7 in the sequence there exists a sign vector s with [1°(s)| = ¢
such that 7 is an s-complete simplex in A(s). Moreover, any two successive simplices
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in the sequence either are facets of the same simplex or one is a facet of the other.
We first show in Lemmas 3.2 and 3.3 that 7(0”) and 7(1") are each s-complete
0-simplices in A(s) with respect to some unique sign vector s with |[I°(s)| = 1.
Lemmas 3.5 and 3.6 describe all possible situations that can occur when some
s-complete simplex in A(s) is obtained. Lemmas 3.2, 3.3, 3.5, and 3.6 are used in
Theorem 3.7 to determine in a unique way the finite sequence of simplices described
above. Then the detailed steps of the algorithm yielding this sequence are given and
it is shown in Theorem 3.8 that the algorithm induces a piecewise linear path of
points connecting 0" and 17, having the properties given in (1).

LEMMA 3.2. Let the sign vector s € R" be such that s, = +1, Vj €I, ,, and
s, = 0. Then the O-simplex 7(0") is an s-complete simplex in A(s) and is not an
§-complete simplex in A(§) for any other sign vector § € R".

PROOF. Suppose that 7(0™) is an §-complete simplex in A(5). Condition B(3) and
Condition C imply that Z(0") = 0”. Since 7 is 0-dimensional and 7 lies in A(§), it has
to hold that [7°(§)] = 1 and 17(§) = &. Then A; . is given by

1 0 0 0
A_ =

s, T >

0" e(iy) N e(ip-y) —1"

where i; <i, < -+ <i,_;. Define i, =0 and i, =n + 1. Let j be the unique
element in the set 1°(5) and let k € I, be such that i,_, <j <i,. Then

1 0 0 0 0 0
0" e(iy) e(ipy) —1" e(iy—1) e(i,.y — 1)

It is clear that this matrix is semi-lexicopositive if and only if k = n. Q.E.D.

LEMMA 3.3.  Let the sign vector s € R" be such thats; =0 ands, = —1,Vj € [\
{1}. Then the O-simplex 7(1") is an s-complete simplex in A(s) and is not an §-complete
simplex in A(5) for any other sign vector §.

PROOF. Suppose that 7(1") is an §-complete simplex in A(§). Condition B(3) and
Condition C imply that Z(1") = 0. Since 7 is 0-dimensional and since 7 lies in A(S),

it holds that [7°(§)l = 1 and I*(§) = &. Hence, A; , is given by
1 0 0 0
Af,‘r = ,
0" —e(iy) —e(i,_y) -1

where i} <i, < ++ <i, ;. Define i;=0 and i, =n + 1. Let j be the unique
element in the set I°(5) and let k € I, be such that i, _, <j < i,. Then it is easily
verified that

1 0 0 0 0 0
S, 7 1n—l

0" —e(i) —e(ir) -1 —e(iy—1) —e(i,_.y — 1)

Clearly, this matrix is semi-lexicopositive if and only if £ = 1. Q.E.D.
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The following lemma is well known in linear programming theory; see for example
Murty (1983, p. 232). It will be very useful in proving Lemmas 3.5 and 3.6. Let A be a
k' X k? matrix. Then, for j€lL A . denotes row j of the matrix 4, and for
J € I;2, A, denotes column j of the matrix A.

LeMMA 34. Let A=(A,,..., A, ) be aregular (n + 1) X (n + 1) matrix and
let xe R, Let kel ws1 and let A = (A, A%, Agrtseres Apyy). Then

either (A~'x), = 0 and A is singular, or (A~'x), + 0 and

(47'x),

" ),

(A

-y, (_A.:_x)k_—l
(Ao, - e
1

A1 = W(A'l)k-

(A_lx)k+1
(A 'x),

(A

(A Vg1 — (A7 Y

(A_lx)n+1

(A, A

(A—l)n+1- -

Lemma 3.4 is easily proved by showing that 4~'4 = E"*'. The next lemma
describes the cases that may occur when a t-simplex o in A(s) has at least one
s-complete facet 7 and a lexicographic pivot step to A, , is performed when the
column in (2) to be added corresponds to the vertex of o opposite 7.

LEMMA 3.5. Let o be a t-simplex of A(s) where s is a sign vector with |1°(s)| = t. If
o has an s-complete facet v, then exactly one of the following cases holds:

(1) The simplex o is an §-complete simplex in A(§) for precisely one sign vector § with
|[1%(5) = t + 1 and no facets of o other than 7 are s-complete;

(2) The simplex o has exactly one other s-complete facet T and o is not an s-complete
simplex in A(§) for any sign vector § with |[I°(5)| =t + 1.

Proofr. Let x'*! be the vertex of o not contained in 7, and let y =

A7ML, Z(x**1)T)T . Since A, ,A;}=E"', it holds that Li_(A;1); =1 and
Z' (47D, =0, Vjel,,, \{1}. Suppose that the first n components of y are
nonpositive. Then 0 > (I'", 0" 1)y = (1", 0"~ 1A M1, Z(x'"*HT)" =
(1,0""X1, Z(x**1)™)T = 1. This is a contradiction. So, it is possible to choose k & I,
such that (1/y, XA ,)k is minimal according to the lexwographlc ordering over all
row vectors (1 /y])(A ) for Wthh y,>0and j €I, It is clear that k is uniquely
determined, since otherw1se A; ! would be smgular Now it holds that either
keI \Iorkel,.

It k eI \1I, then let §, =0and § =s for j&€1, \{zk .}. Clearly, o C A(S)
and |I 0(s)I — 1 equals the dimension of o. The matrix As » is obtained by deleting
column k of A4, and addmg the vector (1, Z(x'*!)™)T between columns ¢ and
t + 1. Using Lemma 3.4, A; !l exists and is semi-lexicopositive. So, o is an §-com-
plete ¢-simplex in A(S).
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If k €1, then let 7 be the facet of o opposite the vertex x*. Using Lemma 3.4
and the choice of k it follows that A} exists and is semi-lexicopositive. Hence, 7 is
an s-complete simplex in A(s).

It follows directly from Lemma 3.4 that if some other column is replaced, then the
inverse of the new matrix is not semi-lexicopositive. Q.E.D.

The next lemma gives the cases that may occur when an s-complete (1 — 1)-simplex
7 in A(s) lies in a (+ — 1)-dimensional set A(§) and a lexicographic pivot step to A, .
is performed in the case the column in (2) to be added is equal to (0, §;e(k)™)7T for
the unique element & in the set (I7(5) U I* () \ (I"(s) U I*(s)).

LEMMA 3.6. Let 7 be an s-complete (t — 1)-simplex of A(s) where s is a sign vector
with |1°(s)| = t. Suppose that 7 lies in A(S) where § has t — 1 zero components. Then
exactly one of the following cases holds:

(1) The simplex T is equal to {0"} or equal to {1'};

(2) The simplex T is an 5-complete simplex in A(5) for precisely one sign vector § # s
with \I°(5)| = t and ™ has no §-complete facets;

(3) Precisely one facet of 7 is S-complete and 7 is not an 5-complete simplex in A(5) for
any sign vector § # .

PROOF For some unique index k & I, it must hold that s; = 0 and §; # 0. Let
20, §:e(k)T)T. Exactly one of the following three possibilities occurs:
(1) s,; =+land y, <0,V¥je; (i) § = —1and y, <0, Vj €[, (i) 3j € I, such
that Y > 0. .
If sk = +1 and y <0, Vj e, then, since A,y =1(0,5e(k)T)T, we have
V1= == 0. SO 1= Zn“-l(fls 7)k+1 ]y] j t+1(AS -r)k+1 jyj Yo+t where
for the last equality it is used that s; = 0. Hence, y,,, = —1, and consequently

)2

Therefore t=1and s = +1, Vjel, .. So, §= +1" and therefore 7= {0"}. If
= —1 and y]sO Vi el, then again y, = -+ =y, =0. So, —-1=

;'+,1+1(A5,,)k+1, ¥, = —Yn41> and hence y,., = 1. Consequently,

n n—t 0
L (4)y,= 1 (S, e(ij))ytﬂ = (10'1) - (e((;}))'

j=t+1 J=1

n n—t 0
Z (As,r)'Jy] = Z (sz e(i]))yﬂ'] =

J=t+1 1=1

Therefore, t =1land s, = —1,Vje1l,_,. So, § = —1" and therefore r = {1"}.

If there exists some j € I, such that y, > 0, then it is possible to choose k € I, as
in the proof of Lemma 3.5. Again, either k € I \ I, or k € I,.

If k€I, \1, then let §; =§,5, =0, and 5,=5,Vjel, \{zk .» k}, and con-
sider A4; .. Us1ng Lemma 3.4, the choice of k guarantees that A is semi-lexicoposi-
tive and therefore = is §-complete in A(5).

If k €1, let 7' be the facet of 7 opposite to the vertex x*. By Lemma 3.4 and the
choice of k, A; 1. is semi-lexicopositive and hence 7' is §-complete in A(§).

It follows d1rectly from Lemma 3.4 that if some other column of A , is replaced,
then the inverse of the new matrix is not semi- lexrcoposmve Q.E.D.

An s'-complete simplex 7' in A(s') and an s?-complete simplex 72 in A(s2) are
said to be adjacent complete simplices if s! = s? = s and 7' and 72 are both facets of
a simplex o in A(s), or if 7' is a facet of 72 and 72 is a simplex in A(s"), or if 72
a facet of 7' and 7! is a simplex in A(s?). Using the lemmas above it can be shown
that there exists a finite sequence of adjacent complete simplices of varying dimen-
sion connecting the simplices {0”} and {17}.

> T

T
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THEOREM 3.7. Let S be a triangulation of C", let {: C" — R" satisfy Condition B,
and let Z: C" — R" be a piecewise linear approximation of { with respect to  satisfying
Condition C. Let T be an s-complete simplex in A(s), which is a face of a simplex in 7. If
7= {0"} or 7 = {1"}, then there exists exactly one adjacent complete simplex to T, being a
face of a simplex in F. Otherwise, T has exactly two adjacent complete simplices, which
are faces of simplices in I. Moreover, there exists a finite sequence of simplices
7% . ™ such that 70 ={0"}, ™ = (1), ¥~ and * are adjacent complete sim-
plices, and T* is a face of a simplex in I, Vk € I,,.

PrROOF. By Lemma 3.2, = {0"} is an s-complete simplex in A(s) if and only if
s = s% where s = (+1"17,0)7 . Since S is a triangulation and {0"} is a facet in the
boundary of A(s?), there is a unique 1-simplex o in A(s®) such that {0”} is a facet of
o. By Lemma 3.5 either o is an §-complete simplex in A(§) for some sign vector §
with |71%3$)| = 2 and has no other s’-complete facets, or o has exactly one other
s°-complete facet and is not an §-complete simplex in A(§) for any sign vector §.
Hence, there exists exactly one adjacent complete simplex to {0"}. The argument for
= {1"} is similar.

Now let 7 be an s-complete (+ — 1)-simplex in A(s) for some sign vector s where 7
is not equal to {0"} or {1”}. There are two possibilities, either 7 lies in the relative
boundary of A(s) or 7 lies in the relative interior of A(s).

If 7 lies in the relative boundary of A(s), then, by the properties of a triangulation,
there is a unique #-simplex o in A(s) having 7 as a facet. By Lemma 3.5 either o is
s'-complete in A(s’) for precisely one sign vector s’ and has no other s-complete
facets, or o has exactly one other s-complete facet. This yields one adjacent complete
simplex to 7. Since 7 lies in the relative boundary of A(s), = lies in A(S) for a unique
sign vector § with [7°(§)| = ¢ — 1. By Lemma 3.6 either 7 is §-complete in A(5) for a
unique sign vector § # s with |7°(5)| =t and has no §-complete facets, or = has
exactly one §-complete facet. In the latter case we are done. In the former case we
use the fact that 7 is in the relative boundary of 4(5) and hence there is exactly one
simplex & in A(3) having 7 as a facet. Applying Lemma 3.5 again yields that either &
is an §-complete simplex in A($) and has no other 5-complete facets, or & has exactly
one other s-complete facet. This shows that 7 has exactly two adjacent complete
simplices.

If 7 lies in the relative interior of A(s), then by the properties of a triangulation, it
holds that 7 is a facet of exactly two simplices in A(s). Applying Lemma 3.5 twice
shows that 7 has exactly two adjacent complete simplices.

Now let 7° = {0”}. Let 7! be the unique adjacent complete simplex to 7°. Given 7
for some k > 1 which is not equal to {17}, there exists a unique adjacent complete
simplex 7%*! which is not equal to 7%, Now the “door-in door-out” argument of
Lemke and Howson (1964) excludes cycling and the finiteness of the number of faces
of the simplices in the triangulation .9 yields that in a finite number of steps, say M,
the simplex 7 must be equal to {1"}. This simplex has no other adjacent complete
simplex but 7*~1. Q.E.D.

Now we can give a detailed description of the steps of the algorithm generating the
simplices 7°,..., 7" given in Theorem 3.7.

k

ALGORITHM

Step 0. Let i =0,t=1,x' =0" 7" =1(x!),s = (+ 17717 0)7, and let x'*' be
the unique vertex of the simplex in A(s) containing 70 as a facet opposite to it.

Step 1. Let o be equal to the convex hull of x"*! and 7' Pivot (0, Z(x**1)T)T
lexicographically into the linear system (2) corresponding to A, .., yielding as de-
scribed in Lemma 3.5, a unique column k € I, of A, .. which has to be replaced. If
k € I\ I, then go to Step 3 with j" =i, _,.
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Step 2. Set i=i+ 1 and let 7' be the facet of o opposite the vertex x*. If
= {17}, then the algorithm terminates. If 7' lies in A(S) for some § with ¢ — 1 zero
components then go to Step 4. Otherwise, there is exactly one simplex & in A(s)
such that & # o and 7' is a facet of 6. Go to Step 1 with x'*! as the unique vertex
in & opposite to the facet 7°.

Step 3. Define §by 5, =0and §, =5, Vj €\ {j'}. There is a unique simplex &
in A(5) having o as a facet. Set i = + 1, =t + 1, and go to Step 1 with x'*! as
the unique vertex in & opposne to o,s =5, and 7' = o.

Step 4. Let o be equal to 7. Pivot (0, ske(k)T)T lexicographically into the linear
system (2) determined by A, ., where k € I, is such that s; = 0 and §; # 0. By
Lemma 3.6 there is a unique column k € I, of Aj . which has to be replaced. If
keI \1I, then go to Step 3 with j' =i, _,, s =§ t=t—1, and i =i — 1. Other-
wise, go to Step 2 with s =§and t =¢ — 1.

It is worthwhile to mention that we can also start the algorithm with the simplex
{1"} and terminate with the simplex {0”}. In Theorem 3.8 it is shown that the
sequence of adjacent simplices generated by the algorithm yields a piecewise linear
path of points in C” connecting 0" and 1" such that every point g on the path
satisfies (1), i.e., for some B € R it holds that 0 < Zj(q) <Bif g =0, Zj(q) = B if
0<g,<1l,and 0>Z(g) =B if g = 1.

THEOREM 3.8. Let 9 be a triangulation of C" and let the correspondence
2 C" —> R” satisfy Condition B. Let Z: C" — R" be a piecewise linear approximation
of { with respect to 7 satisfying Condition C. Then there exists a continuous, piecewise
linear function f: [0,1]1 - C* satisfying f(0) = 0", f(1) = 1", and for every r € [0,1] it
holds that for some B € R,

0<Z,(f(r)) =B iff(r) =0,
Z(f(r))=B if0<f(r) <1,
0=>Z(f(r)) =B iff(r)=1

PrOOF. Consider all different pairs of sign vectors and simplices (s°,79),...,
(s, M) successively generated by the algorithm, satisfying 7% is s*-complete in
A(s%), Vk € {0} U I,,., and let t* = |I°(s*)|. Notice that M’ > M, where M is as in
Theorem 3.7, with M’ > M only if Case 2 of Lemma 3.6, which corresponds to the
first case in Step 4 of the algorithm, occurs during the algorithm. Clearly, A:! . is
semi-lexicopositive for every k € {0} U ,,.. Consequently, T (A 0 (A3 k)
(1,0")7, or equivalently

0 1
+(As_"%-r")n+1,1( _1n) = (On),

where 7% = 7%(x',..., x") and (43! ), 20, Viel, Let y* Z’k (A5l D), %!
and define f:[0,1] —» C" by

k

f(y=Q-Mr+|MrpyM+ (Mr- [ M'r|)yMrist) vre[0,1],
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where for x € R, | x| denotes the greatest integer which is less than or equal to x,
and y*'*! is an arbitrary vector in R". This function f satisfies the requirements of
the theorem. To verify this, remark that for every k € I, Ajt-1 e and A .« have
n columns in common. Let By-1 ,«1 be the (n + 1) X (n + 2) matrix which contains
all the columns of A1 .« and Ay «, Yk € I,;.. The matrix By -1 yields the
system as in (2) for a simplex o*~! which is the convex hull of 7! and 7* and a
sign vector 57! which is such that I=(5*7!) = I"(s* ") U I"(s*) and I*(5F"!) =
I"(s*H u I (. It is easily verified that o*~! is a simplex in A(5%~!). The first
columns of both Azl .« and Ask - extended with a zero component, yield
admissible solutions to the system in (2) induced by Bg-: . Finally, when ¥,
ye R’”Z correspond both to admissible solutions to the system Bi-1 jk1y =
(1,0")7, then Ay + (1 — A)j also corresponds to an admissible solutlon for every
r €0, 1] Since for every k € I, the simplex o*~! lies in A(5%7!), it follows from
(2) and Condition C that for every r € [0, 1] the point g = f(r) satisfies (1). Q.E.D.

4. Accuracy analysis. First it will be argued in Theorem 4.1 and Corollary 4.2
that the points lying on the path given in Theorem 3.8 indeed all correspond to
approximate zero points of {. To show this, a sequence of triangulations 9" with
mesh size converging to zero is taken. This yields according to Theorem 3.8, for every
r € N, a continuous piecewise linear function f”: [0, 1] — C” with image set f"([0, 1]
connecting 0" and 17, It will be shown that if ¢” is an arbitrary point in f"([0, 1]) and
the sequence (¢"), o converges to g, then 0” € ¢(g). It should be remarked that by
the compactness of C”", every sequence of points in C” has a converging subsequence.
Hence, for every € > 0, there exists a number R € N such that for all » > R it holds
that ¢" € f7([0, 1)) implies |Z7(g")ll. < €, or equivalently max - ¢ . 11 Z"(g")l —
0, where Z": C* — R" is the piecewise linear approximation of { with respect to 7.
Next, it will be shown in Theorem 4.3 by a limiting argument that there exists a
connected set of zero points of ¢, containing 0” and 17, that is being approximated. In
the remainder of the section some results concerning the accuracy of the approxima-
tion are discussed.

THEOREM 4.1. Let {: C" = R" be a correspondence satisfying Condition B. For
reN, lee " be a triangulation of C" with mesh size smaller than 1/r and let
Z". C" > R" be a piecewise linear approximation of { with respect to F " satisfying
Condition C. Let (q"), . be an arbitrary convergent sequence of points in C" with limit
q* such that for any r € N it holds that q" € f'([0, 1)), where f" corresponds to the
function f of Theorem 3.8 for the piecewise linear approximation Z'. Then 0" € [(g*).

PrOOF. Let (A],..., A\, ., xV, ..., x""V, 2V, ..., z""), .y be a sequence of
points in [1"4}[0, 1] x [T"FLC" x TI"'R* satisfying Z”fll)\’ =1, o(x¥,...,x"*!)
is a simplex of 97,q" = Z"“/\’x’ e f7([0,1D, and 2 = Z'(x"). Notlce that it
may happen that A7 =0 for some j €1,,.,. By definition, Z'(q") = L/X[A/z""
Define z" = Z"(q"), then i =B — Z]E{ke, -0y Hrej) + Z;E(kellqk—l) p,]e(])
for some B’ € R and some w >0, Vje{kel,lg,=0 or g;=1}. Since
Ugecr € (g) is bounded, the sequence given above remains in a compact set, and
without loss of generality it can be assumed to converge to an element
(X5, A a2 Define z* Z”“)L;“ z*/, Clearly, it
holds that z" — z*. Since for every r € N the mesh size of 7" is smaller than 1/7, it
holds for every j € I, that x*/ = g*. Using that { is upper semi-continuous and

U, ecr{(q) is bounded this implies that for every j € [, 2 z* € [(g*). Since { is
convex valued, £'/A* = 1, and A* = 0, Vj € I, ,, it holds that z* € {(g").
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If there is a subsequence ("), < 0f (¢"), <y Such that foreverys € N,0 < g; < 1,
Vjel, then 2" = B 1" Since z* € [(g*), there is some p € R}, such that
pz¥= 0 Consequently, = (", If there is not such a subsequence, then there
exists a subsequence (q" )SE n of (¢7), < such that for some k € ] ., for every s € N,
q;’ =0, or for some k € I, for every s € N, qk = 1. In the first case using that Z7
satisfies Condition C, it holds that 0 <z < B" and therefore 0" < z", Vs € N. This
implies that z* > 0”. In the second case, using again that Z" satisfies Condltlon C it
holds that 0 > z; > B” and therefore 0" > z*. In both cases the existence of a
p € R", such that p-z* = 0 implies that z* = 0". Hence, 0" € {(¢g*). QE.D.

From Theorem 4.1 the next result immediately follows.

COROLLARY 4.2. Let {: C" — R" be a correspondence satisfying Condition B. For
reN, let 9" be a triangulation of C" with mesh size smaller than 1/r and let
Z": C" — R" be a piecewise linear approximation of { with respect to I satisfying
Condition C. Then for every € > O there exists an R € N such that for every r > R it
holds that q" € £7([0, 1]) implies |Z"(g")ll. < €.

PROOF. Suppose a sequence (q",Z'(q")),on exists with g" € f7((0,1) and
1Z7(g"ll- = € for every r € N. Since C" is compact and U ,c¢n{(q) is bounded,
there exists a converging subsequence (q", Z" (")), < n, With limit say (q z*), where
lz*|l.. > € > 0. As in the proof of Theorem 4.1 it can be shown that z* = 0", yielding
a contradiction. Q.E.D.

Next we show the existence of specific types of constrained equilibria. To do so,
consider a sequence of triangulations (7). of C" with mesh size converging to
zero. For all r € N, let Z" be a piecewise linear approximation of { with respect to
J" satisfying Condition C and let the function f” be given as in Theorem 3.8.
Moreover, let a commodity j € I, and some constant a € [0, 1] be given. Since f” is
a continuous function, f(0) = 0", and f7(1) = 1", there exists ¢t" € [0, 1] such that
f/(t") = a. Now define the sequence ("), en by q" = f(#"). Without loss of general-
ity it can be assumed that ¢" — ¢*, for some g* € C". By Theorem 4.1 it holds that
0" € {(g*). Clearly, g* = a. Hence, for every a € [0, 1], there exists a vector ¢* € C”
such that ¢* = « and 0" € ¢ (g*). Now consider the case where the correspondence
¢ is the excess demand correspondence of an economy with price rigidities E =
(X', =" ,wim,, P) and rationing system (7, L). If P, = P, = 1, we obtain the model of
Dreze (1975) where commodity j denotes the numeraire commodity. His equilibrium
concept, the so-called Dréze equilibrium, corresponds to an element g € C" such
that 0" € £(q) and ¢, = ;. The Dréze equilibrium is therefore a constrained equilib-
rium without rationing on the market of the numeraire commodity. By taking a = 3,
it follows that on the path generated by the algorithm there is an approximate Dreze
equilibrium. Another equilibrium concept is given by van der Laan (1980). His
equilibrium concept, the so-called supply constrained equilibrium, corresponds to an
element g € C" such that 0" € {(g) and max, ., q, = 1. The supply constrained
equilibrium is therefore a constrained equilibrium without rationing on the market of
at least one commodity and without demand rationing on every market. We claim
that there is an approximate supply constrained equilibrium on the path generated by
the algorithm. Consider the set S = {¢ € C"Imax,., ¢, = 7). The element g € C"
corresponds to a supply constrained equilibrium if g € S and 0" € {(g). Since f" isa
continuous function, f(0) = 0" and f'(1) = 1", there exists ¢” € [0,1] such that
f7(t") € S. Now define the sequence (¢"), . by ¢" = f"(¢+"). Without loss of general-
ity it can be assumed that ¢” — g*. By Theorem 4.1 it holds that 0" € {(g*).
Obviously, g* € S.

Using Theorem 3.8 and Theorem 4.1 it will be shown, using the approach taken in
Herings (1993), that there exists a connected set C such that 0" € C, 1” € C, and
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0" € {(q), Yq € C. Hence, there is a continuum of zero points of { being approxi-
mated by the algorithm of §3. For a nonempty, compact set § < R”, define the
continuous function dg: R* — R by dg(x) = min{|lx — y|l.|y € S}. This function will
be used in the proof of Theorem 4.3.

THEOREM 4.3. Let {: C" - R" be a correspondence satisfying Condition B. Then
there exists a connected set of points C in C" such that 0" € C, 1" € C, and 0" € {(g),
Vg € C.

ProOF. Define Q = {g € C*|0" € {(q)}. Clearly, 0" € Q, 1" € Q, and Q is com-
pact. Suppose the theorem is false. Then 1" is not an element of the component of Q
containing 0”. By Munkres (1975, p. 235) it holds for every compact set X in some
Euclidean space and for every element x € X that the component of X containing x
equals the intersection of all sets containing x which are both open and closed in X.
Hence, there exists a set Q°, which is open and closed in Q, such that 0" Q° and
1" & Q° Define Q' = Q\ Q° Then Q! is open and closed in Q, 0" ¢ Q, and
1" € Q". Since Q is compact, it follows that Q° and Q' are disjoint, compact sets.
Hence, there exists € > 0 such that min{llq° — ¢'ll.lg° € Q°, ¢ € Q'} = e. For every
reN, let " be a triangulation of C" with mesh size smaller than 1/r, let
Z": C" —> R" be a piecewise linear approximation of ¢ with respect to F” satisfying
Condition C, and let f” correspond to the function f of Theorem 3.8 for the
piecewise linear approximation Z'. Define g": [0,1] - R by

87(1) = doo(f7(1)) —dp(f7(1)),  Vre[0,1].

Since g” is continuous, g"(0) < —¢, and g’(1) > €, there exists a point ¢* € [0, 1]
such that g’(+") = 0. Hence, dpo(f'(t") = dpu(f'(t")) = dy(f7(t")) = 3e. Without
loss of generality it can be assumed that (f"(¢")), . converges to a point g* € C".
Hence,

do(4*) = do lim f7(17)) = lim do(f7(17)) = 3> 0.

However, by Theorem 4.1, d,(g*) = 0, yielding a contradiction. Q.E.D.

For the remainder of this section, consider the case where ({ satistying Condition B
is a continuous function, denoted by z. Then there exists a function p: C* - R},
(not necessarily continuous) satisfying p(q) -z(g) = 0. We will now derive some
properties of the solutions generated by the algorithm. Let € > 0 be given and let
8 > 0 be such that for 4,g € C",|l§ — gll= < & implies ||z(§) — z(g)ll» < €. By the
continuity of z and the compactness of C” such a 8 exists. Consider a triangulation .7
with mesh size less than & and suppose g lies in the image set f([0,1]) of the
piecewise linear function f given by Theorem 3.8. Then there exist numbers A, > 0,
Viel,,, n;20, Vjel, and B€ R such that ¥'*'A =1,¢q =X\ x/ for
vertices x/ of a simplex in J containing ¢, and, for every j € I,

Z(q)=B-wn ifg =0,
Z,(q) =B if0<g, <1,
Z(q)=B+p, ifg =1
Clearly, 1Z(g) — z()ll = I iA(2(x7) — z(@)ll. < e. Hence, Z(g) — 1" <

2(q) < Z(q) + €1". If for some jeI, q,=0, then B— pu;=Z(q) =0, so
B = p; = 0. If for some j € I, g, = 1, then B+u=2Z(q)<0,50 B< —p <0
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First consider the case where for some j € I,, g, = 0, and for some j € I, g, = 1.
Then B=0 and p =0, Vj €1, satisfying g, =0 or g, = 1. So, Z(q) = 0" and
therefore — 1" < z(g) < €1”. Moreover, if ¢, = 0 then 0 < z(q) < ¢,and if g; = 1
then —e <z,(q) < 0.

Consider now the case where for every j € 1,, 0 < g, < 1. So, Z(g) = p1". Then

18IS p(a) = p(a) - Z(g)| = 1p(q) - (2(q) - 2(a))| < eépj(q)-

j=1

So, | Bl < €. Consequently, (B — €)1" < z(g) < (B + €)1" with | B| < e.
Next consider the case where for some j € I, g, = 1, and for every j € [, ¢, > 0.
If g, = 1then B+ p, <0, so it holds that 8 < 0 and 0 < u, < —B. Moreover,

0=p(q)-2(q) <(B+e) > p(q).

jelkel, 0<g,<1}
Therefore, B + € > 0 and —e < B < 0. Hence,
B—€<z(q) =<0 ifg, =1,
B-—e<z(q)<B+e if0<qg <1,

with —e < B8 < 0.
Finally, consider the case where for some j €1,, ¢, =0, and for every j €[,
g, < 1. As in the previous paragraph, it can be shown that

0<z(q)<B+e ifg =0,
B—€e<z(q)<B+e if0<q <1,

with 0 < B < e.
All cases are summarized in Theorem 4.4.

THEOREM 4.4. Let z: C* —» R" be a function satisfying Condition B. Let € > 0 be
given and choose & > 0 such that for all §,§ € C"|l§ — gll. < & implies ||z(§) —
2(Pll. < €. Let T be a triangulation with mesh size less than 8 and let q € ([0, 1]) with
fas in Theorem 3.8. Then there is a B € R satisfying —e < B < e, with 0 < Bifg, =0
forsomejel,, and B <0 ifq, =1 for somej € I,, such that

0<z(q) <B+e ifq =0,
B-—e<z(q)<B+e if0<gqg <1,
B—€<z(q) <0 ifq, =1
5. An illustration of the algorithm. In this section we will illustrate the algo-
rithm by an example of a correspondence ¢ satisfying Condition B. We choose the
example such that it is possible to determine analytically all elements g € C"
satisfying 0" € {(q), and therefore it is possible to compare the set of approximate

zero points generated by the algorithm with the exact zero points of {. The
correspondence ¢ in the example is the excess demand function z of an economy

Copyright © 2001 All Rights Reserved



692

P. J. J. HERINGS, A. J. J. TALMAN AND Z. YANG

with price rigidities, E = (X", > ,w'})2 |, P), where X! = X2 = R2. This economy
consists of 2 consumers and 2 commodities. The preferences >' and >? can be
represented by utility functions given by u'(xy, x,) = (x)¥*(x,)/4, Vx € R2, and

u(x,, x,) = (x4 (x4, ¥x € R?

+3

respectively, w! = (1,4)7, w? =(2,1)7, and

P={peRii<p, <2, p, =1} The functions /: C> > —R* and L: C* -» R? are

given by

Li(q) = (q)
B(q) = (q)
Li(q) = L%(q)

L4(q) = L3(q) = 54,,

—-3q,, Vg € C?,
—5q,, Vq € Cc?,

18g,, Vg e C?,

Vg € C2.

Now the price and rationing function (p,/,L): C* - P x — R4X R is easily
obtained. It can be derived that the excess demand function of consumer 1 is given by

(90q,, —15¢;) ", 0<q, <30<q, < 35,

141'7_%}?1—’ OSqlﬁé,%quﬁl,
a5, ) 1 20 33g, + 360g, < 82
g, - 10° 9| > 3541 535,059,339, +300q, < 82,
82— 33g, 33q,—82\'

(132%_‘{;0, % ) . l<g <24, 51,33 +360q, > 82,
15 T

(—2‘1‘2‘,‘15512) ; $<41,0 <, < 5,36q; + 59, < 36,
%’_%T, %Sqlsﬁ’%SqZSl’

(54 — 54q,,108q, — 108) 7, 2l <g <1,q, <1,36q, + 5q, > 36.

The excess demand function of consumer 2 is given by

(0,0)7, 0<q, <30<gqg,<1,
33-99g, 33g,— 11"
(66%_%, n ) , 1<q <%0<gq,,33q +60g, <71,
90g, — 90 T
(ﬁZ?_—m, 15 — 15q2) s qq < %, q, < 1, 33q1 + 60q2 = 71,
(-%.7, $1<q,<1,0<q, <%,
_ T
(B2 215-150,) , dsqi<l@<a <1

Now the excess demand function, z: C> - R?, is given by the function z = z' + z%.
The zero points of z can easily be determined analytically. It can be verified that the

points

o)

148
231
L
420

i

)
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and the convex combinations of any two successive points are all zero points of z.
Next, the algorithm is used to compute approximate zero points of z by generating a
sequence of adjacent complete simplices for the K-triangulation with mesh size equal
to %. In Figure 3 all adjacent complete 1-simplices are drawn by thick lines. The
sequence of adjacent complete simplices 7°,...,7% corresponds to the one in
Theorem 3.8. The piecewise linear path f([0, 1]) of points generated by the algorithm

is given by the points

o\ (1 1 n3\ (us\ [2m7)\ (27
3 7 176 429 429
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and all convex combinations of two successive points. In Figure 4 the solid line
corresponds to the piecewise linear path of approximate zero points generated by the
algorithm, while the broken line corresponds to the set of zero points of z. The
algorithm starts with the s%-complete simplex 7° = {(0,0)™} in A(s°), where s° =
(+1,0)7 . Notice that although 7° is also (0,— 1)7 -complete, 7° does not lie in
A(0,— 1)7). The simplex 7° is not s-complete for s = (0,+ 1)7 since Ag v 0 is
not semi-lexicopositive, although the system A4, ,0x = 0 does have a solution
satisfying x; = 0, x, = 0. In this way the lexicographic pivot rules as described in this
paper determine in a unique way the direction the algorithm will follow. So, the next
vertex which is brought into the system is (0,)7. Remark that the direction
determined by the lexicographic pivot rules is orthogonal to the set of zero points
of z around (0,0)7. It can easily be verified that the O-simplex 7((0,)7) is not
(+1,0)7 -complete. However, the 1-simplex 7! = 7((0,0)7,(0,5)7) is (0,0)7 -
complete and therefore we are in Case 1 of Lemma 3.5. The simplex 72 = 7((0,0)7,
%,8)7) is the unique (0, 0)™ -complete facet of the simplex o((0,0)™,(0,5)7,(3,H™)
in A((0,0)™) = C? which is not equal to r'. This corresponds to Case 2 of Lemma
3.5, and so on.

From Figure 4 it can be seen that although the lexicographic pivot rules determine
an initial direction to leave 7° being orthogonal to the set of zero points of z around
(0,0)7, the points on the piecewise linear path of approximate zero points generated
by the simplices 7°,..., 7° are zero points of z. An interesting situation occurs at the
simplex 74 = 7((3,3)7,(3,3)"). For this simplex it holds that

18 48 48
143 143 143
-1 _ | azs __ 48 48
0,07, = | 143 143 143
5 A 5
104 13 i3

The vertex brought into the system is given by x> = (£,2)™ with Z(x3) = (0,0)" . So,
y = Aglyr, (1, Z(x*) )T = (15, 153708)" - Now there occurs a degeneracy problem
since both y, and y, are positive and equal to the corresponding element of the first

column of A@,IO)T,TM. However, since the vector

(A(;,}O)T i )1,
Y1

is lexicographically larger than the vector

(A(B’lo)r gl )2.
Y2

b

the vertex of 71* corresponding to column 2 of Ay g7 ,4,(3,3)7, should be replaced

by the vertex (%,2)7, yielding the simplex 7'°. Moreover, it has to be remarked that
using the usual lexicographic pivoting rules would imply that the last column of
A o, should be replaced by the vertex (3,5)7 . However, the last column of any
A, ., corresponding to the unrestricted variable B, never leaves the system. Another
interesting case occurs at 7. The 1-simplex 72 lies in A((0,— 1)7) and therefore
(0,0,— 1) is the new column brought into the system. We are in Case 3 of Lemma
3.6, where 72! is the unique (0,— 1)7 -complete facet of 72. The O-simplex 7' lies
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in A(-1,— 17) ={(1,1)"} and we are in Case 1 of Lemma 3.6. The algorithm now
terminates with the (0,— 1) -complete simplex {(1, 1)7}. It is clear from Figure 4 that
the approximate zero points lying in the s-complete (1 — 1)-simplices in A(s) for
some sign vector s with |7%(s)| = ¢ are everywhere very close to the zero points of z
themselves. It should be remarked that this is caused by the fact that the function z
given in the example has such an easy structure. For more complicated correspon-
dences a finer mesh size might be needed to obtain a similar accuracy.

The approximate supply constrained equilibrium, being the constrained equilib-

rium without binding demand rationing and with at least one market without

rationing, corresponds to ¢° = (3,5;)" , and the excess demand equals zero in this

point, z(g%) = (0,0)" . This constrained equilibrium is also the Dréze equilibrium if
commodity 1 is assumed to be the numeraire commodity as in Dréze’s original model.
If commodity 2 is assumed to be the numeraire commodity, then the approximate

Dréze equilibrium, being also the constrained equilibrium without binding supply

277 1

rationing and with at least one market without rationing, corresponds to g” = (3%,3).

The excess demand in this point is close to zero, z(g?) = (—0.0255,0.0480)" .
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