
A holding problem can be described by means of an (n + 2)-tuple H =
〈N, h, B1, . . . , Bn〉, where N = {0, 1, . . . , n} is the set of involved players,
h ∈ <+ is the holding capacity of player 0, and for i ∈ {1, . . . , n} the function
Bi : <+ → <+ is the benefit function of player i. For x ∈ <+, Bi(x) is the
benefit that agent i gets if this player is allowed to store an amount x. Benefit
functions are assumed to be concave, to map 0 to 0, to be constant above a
certain treshold value, and to have a finite right-derivative at 0.

The aggregate benefit function of a group S is the function BS : <+ → <+,
defined by BS(a) = max{∑i∈S Bi(xi) | (xi)i∈S ∈ <S

+ and
∑

i∈S xi = a}. The
benefit function can be used to model the holding problem as a coopera-
tive transferable utility game (N, vH), with characteristic function defined
by vH(S ∪ {0}) = BS(h) and vH(S) = 0, for non-empty S ⊂ {1, . . . , n}.
Moreover, vH({0}) = 0.

Section 2 derives a necessary and sufficient condition for a feasible stor-
age plan (zi)i∈S ∈ <S

+ to be optimal for S ∪ {0}. A characterization of the
generalized derivative of BS is given.

Section 3 shows that (N, vH) is a strong big boss game, with 0 as big boss,
i.e. vH(S) ⊂ vH(T ) when S ⊂ T, vH(S) = 0 if 0 6∈ S, and the union property
that vH(N)− vH(S) ≥ ∑

i∈N\S Mi(vH) for all S ⊂ N such that 0 ∈ S, where
Mi(vH) = vH(N)− vH(N \ {i}), the marginal contribution of player i to the
grand coalition N.

From the properties of big boss games in general, a number of further
properties are deduced in Section 4. The core and the bargaining set coincide,
both being a parallelotope, which can be easily described. The core is a stable
set if and only if the game is convex. Moreover, the τ -value and the nucleolus
coincide and they are located in the center of the core. The kernel consists
of one point, which coincides with the nucleolus. The Shapley value, the
nucleolus and the τ -value coincide for convex games. It is shown that the
holding problem can also be studied as an economic equilibrium problem.
The set of equilibria is analyzed and is shown to be a refinement of the core.
The paper concludes with a survey of numerical methods to compute an
optimal storage plan.
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