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Summary. Incomplete asset markets cause competitive equilibria to be con-
strained suboptimal and provides scope for Pareto improving interventions. In this
paper, we examine how intervention in prices in asset or spot commodity mar-
kets serves this purpose. We show that, if fix-price equilibria behave sufficiently
regularly near Walrasian equilibria, Pareto improving price regulation is generi-
cally possible. An advantage of price regulation, contrasted with interventions in
individuals’ asset portfolios, is that it operates anonymously, on market variables.
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1 Introduction

When asset markets are incomplete, competitive equilibrium allocations generi-
cally fail to satisfy the criterion of constrained Pareto optimality which recognizes
the incompleteness of the asset market. Geanakoplos and Polemarchakis (1986)
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showed that, generically, there exist reallocations of portfolios that yield Pareto
improvements in welfare after prices in spot commodity markets adjust to attain
equilibrium; Citanna, Kajii and Villanacci (1998) developed further and generalized
the argument.

The failure of constrained optimality casts doubt on non-intervention with com-
petitive markets.

Expansions of the asset market do not necessarily lead to Pareto improvements:
Hart (1975) gave an example of financial innovation that leads to a Pareto deterio-
ration; Cass and Citanna (1998), Elul (1995) and Hara (1997) identified conditions
for Pareto improving financial innovation.

The taxation of trades in assets, which is anonymous, can generically implement
a Pareto improvement. Citanna, Polemarchakis and Tirelli (2001) demonstrated the
result, which requires that the number of individuals not exceed the number of
traded assets; it provides only a partial answer to Kajii (1994), who pointed out
that, apart from informational requirements, the heterogeneity of individuals and
the requirement of anonymity may interfere with improving interventions.

The direct regulation of prices in spot commodity markets is an alternative to
the reallocation of portfolios or the taxation of trades in assets. Importantly, this is
not an intervention in individual choice variables but in market variables, and, as
such, it satisfies the requirement of anonymity.

An extension of the fix-price equilibrium of Dréze (1975) provides a notion of
equilibrium that allows for trading at non-competitive prices; alternative specifica-
tions, in Barro and Grossman (1971), Bénassy (1975) or Younes (1975) should not
affect the argument.

The results of Laroque (1978, 1981), nevertheless, point out a stumbling block:
the behavior of fix-price equilibria in the neighborhood of competitive equilibria is
particularly complicated. There are robust examples for which, at regulated prices
close to competitive prices, there are no fix-price equilibria close to competitive
equilibria. Here, we restrict attention to the class of economies, evidently restrictive,
that satisfy conditions sufficient for the local uniqueness of fix-price equilibria. In
Herings and Polemarchakis (2003), a robust example illustrates the approach as
well as the results.

The conditions under which the result holds, that the number of instruments
(contingent commodities) exceed the number of objectives (individuals), imply
that the result complements the one of Geanakoplos and Polemarchakis (1986) and
Citanna, Polemarchakis and Tirelli (2001).

Antecedents of this result are the argument in Polemarchakis (1979), where
fixed wages that need not match shocks in productivity may yield higher expected
utility in spite of the loss of output in an economy of overlapping generations;
and the argument in Dreze and Gollier (1993), which employs the capital asset
pricing model to determine optimal schedules of wages that differ from the marginal
productivity of labor. Kalmus (1997) gave a heuristic example of Pareto improving
price regulation.

Of serious concern are the informational requirements needed to determine,
even compute, improving interventions. In the case of price regulation they involve
knowledge of marginal utilities of income and excess demands for commodities
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across states. Geanakoplos and Polemarchakis (1990) and Kiibler, Chiappori, Eke-
land and Polemarchakis (2002) are only first steps towards an analysis of the infor-
mational requirements of active policy.

2 The economy

The economy is that of the standard two-period general equilibrium model with
numéraire assets and incomplete asset markets. Assets exchange before and com-
modities after the state of the world realizes.

States of the world are s € S = {1,...,S} and commodities are [ € £ =
{1,...,L+1}. Atstate s, commodity (L + 1, s) is numéraire. Assets are a € A =
{1,..., A+ 1}. Asset A + 1 is numéraire. The payoffs of assets are denominated
in the numéraire commodity, (L + 1, s), at every state of the world.

A bundle of commodities at a state of the world is z; = (... T T sy s
T(r+1),s); across states of the world, z = (... ,x,,...). A portfolio of assets
isy: (""ya9'~'7yA+1)'

The payoffs of an asset across states of the world are R,. = (..., Rqs,...)";
at a state of the world, payoffs of assets are R.; = (..., Rq.s,...); across states
of the world, the asset payoff matrixis R= (... , Rq.,...).

The asset payoff matrix has full column rank, and the numéraire asset has
positive payoffs: R441. > 0.

Individuals are i € Z = {1,...,I}. A utility function, ', that satisfies stan-
dard conditions of continuity, monotonicity, quasi-concavity and, when required,
smoothness and boundary behavior, and the endowment, €*, a strictly positive bun-
dle, describe an individual — the boundary behavior of the utility function, together
with the strict positivity of the endowment guarantee that consumption bundles de-
manded by the individual lie in the interior of the consumption set, as in see Debreu
(1972).

The utility functions and consumption sets of individuals as well as the matrix
of asset payoffs do not vary. The allocation of endowments, w = (... ,e’,...),
identifies an economy, and the set of economies coincides with the strictly positive
orthant of the commodity space; a property holds generically if it holds for an open
set of economies of full Lebesgue measure.

Prices of commodities at a state of the world are (... ,p; s, . . . , 1); across states
of the world, p = (... ,ps,...) > 0; the price of the numéraire commodity at a
state of the world is pr,11 s = 1; the domain of prices of commodities is P. Prices
of assetsare ¢ = (... ,qa,.-. , 1); The price of the numéraire asset is 441 = 1.

The domain of prices of assets is Q.

It is often convenient to truncate prices of commodities and prices of assets
by deleting the prices of the numéraires. Commodities or assets other than the
numéraire are £ or A; the domain of prices of commodities or assets other than the
numéraires is P or O.

At arbitrary terms of trade, a competitive equilibrium, typically, does not exist.
In commodities and assets other than the numéraire, rationing on net trades, uni-
form across individuals, serves to attain market clearing. Rationing in the supply
(demand) of commodities other than the numéraire is z < 0 (Z > 0). Rationing in
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the supply (demand) of assets other than the numéraire is y < 0 (g > 0). With-
out appropriate rationing constraints, demand and supply of commodities will not
match, which leads to inconsistencies. Equilibrium rationing constraints are exactly
such that markets clear.

At prices and rationing (p, ¢, 2, Z, y,7), the budget set of an individual is

qy <0,

ps(xs - ezs) S 'R&y; ERS 87 . .
2s<ws—e€,<Zs, (I,s)€LXS, (7
Yy, <y<y, acA

B'(p. ¢, 2,7 y.7) = 4 (z,9) :

his optimization problem is to choose a utility maximizing consumption bundle
and asset portfolio in his budget set. The set of all optimal consumption bundles
and asset portfolios is denoted d(p, q, z,Z, 4, 7).

An individual is effectively rationed in his supply (demand) for a commod-
ity or an asset if he could increase his utility when the rationing constraint in the
supply (demand) of that commodity or asset is removed. There is effective supply
(demand) rationing in the market for a commodity or an asset if at least one indi-
vidual is effectively rationed in his supply (demand) for this commodity or asset.
At a competitive equilibrium, there is neither effective supply rationing nor effec-
tive demand rationing in the market for any commodity or asset. In this sense, a
competitive equilibrium is a special case of a fix-price equilibrium.

Definition 1 (Fix-price equilibrium). A fix-price equilibrium at prices
(p.q) is a pair ((z*,y*), (=", 2, y*, ")), such that
1. for every individual, (z%*,y*™*) € di(p,q,g*,i*,g*,ﬂ*),

I ik I % I ik
2. 3w = Zi:l e" and Zi:} v= 0,
} il otk A ; ik 7
3. foreveryl € L, if for some i’ x) 3 — e} . = z[ ;, then foralli € Tz}’ — ¢ ; <
-/
i *x
l,s

4. for every a € A, if for some i’ yfl'* = g:, then for all i € T yi* < 7", while if

—x . . -/ A— - 7% 7 *
Z| 5 while if for some @' x) T — e} . =7 ;, thenforalli € T )", —e) . > z) ,

for some i’ yg* =7 thenforalli € T yt* > yc*l

At a fix-price equilibrium, only one side of the market is effectively rationed;
this is expressed by Conditions 3 and 4.

At prices (p, q), fix-price equilibria exist. Appendix 1 spells out the arguments
in detail. Herings and Polemarchakis (2002) provide a (more complicated) proof
that requires weaker assumptions on the primitives.

A sign vector,

r= (Tl,ly'” s TL,8,T1,y- - arA)7

describes the state of markets at a fix-price equilibrium. If there is effective supply
rationing in the market for a commodity or an asset, the associated component of
the sign vector is -1, if there is effective demand rationing it is +1, and if there is
no effective rationing it is 0.

For a sign vector r, the set PQ(r) is the set of prices (p,q) € P x Q, for
which there exists a fix-price equilibrium at prices (p, ) with state of the markets
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r. For prices (p, q) € P x Q, the set of fix-price equilibrium allocations is D(p, q),
and, for a sign vector r, the set of fix-price equilibrium allocations with state of the
markets r is D(p, ¢, 7).

A neighborhood of av is NV,,.. If ((p*, ¢*), (z*,y*)) is a competitive equilibrium,
the allocation (z*, y*) is locally unique as a fix-price equilibrium allocation if there
exists a neighborhood N 2+ ,y+ such that for every N - C NTy there exists a
neighborhood NV« ¢« with D(p, ¢) N Ny« o+ a singleton for every (p, q) € Np« g+.

If a competitive equilibrium allocation is locally unique as a fix-price equilib-
rium allocation, then, for prices close to competitive equilibrium prices, there is
exactly one fix-price equilibrium allocation close to the competitive allocation.

For a locally unique competitive equilibrium allocation, for each sign vector 7,
the function (27, 5") : Npr o NP Q(r) — RIEFDSHI(A+D) aeq0ciates the unique
fix-price equilibrium allocation in Ny« .« N D(p, q,7) to (p, q).

Comparative statics require a differentiable form of local uniqueness.

Definition 2 (Differentiable local uniqueness). If ((p*, ¢*), (z*,y*)) is a com-
petitive equilibrium, the allocation (x*,y*) is differentiably locally unique as a
fix-price equilibrium allocation if it is locally unique and there is a neighborhood
Ny« g« such that, for every sign vector r, the function (", Y )N e PQ(r) 1S
differentiable.

Laroque and Polemarchakis (1978) proved, for a complete asset market, that,
generically, the set of fix-price equilibrium allocations can be represented by a
finite number of continuously differentiable functions of prices. Nevertheless, the
results in Laroque (1978) and the examples in Madden (1982) show that competitive
equilibria need not be locally unique as fix-price equilibria. Even though fix-price
equilibrium allocations exist for all prices, there may be robust local non-existence,
and therefore local non-uniqueness as a fix-price equilibrium, at competitive prices.

Assumption 1. For endowments in 2%, an open set of full Lebesgue measure, if
((p*,q*), (z*,y*)) is a competitive equilibrium, then the competitive equilibrium
allocation is differentiably locally unique as a fix-price equilibrium allocation.

By an argument similar to the one in the proof of Theorem 1, Laroque (1981),
Appendix 2 characterizes economies where competitive equilibrium allocation are
differentiably locally unique as a fix-price equilibrium allocation.

Local uniqueness of fix-price equilibrium allocations at competitive equilibria is
not too strong arequirement; it is less demanding than the requirement of uniqueness
of fix-price equilibrium allocations at prices in a neighborhood of competitive
prices. This guarantees a certain degree of generality of the results.

The function (Z,y) associates the unique fix-price equilibrium allocation in
Ny y+ 10 (p, q) € Np= 4+ At alocally unique fix-price equilibrium,

v'(p,q) = u'(@'(p,q)), (p,q) € Np g

defines the indirect utility function of an individual. Lemma 2 in Appendix 2 im-
plies that it is differentiable when the fix-price equilibrium is differentiably locally
unique, with partial derivatives given by

ail’l,svi(p*7q*) = 78$L+1,sui(xi*)(x;; - 671;,3)7 (lv S) € ‘Cv xS.
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The effect of a change in the spot market price of commodity (1, s) € £ x S is equal
to minus the marginal utility of the numéraire commodity in state s multiplied by
the excess demand of commodity (I, s) at the competitive equilibrium. Lemma 2
in Appendix 2 therefore implies that the indirect welfare effects of a change in
prices, generated by the induced change in the rationing constraints and individuals’
choices, equal zero.

Pareto improving price regulation

If the asset market is incomplete, A + 1 < .S, generically, competitive equilibrium
allocations are not Pareto optimal.

Price regulation can Pareto improve on a competitive equilibrium ((p*, ¢*),
(x*,y*)) if there exist prices of commodities p such that a fix-price equilibrium
of commodities at prices of commodities and assets (p, ¢*) Pareto dominates the
allocation x*. The ambiguity introduced by the possibility of multiple fix-price
equilibrium allocations at prices (p, ¢*) is circumvented by considering local vari-
ations at competitive equilibrium allocations that are differentiably locally unique
as fix-price equilibria.

Definition 3 (Pareto improving price regulation). Price regulation can Pareto
improve upon a competitive equilibrium, ((p*, q*), (x*,y*)), that is locally unique
as a fix-price equilibrium if there exists dp € RYS such that

z Op V' (p*,q")dprs > 0, foreveryi€ I.
(1,s)€ELXS

Uniform price regulation can improve upon a competitive equilibrium if
dps = dps, foralls,s’ € S.

If (uniform) price regulation can improve upon a competitive equilibrium, there
is € > 0 such that for all ¢ € (0, ], the fix-price equilibrium in the neighborhood
of the competitive equilibrium ((p*, ¢*), (z*, y*)) at commodity prices p* + edp
and asset prices ¢* Pareto dominates the competitive equilibrium. Uniform price
regulations are of interest because they imply a state-independent change in prices.
It shows that relatively simple policies suffice for the realization of a Pareto im-
provement .

Generically, it is possible to make every individual better off by choosing ap-
propriate price regulations on the spot markets when asset markets are incomplete.
One needs at least as many instruments, LS, as individuals, I.

Uniform price regulation is effective when L > I, which reflects again that the
number of instruments has to exceed the number of objectives. This complements
the constrained suboptimality result of Geanakoplos and Polemarchakis (1986),
which applies when 2L < T < L(S —1) + 1.

Proposition 1. Suppose that

I John Geanakoplos and Hamid Sabourian insisted on this point.
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1. For every individual, the consumption set is X* = {x : x > 0}; the utility
function is continuous and quasi - concave; in the interior of the consumption
set,> Int X*, it is twice continuously differentiable, ou' > 0 and 0%u® is
negative definite on® (Ou’)*; the endowment is strictly positive: e € Int X?,
and u'(e) > u'(x), for every x € Bd X*.

2. The matrix of payoffs of assets has full column rank. The numeraire asset, has
positive payoff: r 441 > 0.

If Assumption 1 holds, the asset market is incomplete (A + 1 < S), and
LS > I > 1, then, generically, price regulation can improve upon any competitive
equilibrium.

If L > I > 1, then, generically, uniform price regulation can improve upon
any competitive equilibrium.

Appendix 3 gives the proof, which follows Geanakoplos and Polemarchakis
(1986) and Citanna, Kajii and Villanacci (1998).

In the paper we focus on the adjustment of prices of state-contingent commodi-
ties, rather than asset prices. One reason for this is that government interventions in
commodity prices seem to occur much more frequently than government control of
asset prices. From a purely normative point of view, the case where the central plan-
ner is limited to adjustments of asset prices only, with competitive spot commodity
markets in future periods, is interesting as well. It provides an anonymous alter-
native to the adjustment of individual asset portfolios as proposed in Geanakoplos
and Polemarchakis (1986).

A final issue of interest is the case where asset prices adjust to clear markets after
the central planner intervened in spot commodity markets. The current analysis fixes
asset prices at ¢*, which allows us to derive a simple expression for the derivative
with respect to spot commodity prices of the indirect utility function in Lemma 2.
The corresponding expression for an indirect utility function where asset prices
adjust to clear the asset markets is more complicated, and the question whether
Pareto improving price regulation is possible in that sense is open.

Appendix 1: existence of fix-price equilibria

A compact, convex subset of the consumption set that contains the aggregate initial
endowment in its interior is X'* The assumptions on utility functions and on the
asset return matrix imply that all S+ 1 budget inequalities in the definition of the
budget set hold with equality at the optimal choice of an individual. The rationing
inequalities do not necessarily hold with equality. The budget set related to X'* with
all budget inequalities required to hold with equality is BZ and the corresponding
demand function d'. Since prices are fixed at (p, ¢), they are omitted in the notation.
The demand functions cﬁ, 1 € Z, are continuous.

2 “Int” denotes the interior of a set and “Bd” the boundary.

3 «L» denotes the orthogonal complement.
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If (2 Zp)Zn0 Y, ,J,) is a sequence that converges to (2,%,y,7), then the se-
quence (di(gn,zn,yn 7,)) has a convergent subsequence, with limit (Z,7) €
B (2%, ¥, 7)-

If there exists (Z,7) € 3 (2,%,y,7), such that u’(Z) > u*(Z), and £_, L,

.A and A+, is the sets of non-numéraire commodities and non-numéraire assets
for wh1ch Z1,s — €] 4 is negative, positive, Y, is negative, and positive, respectively,
then, for

Am =

. éfs ~ E?s ~
min 17~77'5(la3)6£—7~77'5(la5)6£+a

7 %
Lis — el,s Lis — el,s

Y, - -
=2 . ac€ A_,g—“,a €Ay,
Ya Ya

"= el + \"(7 —€'), and y" = \"y, (2", 9") € Bi(gn,fn,g",y”). Evidently,
lim,, 0o A" = 1, and lim,, ;. (2", 9") = (Z,7). By the continuity of u, " is
strictly preferred to the consumption bundle in di (Zp Zn, Y, 7,,), a contradiction.

Since there is no rationing in the market of the numéraire asset nor in the market
of the numéraire commodities, the argument for equilibrium existence is not trivial.

If ((z*, *) (2*,Z",y%,7")) is a fix-price equilibrium at prices (p,q), then
:cl s < Zl 1 €] s T &, with € some fixed positive number. Since R has full column
rank, this implies that there is o > 0 such that ||y*?||o, < « for any y** consistent
with a fix-price equilibrium at prices (p, q).

The functions (z,%) : C*¥ — —R4S x RES and (y,7) : C* — —R{ x RY,
where CKX = {re RE:0<r, < 1} is the unit cube of dimension K, are defined
by

él,s(r) = —min {2”’5 (Z{:l 6%75 + E) 721'121 ef,s + 6} ’
(I,s) € L xS,

21(r) =min { (2= 2r) (i e +¢) Sl e +e
(I,s) € L xS,

y (p) =—min{2p,a,a}, a€A,
Talp) =min{(2-2p,)a,0}, a€ A
The excess demand function z : CX9 x C4 — RIS x R4 is
Za(rp) = Sy i (2(r), 200).9(p). T(p) — iy el (Ls) €L XS
Za(r,p) =30, di(2(r),2(r), y(p), T(p), a€ A
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If (r*, p*) € C™¥ x CA is such that Z(r*, p*) = 0, then ((z*, y*), (2,7, 9%,
7*)), where (z*,y*) = d'(2*, 7", y*,7"),i € T, (2", 7") = (2(r*),2(r")), (y*,
7*) = (y(r*),y(r*)), is a fix-price equilibrium. Conditions 1 and 2 of Definition 1
are satisfied for non-numeraire commodities and assets. The construction of the
functions (z,%) and (y,7) takes care of Conditions 3 and 4.

The set Z(C™ x C4) is compact. Let the set Z)) be a compact, convex set that
contains Z(C™¥ x C4). The correspondence p : ZY — CL% x C4 is defined by

p(z,y) = arg max Z T1,521,s + Z paya T €CEI pecht
(1,s)ELXS acA

The correspondence ¢ : Z) x CLS x CA — ZY x CLS x C# is defined by
o(z,y,r,p) = {Z(r,p)} x p(z,y). It is a non-empty, compact, convex valued,
upper hemi-continuous correspondence defined on a non-empty, compact, convex
set. By Kakutani’s fixed point theorem, ¢ has a fixed point, (z*, y*, 7*, p*).

If, for some a € A, ya < 0, then, by the definition of p, p? = 0, so y> > 0,
a contradiction. If, for some a € A, y. > 0, then, by the definition of u, p} =1,
so y» < 0, a contradiction. Consequently, y» = 0, for all a € A. Moreover,
Yat1 = = Laedda¥a = 0.

If, for some (I,s) € L x S, 2] 4 < 0, then, by the definition of i, /', = 0, so
Zl*s > 0, acontradiction. If, for some (I, s) € LxS, zlfs > 0, then, by the definition
of pu, 7'y = 1,0 2, <0, a contradiction. Consequently, z;, = 0, for all (1,s) €
L x 8. Moreover, for every s € S, Zl41s = — 2(s)eixs Plsils T Rey™ = 0.

It follows that 0 € Z(r*, p*), so a fix-price equilibrium at prices (p, q) exists.

Appendix 2: local comparative statics

In the optimization problem an individual faces when determining his demand,
the Lagrange multipliers corresponding to the rationing constraints in the markets
for commodities (assets) are 7 (p). The individual optimization problem leads to

the study of a modified demand function, di. At prices and Lagrange multipliers
(p,q,m, p), d* is defined by the solution to the optimization problem

max u'(z) = 320 o) fns TsThs = Dac A PaYas
s.t. qy <0,
ps(rs —el) < Ryy, s€S.
The set of (p, ¢, 7, p) on which each individual optimization problem has a solution
is \. Whenever (p*, ¢*) are competitive equilibrium prices, N is a neighborhood

of (p*, ¢*,0,0).
The modified demand function, d', i € Z, is continuously differentiable on .
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At a competitive equilibrium, ((p*, ¢*), (z*,y")), 2, ,, zl"'s, y, and y;, defined
by

2, = miner aj’, — € zl‘; =maxer 2, — ¢, (I,5) € L XS,

Yo = minez ¥y, Y4 = max;er ylt, ac A,

determine the minimal and the maximal excess demands on both the spot and the
asset markets. If

L’S:{iEI:xf* e'liszzlfs},(hs)eﬁxé‘,

75_
Zﬁ:&ezuﬁfﬁﬁzﬁj,@geﬁx&

Z,={ieT:yr=y,}, a €A,

I,={ieT:yr=yl}, a€ A,

then, in a neighborhood of the competitive equilibrium, only individuals in Z;

(fl,s) may be rationed on supply (demand) in the spot market (,s), and only
individuals in Z, (Z,) on supply (demand) in the asset market a.

For an open set of endowments with full Lebesgue measure {2 C Ri(fH)S
for any competitive equilibrium ((p*,¢*), (z*,y*)) of €, | Z;, |=| Z1,s |= 1,
(I,s) € LxS,and | Z, |=| o |=1,0a € A

For a generic set of economies, there is exactly one individual in each market
with the minimal excess demand and exactly one individual with the maximal
excess demand. For the remainder, the allocation of endowments in the economy &
belong to the set {2, which permits the study of the local structure of the set fix-price
equilibria in the neighborhood of a competitive equilibrium ((p*, ¢*), (z*,y*)) of
E.

For every individual, the function ¢! : RXS x R4 — RES x R4 is defined by

9

T,s, if Mg < 0and {i} =7, ,
cf,s(w, p) = orm s > 0and {i} =7,
0, otherwise,

Pasif po <Oand {i} =Z,

c(mp) = or p, > 0and {i} =Z,,

0, otherwise.

The function ¢ associates with Lagrange multipliers, (7, p), fix-price equilibria in
the neighborhood of the competitive equilibrium. The aggregate modified excess
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demand function for commodities and assets other than the numéraire is 2 : N' —
RES+4 defined by

gl,s(pv q, ﬂ-ap) = ZiEI gl\;,s(p7 q, Ci(ﬂ-vp)) - Zie] 6i7 (l7 S) € ‘é X Sa

Za(D, @, p) = ierdi(p.q,ci(m,p), a€A
For the study of fix-price equilibria in the neighborhood of the competitive equi-
librium, it is sufficient to restrict attention to the zero points of Z. Neighbor-
hoods N,. yi- are such that, for every (z,y) € N+« = Xiez/\/}*.ym for

all (I,s) € L x S, forall a € A,

i’ i i’ i’ i i gLl gl
v, —e<Oandwj , —e  <aj —e€ iFi i €L,

i’ i’ i’ i’ i i gLl T
T, —e >0anda; —e >ap —e iF i €T,

Y <0andy! <y, i#i,i €L,

Y > 0andy! > yi, i#i1 €1,

If ((p*,q%), (z*,y*)) is a competitive equilibrium, and (z,y) € Ny« 4+, then
(z,y) € D(p, q) if and only if there is (p, ¢, 7, p) € N such that (ﬁ(p, q,c(m, p))
= (2%,y%),4i € Z, and Z(p, ¢, 7, p) = (0,0).

The function Z is Lipschitz continuous because of the differentiability of the
functions d' and the Lipschitz continuity of the functions ¢’. It is differentiable at
each (p, q,m, p) € N where all components of 7 and p are non-zero. For each sign
vector r without zero components,

NT = {(paQ77Tap) EN:T‘-I,STZ,S >O7(l78) EEVXS, PaTa >0,Cl€./zl}.

The function Z is differentiable on A/". The limit of its Jacobian, lim,_,., 0%
(p™,q", 7", p") = 0z"(p*, ¢*,0,0), along a sequence ((p”,q", 7", p") € N7)
that converges to (p*, ¢*, 0, 0), exists;

aﬁ,qglr,s (p*’ a0, 0) = ZieI aﬁ,qd;,s(p*v q*,0, 0) = aﬁ,qzl,s(p*, q*)7

ap,qgg(p*, q*v Oa 0) = ZieI 3p,qd2(l’*a q*a 07 0) = i:,qza(P*’ q*)a
where z(p, q) denotes the unconstrained total excess demand function for com-

modities and assets other than the numeraires at prices (p, ¢). It follows that the
Jacobian with respect to (p, ¢) is independent of r at a competitive equilibrium.

Lemma 1. If ((p*,q¢*), (z*,y*)) is a competitive equilibrium, such that 0z (p*,
q*) is of full rank, then, for each sign vector r without zero components, the tangent
cone at (p*, ¢*) to the set of price systems having a local fix-price equilibrium with
state of the markets r is

{(p.q) € P x Q: (p,q4) = (02(p*, ¢*)) 02" (p*, q%,0,0)(m, p),

msTs > 0,(1,8) € L xS, pare >0,a € ./l}
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Proof. The restriction of Z to N extends to a differentiable function 2 : N' —
RLS+4 a5 follows. For i € Z, the function ¢ is defined by ¢  (m,p) = m ¢

ifi € Z,,,ms = —1l,0ri € T, 115 = +1, E‘f)s(w,p) = 0 otherwise, and
& (mp) = paifi € L,,7q = —1, 014 € T, 7, = +1, and ¢ (m,p) = 0

otherwise. The function Z is defined as Z with ¢ replaced by ¢. Since 9z(p*, ¢*)
is of full rank, it follows by the implicit function theorem that the solution to
z(p,q,m, p) = (0,0) determines p and ¢ as a function of 7 and p in a neighborhood
of (0,0). The derivative of this function at (0, 0) with respect to 7 and p is given
by (9z(p*,q*)) '0x »2(p*,q*,0,0). The expression in the proposition follows
immediately if one takes into account that only 7’s and p’s satisfying m; s s > 0,
(I,8) € L xS, and par, > 0, a € A, should be considered. a

Proposition 2 in Geanakoplos and Polemarchakis (1986) shows that the assump-
tion that 9z(p*, ¢*) has full rank at every competitive equilibrium holds generically
in endowments. Lemma 3.2 characterizes the tangent cones to the regions in the
price space having a fix-price equilibrium with state of the markets 7 in the neigh-
borhood of a competitive equilibrium. It guarantees neither that the closures of these
tangent cones cover the price space nor that the tangent cones are full-dimensional
nor that the tangent cones do not intersect. If this were the case, local uniqueness
would result.

In general, an increase in a price causes a different individual to be rationed
as a decrease in a price. Since 0, ,2", and therefore the tangent cone, depend on

O, pc/l\’ for the individual ¢ that is rationed, the fact that the tangent cones need not fit
nicely together does not come as a surprise. In abstract terms, the fact that different
individuals get rationed at different prices in the neighborhood of a competitive
equilibrium, creates non-differentiabilities in the function Z at competitive prices.
At a point of non-differentiability, the implicit function theorem need not apply,
and local uniqueness may fail.

The generalized Jacobian of a Lipschitz continuous function f at a point x is
the convex hull of all matrices that are the limits of the sequence (0 f(z™)), where
(z™) is a convergent sequence with lim,,_,, 2™ = z and f is differentiable at z".

A restriction of the fundamentals of the economy, the utility functions of indi-
viduals and the matrix of asset payoffs is required to guarantee that, generically,
competitive equilibrium allocations are differentiably locally unique as fix-price
equilibrium allocations

If a function f is Lipschitz continuous, f(z,y) = 0, and every matrix M in
O, f(Z,y) has full rank, then there exist a neighborhood N5 5, a neighborhood
Ny, and a Lipschitz continuous function g on Ay such that (z,y) € N5 5 and
f(z,y) = 0ifand only if y € N} and = = g(y).

Assumption 2. For endowments in 2%, an open set of full Lebesgue measure,
if ((p*,q%), (x*,y*)) is a competitive equilibrium, then the determinants of the
matrices Or ,2"(p*,q*,0,0), with r sign vectors without zero components, are
either all equal to —1 or all equal to +1.
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By an argument similar to the one in the proof of Theorem 1, Laroque (1981),
the competitive equilibrium allocation is differentiably locally unique as a fix-price
equilibrium allocation.

Remark. An example of an economy that satisfies differentiable local uniqu- eness
for all endowments and, a fortiori, satisfies Assumption 2.
There are three states of the world, two commodities and two assets. The utility

functions have an additively separable representation 1’ = D oses msul with

ul(rs) =a'Inay + (1 —a)rg,, 0<a’<l1,

and a uniform probability measure 7 over the states of the world. The payoffs of
the assets are R.; = (1,0,0)’, and R.o = (0, 1,0)’. Endowments are chosen such
that | Z, . |=| T, |[= 1, (I,s) € LxS,and | Z, |=| Z, |= 1, a € A, so they
belong to a set of full Lebesgue measure by Lemma 4.4.

Competitive equilibrium prices are (p*, ¢*). All partial derivatives are evaluated
at (p*,¢*,0,0). It holds that O, 2" = 8ﬁlyscﬁ(1’s), where {i(1,s)} = I, if
r1s = —1,and {i(1,58)} = I; 5 if r1 s = +1. An increase in 71 5 corresponds to
the introduction of demand rationing or the disappearance of supply rationing on
commodity (1, s), which decreases the demand for commodity (1, 5), 80 9r, ,27 is
negative. The change in income spent on commodity (1, s) equals p O, .z] ;- The
individual (1) is the one affected by rationing in the asset market, so {i(1)} = I,
ifr; = —1,and {i(1)} = I, if r; = +1. From the properties of the Cobb-Douglas
utility function, it follows that

W(1L,1) o« x o
3(171) _ 7041( )pl,l‘han,lzij

1S e

0

1,1

7(L,1) 2i(1,1) _ P110x; 1211
a‘IT1,1d1,3 - O, am 1d1 - (2_ai(1,1)) )
1

i(1,2) % x ~r
o 3(172) _ *041( )P1,2‘116W1,221‘2
m1,2%1,1 - . % i(1,2) ’
P1,142 2—ay
Fi(1,2) _ Fi(1,2) _ ~P1.2920m1 %10
a71'1 2d1,3 - Oa a71'1,2dl - « i(1,2) )
q; (2—(11 )

(1,3 2i(1,3

45 =0, 05, AP =0,

— faplgf’ D, C’fl(é) —0.

The sign of the determinant of J, ,z" does not change by premultiplying it by

the strictly positive row vector (pj 1¢7, P} 2G5, 1, g7 ) and postmultiplying it by the
strictly positive column vector ((2 = 0/1(1’1)) [ =P1 145 0x, 1 21 1, (2 — 0421(1’2)> /
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fpizq;@m’,z?{g, 1/ - '2\{73, 1/ - 470,27 )/ . The resulting matrix is given by
_ai(l’l) _9 ai(L?) 0 _ai(l)'

QD i) g g i)

0 0 -1 0

-1 1 0 -1

and its determinant equals
(4 — 200 20/51’2)) (1 - aj‘”) > 0.

The determinant of 0. , 2" is positive, irrespective of the sign vector r. It follows that
the competitive equilibrium allocation is differentiably locally unique as a fix-price
equilibrium allocation. ad

As in Laroque (1981), whenever there are two sign vectors without zero com-
ponents 7' and 2 such that the determinants of &T,p?"l (p*,q*,0,0) and awzfz
(p*, ¢*, 0, 0) have opposite signs and 9z(p*, ¢*) has full rank, then for every
neighborhood N« - there exists for every neighborhood N« 4+ a price system
(p,q) € Np= 4« with at least two fix-price equilibrium allocations in Ny« «. As-
sumption 2 is “almost necessary” for the differentiable local uniqueness of com-
petitive equilibrium allocations.

Local uniqueness of fix-price equilibrium allocations at competitive equilibria is
not too strong arequirement. Itis less demanding than the requirement of uniqueness
of fix-price equilibrium allocations at prices in a neighborhood of competitive
prices. The latter requirement guarantees a certain degree of generality of our results.

The function (Z,7) : Np« 4= — RIEFDSHIATY) qq50ciates the unique fix-
price equilibrium allocation in N« 4« to (p, q) € Np+ 4+. The indirect utility func-
tion of an individual at a locally unique fix-price equilibrium is defined by

v'(p,q) =u' (' (p,q)), (p.q) € Npr g

Lemma 2. If ((p*,q"), (x*,y*)) is a competitive equilibrium, then the indirect
utility function v* : N« 4+ — R is differentiable and

apl,svi(p*7q*) = 761’L+1,sui (Iz*) (I;:ke - e;,s) ’ (175) € E xXS.

Proof. For every sign vector r, the restriction of v’ to N+ o« N PQ(r), denoted
v* | is differentiable. From the differentiation of the budget constraints

o

qy" (p,q) = 0and p; (552 (p,q) — ei) =R.7" (p,q), s€S,

with respect to p; -, and the first order conditions for individual optimization at a
competitive equilibrium,

893;151#- () =0, u' (z) ply, (I,s) € LxS,

i
L+1,s
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and
Zaﬂ”iﬂ,sui (") Rs. = p'q*, for some p* > 0,
seS

it follows that
8p7,§/ui (p*’ q*) = _ax2+1,§ui (xl*) (1%,*3 - e%,?) :

Since the derivative is independent of the sign vector r, the result follows. a

Appendix 3: Pareto improving price regulation

Price regulation can Pareto improve on a competitive equilibrium ((p*, ¢*), (z*,
y*)) if there exist prices of commodities p such that a fix-price equilibrium of com-
modities at prices of commodities and assets (p, ¢* ) Pareto dominates the allocation
z*. The ambiguity introduced by the possibility of multiple fix-price equilibrium
allocations at prices (p, ¢*) is circumvented by considering local variations at com-
petitive equilibrium allocations that are differentiably locally unique as fix-price
equilibria.

Pareto improvement by price regulation is possible only if the asset market is
incomplete. Another necessary requirement is that the economy allows for hetero-
geneous individuals.

Assumption3. A+ 1< Sand I > 1.
The function ¢ is defined by

ou' (x*) — \p, €T
ngsﬁs (l’; - 6;) , 1€

<p(£13,)\,p, 6) = . ) )
Sier (the —€ha) s (1) €LXS\{(L+1,8)}

YesnsPs (v5 —el), i €T\{1}

where the Lagrangian multiplier X' € R does not vary with the state of the world,
the prices of commodities p € RS_L:_ DS=1 o {1} are discounted prices, with only
the price of commodity (L + 1,.5) normalized to 1, and n # 0 is a fixed vec-
tor such that nR = 0. In the standard reformulation of the incomplete markets
model in discounted prices, it is assumed that one individual is unconstrained, so
that his marginal utility at an optimal choice is proportional to the price system.
Pareto optimality implies that the marginal utility vectors of all agents should be
proportional to the price system. The function ¢ is completed by specifying budget
constraints and market clearing conditions, and one condition for every individual
but one that recognizes the incompleteness of markets: ) __ nsps(xl —el) = 0.
The existence of n # 0 such that nR = 0 follows from market incompleteness. It
follows that the function ¢ vanishes at a Pareto optimal competitive equilibrium.
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For a function f that depends on a vector of variables « and on endowments
e, fe(a) is the function that results from fixing e; for instance, p.(x,\,p) =

(p(x) A’ﬁ’ e).

Lemma 3. Generically, competitive equilibrium allocations are not Pareto opti-
mal.

Proof. A necessary condition for z to be a Pareto optimal competitive equilibrium
allocation for an economy e is that o (z, X, p) = 0. Since the dimension of the
domain of ¢, is lower than the dimension of the range, whenever (. is transverse
to 0, a solution to @, (z, X, p) = 0 does not exist. By a standard argument, ¢ is
transverse to 0. By the transversal density theorem, the set of economies for which
e 1s transverse to 0 has full Lebesgue measure. By a standard argument, this set
can be chosen to be open. a

The function ¢ : & x £2* — R¥ is defined by
Opiu'(x') = Nips, i€I,s€8S

ps(zi —el) — Ryyl, i€Z,s€S

MNR—yulq, i€l
1/1(5,6) = ) ] . s
ZiEI(x;,s - e;,s)’ (17 S) ELXS

EiGI y¢i17 ac A

qy's €T
&= (2, Ay, 1, ,§) and = = REETDS L RIS RIA+D  RI x P x Q. The
dimension of = is N. When &* is consistent with a competitive equilibrium, it is
necessarily the case that ¢, (£*) = 0.

The function b : = x R! x 2* — RS+ is defined by

Yier Cﬂ)‘i(xzi,s - ef,s)z (I,s) € LxS

Ziez(ai)Q -1

A competitive equilibrium can be Pareto improved by price regulation if the matrix
of partial derivatives of the indirect utility functions with respect to prices has full
rank*. By Proposition 4.8, this matrix is guaranteed to have full rank if there is no
solution to ¥, (£) = 0 in combination with h. (&, «) = 0.

The function ¢ : = x RY x £2* — RNFTLS+1 i5 defined by

o ¥(&e)
a,€e) = .
deaa = (105
4 If the matrix of partial derivatives has full rank, it is possible to generate any desired marginal
change in utilities by means of price regulation.

h(&, ae) =
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If 7:/; is transverse to 0, then it follows from the transversal density theorem that for
a subset of endowments of full Lebesgue measure, 1), is transverse to 0. If LS > I,
then the dimension of the range of ). exceeds that of the domain. Transversality

of Je implies that there are no solutions to the associated system of equations. It is
possible to Pareto improve all competitive equilibria by price regulation.

Proposition 1. If LS > I, then, generically, all competitive equilibria of £ can
be Pareto improved by price regulation.

Proof. One fixes (1,5) € £ x S and £2**, an open subset of endowments in 2*
of full Lebesgue measure, such that no competitive equilibrium of the associated
economy & is Pareto optimal. The function v : 5 x 2** — RN+ is defined by

~ Y(E,e)
w(ga 6) = A . .
Y seS\(5} QuieT 1(33%5 -,

If QZ (&, e) = 0, then the matrix M of partial derivatives of 12 evaluated at (£, e) has
full row rank: if v/ M = 0, then v = 0. The components of v are vy ;5,7 € Z,
(I,s) € £v>< S, 02,5, €L, s€S, 0354, €L,a€ A vays, (I,s) € L xS,
V5.4, 0 € A, vg 3,1 € Z,and vy, according to the labelling of the equations defining
v If v is such that v/ M = 0, then 0 = 2’0 w(g, e)=—ve;5,1 €L, sES.
It follows that, for i € Z,

0=y D(Ee)=—vars (L)€ (L\{I}) xS
0= v’@e%z 12(576) = U7, ’Ug% =0, se8\ {5}

— D = v, -
O0=vw 36'1151/’(57 6) - U4,l,§'

Consequently, if v, ; ; = 0 for some 5 € S\ {5}, thenwvg = O and v, 7 . = 0, for
all s € S\ {s}. If, on the contrary, v, ; # 0, forall s € S\ {5}, then

AL Uyl D _
)\—f:— I;Q’S:A—f,, i,i' €I, se S\ {s}.
5 =

Hence, for, i € I, fors', 52 € S, Ny /N, = (N0, /ALY (AL/AL,) = (AL /ALY (AL /
)\22) =4 / )\S . The economy e has then a Pareto optimal competitive equilibrium
induced by &, contradicting e € 2**. Consequently, v,; . =0, s € S\ {5}, and
Vg = 0.

Fori € Z,and (I,s) € L X S,

0= 00y V(& €) = ;. .0y Ou(a?).
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It is possible to represent a utility function satisfying A2 by one with 9%u’(x?)
negative definite on a bounded subset of the consumption set. Then it follows that
vi4.. = 0. Fori € 7,0 = v'ayiwzﬁ(g, e) = vs,. Also, fora € A, 0 =
U’ayivl(f,e) = U5 4. Finally, 0 = v’a&@(g, e)=wvy, R.,i€T,s€S. Since R
has full column rank it follows that v3 ; , = 0,7 € Z,a € A.

Therefore, v = 0, M has full row rank N 41, and ¢ is transverse to 0. The set of
endowments such that 1/)6 is transverse to zero is denoted .Qf . By the transversal

_, the

density proposition, £2** \ Qz - has Lebesgue measure zero. For e € Qz -

dimension of the range of ¢, exceeds that of the domain, so (%) ({0}) = 0.

The set 2 = m(l,s)e/fxsﬁlys is of full Lebesgue measure and, by a standard
argument, open. Redefine the function QZ such that endowments belong to £2* N Q.
For (&, «, e) such that J(g ,a,e) = 0, M is the matrix of partial derivatives of zz
evaluated at (&, , e).

If vis such that v/ M = 0, and the components of v are denoted by v1 ; 1, V24,5,
V3,55 Ud,l,s, Us,as U6is U7,1,s, and vg, then, 0 = v'0,: b(E aye) = —V2is,
1 €Z,s €S. Hence,

6L+1

0=1 i gz:/;(f,a,e) = vy —a'Novgy,, €T, (I,s)€LXS.

Since 3", (a?)? = 1, there is i’ such that o’ # 0. If there is 5 € S such that, for
i€ I\ {i'}, a” A\l — i\ = 0, then, for any | € £,

i . ai/Ag i .
0= ZSES\{E} Dier al)‘é(xl,s - e;,s) = ZseS\{§} dier pua /\73(%,5 - e;,s)

Y )\’i . .
=a' g ngS\{g} Dier )i(x;s - e;,s)'

Since o’ # 0, D ses\ (5} 2oiez(Ne/ ML) (@] —¢f ;) = 0, acontradiction since e €
. Consequently, forevery s € S, thereisi € T\ {i'} such that o’ A\’ — A\l £ 0.
For (I,s) € £L xS, ("' A — &' A )vy ;s = 0,50 v7,, = 0, and, thus vy s = 0.
Also, 0 = v’@ay{ﬁv(ga, e) = 20t vg, so, since o # 0, vg = 0. It follows as in
the first part of the proof that vy ;; s = 0,7 € Z, (I,s) € L x S, that ve,;s = 0,
i €Z,thatvs 4 =0, a€ A, andthatvgm =0,i€Z,a€ A

Therefore, M has rank N + LS + 1 and w intersects 0 transversally. If Qs
the set of economies such that z/ze is transverse to 0, then 2* \ 2 has Lebesgue
measure zero by the transversal density theorem. Openness follows by a standard
argument. O

Generically, it is possible to make every individual better off by choosing ap-
propriate price regulations on the spot markets when asset markets are incom-
plete. One needs at least as many instruments, LS, as individuals, /. Proposition 1
makes clear that this is all one needs. This is not the case in the constrained sub-
optimality result of Geanakoplos and Polemarchakis (1986), which applies when
2L<I<L(S—-1)+1.
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A competitive equilibrium can be Pareto improved by uniform price regulation
if the matrix of partial derivatives of the indirect utility functions with respect to
uniform price regulation has full rank.

The function k : = x R! x 2% — REF is defined by

ZSES hl,s(‘ra /\7 «, 6)7 l S E

Zz‘ez(ai)z -1

The matrix of partial derivatives of the indirect utility functions with respect to
uniform price regulation is guaranteed to have full rank if there is no solution to
() = 0 in combination with k. (&, o) = 0.

k(& ae) =

Corollary 1. If L > I, then, generically, all competitive equilibria of £ can be
Pareto improved by uniform price regulation.

Proof. The argument follows that in the proof of Proposition 5.3. The equations
related to h that characterize Pareto improving price regulation are replaced by
the equations related to k that characterize Pareto improvements by uniform price
regulation. This defines a function ). The matrix M gives the partial derivatives of
1) evaluated at some (&, o, €) with (€, a, e) = 0. If o' M = 0, by considering the
partial derivatives with respect to e}"s, it follows that vy ; s = 0,7 € Z,s € S, and

vars+aAivy; =0,i €T, (l,8) € £ x S.1f i’ is such that o #0,andifs€ S
such that, fori € 7\ {i'}, a* \i' — o’ \i = 0, then

. . . . N} )\7. . .
0= ZiEI a’ ZSES )\é(‘r;,s - e;,s) =ao )\ZE ZiEI ZSGS )i(x;,s - e;,s)

= ZiEI ZSGS ,\72(‘,1";,5 - e;,s) = ZiGI ZséS\{?} E(x;,b - 6;,8)7 le [”

which contradicts e € 0. Tt follows that vars =0,(,s) € L x S, and vy =0,
l € L. Theremainder of the proof follows the argument in the proof of Proposition 6.
O
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