
Heterogeneous Intera
ting E
onomi
 Agents and Sto
hasti
GamesP. Jean-Ja
ques Herings� Ronald J.A.P. Peetersy7th De
ember 2001Abstra
tSto
hasti
 games o�er a ri
h mathemati
al stru
ture that makes it possible to analyzesituations with heterogeneous and intera
ting e
onomi
 agents. Depending on the a
tionsof the e
onomi
 agents, the e
onomi
 environment 
hanges from one period to another.We fo
us on stationary equilibrium, the simplest form of behavior that is 
onsistent withrationality. Sin
e the number of stationary equilibria abound, we present the sto
hasti
tra
ing pro
edure, a method to sele
t equilibria. Sin
e stationary equilibria are diÆ
ultto 
hara
terize analyti
ally, we also present a numeri
al algorithm by whi
h they 
an be
omputed. The algorithm is 
onstru
ted in su
h a way that the equilibrium sele
ted bythe sto
hasti
 tra
ing pro
edure is 
omputed. We illustrate the usefulness of this approa
hby showing how it leads to new insights in the theory of dynami
 oligopoly.Key words: Sto
hasti
 games, stationary equilibrium, tra
ing pro
edure, numeri
al algo-rithms.JEL-
ode: C62, C63, C72, C73.1 Introdu
tionSituations with heterogeneous and intera
ting e
onomi
 agents typi
ally have the followingstru
ture. Initially, the e
onomi
 environment is in a 
ertain state. E
onomi
 agents have tode
ide what kind of a
tions to take. The 
hoi
e of a
tion will in
uen
e their own immediatepayo�, but also the payo� of others. Moreover, and perhaps more importantly, the a
tionstaken a�e
t the state of the e
onomi
 environment in the next stage. The resulting e
onomi
environment next stage might also be in
uen
ed by some random sho
ks. The a
tion of ane
onomi
 agent today may a�e
t his future environment in several ways. It might in
uen
ehis set of options among whi
h to 
hoose next stage, as well as the set of options available toother agents, and it 
an also 
hange his utility fun
tion, or the one of his opponents.A setting as des
ribed above 
an be analyzed in many ways. It is not un
ommon to endowthe agents with 
ertain rules of thumb, or to assume that they follow spe
i�
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behavior. Next the development of the e
onomi
 environment is analyzed, for instan
e bysimulation methods and in a number of spe
ial 
ases by analyti
al derivations. Common isthe assumption of boundedly rational behavior.Irrespe
tive of the intrinsi
 interest in these forms of boundedly rational behavior, it is ofutmost importan
e to know how fully rational agents would behave. Apart from the standardargument that deviations from rational behavior 
an be quite 
ostly, implying that agentshave strong in
entives to behave as rational as possible, rational behavior also serves as aninteresting ben
hmark. It is of 
entral interest to see to what extent boundedly rationalbehavior deviates from fully rational behavior, how it deviates from fully rational behavior,and under what 
ir
umstan
es the di�eren
e is substantial.Sto
hasti
 games as introdu
ed in Shapley (1953) 
onstitute a ri
h mathemati
al stru
-ture that exa
tly in
orporates situations as des
ribed above. Both boundedly rational andfully rational behavior 
an be studied in this framework. This paper fo
uses on the latter.It presents the stru
ture of sto
hasti
 games, as well as the most 
ommonly used solution
on
ept, the one of stationary equilibrium. Stationary equilibria des
ribe the simplest formof behavior that is 
onsistent with rationality. A strategy in a stationary equilibrium dependsonly on the 
urrent state of the e
onomi
 environment, but not on the history leading to it.It thereby 
aptures the notion that bygones are bygones.Restri
ting the analysis to stationary equilibria avoids the indeterminateness of equilibriaas implied by the folk theorem. It 
an be shown that the number of stationary equilibria is�nite, see Haller and Laguno� (2000), and even odd, see Herings and Peeters (2000). There isno hope, however, that the number of stationary equilibria, though odd, is small. M
Lennan(1999) shows that the expe
ted number of Nash equilibria in normal form games explodeswhen the number of players or the number of a
tions per player in
reases. The logi
 ofhis arguments 
arries over to the framework of sto
hasti
 games, implying a large number ofstationary equilibria on average for sto
hasti
 games of modest sizes. To deal with the issue ofmultipli
ity of equilibria, we extend the equilibrium sele
tion method of Harsanyi and Selten(1988) to the framework of sto
hasti
 games as in Herings and Peeters (2001). The extensionsele
ts a unique stationary equilibrium for almost all sto
hasti
 games.The analysis of sto
hasti
 games is hampered by the fa
t that even simple sto
hasti
 gamesare often diÆ
ult to analyze by analyti
al methods. Closed form solutions for stationaryequilibria in a sto
hasti
 game are diÆ
ult to obtain. Finding the stationary equilibriumsele
ted by the extension of Harsanyi and Selten's equilibrium sele
tion method is even more
umbersome. In these 
ases, if one wants to go beyond the mere existen
e of equilibrium, thereis no alternative but to resort to numeri
al methods as has also been argued for
efully in Judd(1997, 1998). We present the numeri
al algorithm introdu
ed in Herings and Peeters (2000)that 
omputes an approximation of the stationary equilibrium sele
ted by the extension ofHarsanyi and Selten's method for almost all sto
hasti
 games. We illustrate how the use ofnumeri
al algorithms 
an lead to new e
onomi
 insights by means of an example in the theoryof dynami
 oligopoly,.
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2 The sto
hasti
 game modelThe 
on
ept of a �nite dis
ounted sto
hasti
 game is de�ned by Shapley (1953).De�nition 2.1 A �nite dis
ounted sto
hasti
 game is an ordered sextuple� = 
N;
; fSi!g(i;!)2N�
; fuigi2N ; �; Æ� ;where N , 
 and Si! are �nite non-empty sets, ui is a real-valued fun
tion on the set H =f(!; s!) j! 2 
; s! 2 S!g with S! = Xi2NSi!, � is a map from H on �(
) with �(
) thefamily of probability distributions on the spa
e 
 and Æ is an element in the open unit interval.The game parameters have the following meaning.� N = f1; : : : ; ng is the player set.� 
 = f!1; : : : ; !zg is the state spa
e.� Si! = fsi!1; : : : ; si!mi!g is the a
tion set of player i 2 N in state ! 2 
.� ui : H ! R is the payo� fun
tion of player i 2 N ; if in state ! 2 
 the playersa
tion 
hoi
es are s! = (s1!; : : : ; sn!) 2 S!, then player i gets an instantaneous payo� ofui(!; s!).� � : H ! �(
) is the transition map: for ea
h (!; s!) 2 H, we 
an identify �(!; s!) withthe ve
tor (�(!1 j!; s!); : : : ; �(!z j!; s!)), where �(�! j!; s!) represents the probabilitythat the system jumps to state �! if in state ! the strategy tuple s! is played.� Æ 2 (0; 1) is the dis
ount fa
tor and is used to dis
ount future payo�s.Su
h a sto
hasti
 game 
orresponds to a dynami
 system whi
h 
an be in di�erent states andwhere at 
ertain stages the players 
an in
uen
e the 
ourse of the play. We 
onsider the in�nitehorizon model and the set of stages is assumed to be identi
al with the set N = f0; 1; : : :g.Players know the game itself and that this knowledge is 
ommon knowledge among all theplayers. Moreover, the initial state !0 at stage k = 0 is 
ommon knowledge to the players.The game pro
eeds as follows. At the initial state k = 0 all players i sele
t at the initialstate !0, simultaneously and independently of ea
h other an a
tion si!0 2 Si!0 . Now twothings happen, both depending on the 
urrent state !0 and the a
tion 
hoi
es s1!0 ; : : : ; sn!0 :(a) player i earns ui(!0; s!0),(b) the system jumps to the next state !1 a

ording to the out
ome of a 
han
e experiment:the probability that the next state will be �! equals �(�! j!0; s!0).Subsequently, prior to the next stage k = 1, all players are informed about the previousa
tions 
hosen by the players, and of the new state !1. At stage k = 1, the above pro
edureis repeated, starting from the state !1.We assume that the game is of perfe
t re
all, i.e. at ea
h stage ea
h player remembersall past a
tions 
hosen by all players and all past states that have o

urred. Note that for3



a sto
hasti
 game, ea
h stage game resembles a normal form game. However, 
ontrary tothe situation with normal form games, the game does not 
onsist of a single play, but jumpsa

ording to the probability measure �(� j!; s!) to the next state and 
ontinues dynami
ally.In 
hoosing an a
tion in a 
ertain state, a player not only takes into a

ount the immediatepayo�, but also his opportunities in future states.Like in normal form games, the players are allowed to randomize their pure a
tions. Amixed strategy of player i in state ! is a probability distribution on Si!. We identify the setof all probability distributions on Si! with �i! and a generi
 element of this set by �i!. For�i! 2 �i!, the probability assigned to pure strategy si!j is given by �i!j . The strategy spa
e ofthe normal form game in state ! is therefore equal to �! = Xi2N�i!. Given a mixed strategy
ombination �! 2 �! and a strategy ��i! 2 �i!, we denote by (��i! ; ��i!) the mixed strategythat results from repla
ing �i! by ��i!. If a mixed strategy 
ombination �! 2 �! is played,then the instantaneous expe
ted payo� of player i is denoted by ui(!; �!) and the expe
tedtransition to state �! by �(�! j!; �!).We end this se
tion with a few examples of e
onomi
 environments whi
h 
an be modeledas a sto
hasti
 game. The following example is dis
ussed in Filar and Vrieze (1997).Example 2.2 (Fishery Game)The availability of �sh is represented by three states: `Good',`Medium', and `Bad'. There are two �sheries that have in ea
h state two a
tions: they 
an a
t`Greedy' (G) or `Nongreedy' (NG). In Figure 1, the game data are depi
ted. In the upper-left
Good

NGG NG G8; 60:8; 0:2; 0:0 8; 90:7; 0:2; 0:110; 60:5; 0:4; 0:1 10; 90:4; 0:4; 0:2 Medium
NGG NG G7; 40:2; 0:6; 0:2 7; 60:1; 0:6; 0:39; 40:1; 0:5; 0:4 9; 60:0; 0:5; 0:5

Bad
NGG NG G5; 20:1; 0:5; 0:4 5; 30:1; 0:3; 0:66; 20:0; 0:2; 0:8 6; 30:0; 0:0; 1:0Figure 1: Fishery Game.
orner of ea
h 
ell, the instantaneous pro�ts to the 
ompanies are displayed. The transitionprobabilities are displayed in the lower-right 
orner of the 
ells. For example, when the stateis `Good' and Fishery 1 (the row player) a
ts `Greedy', whereas Fishery 2 (the 
olumn player)a
ts `Nongreedy', Fishery 1's pro�t is 10 and Fishery 2's pro�t is 6. The probability of stayingin the `Good' state equals 0:5, the probability of going to the `Medium' state is 0:4 and thenext period the state will be `Bad' with probability 0:1.4



The in
ome of a �shery is determined by the quantity of �sh it 
at
hes multiplied by thepri
e of the �sh, whi
h is in turn determined by the availability of the �sh: in state `Good'the pri
e attains the lowest level, whereas in state `Bad' the pri
e is at the highest level.The 
osts of a �shery represent its investment in �shing-equipment. Furthermore, as theattentive reader might have observed, the parameter values have been 
hosen su
h that theinstantaneous pro�ts, in
ome minus 
osts, are independent from the �shing strategy of theother �shery. Thus, in this example, the players are only linked in their joint in
uen
e on thedynami
s of the system.In the separate one-shot games, being greedy is always advantageous. However, for anin�nite horizon game, as is 
onsidered here, this need not to be the 
ase. This shows thatdynami
 games 
an usually not be solved by 
onsidering the solution to the stati
 stage games.�The following example is studied in more detail in Herings, Peeters and S
hinkel (2001).Example 2.3 (Dynami
 Competition)A �nite number of (potential) �rms 
ompete dynami
ally in the market for some homogeneousprodu
t. In a given period, ea
h �rm is either an in
umbent or a potential entrant. In ea
hperiod, in
umbents make a de
ision about the quantity to produ
e in that period and aboutwhether to leave the market or to stay. Potential entrants only have to de
ide whether toenter or not in a given period.Sin
e all �rms are assumed to have identi
al 
ost stru
tures, the market stru
ture (thestate) in a 
ertain period is determined by the number of �rms that are a
tive in produ
tionin that period. Tomorrow's market stru
ture depends on the number of a
tive �rms todayand the entry and exit de
isions made by the �rms.The instantaneous pro�ts to an in
umbent �rm depend on the 
urrent market stru
ture,the �rm's own produ
tion quantity and its 
ompetitors' produ
tion quantities. For a potentialentrant, the instantaneous pro�ts depend on the entry de
ision. When a potential entrantde
ides to enter, it has to make some sunk 
osts, whi
h 
an be avoided by not entering.This example of dynami
 
ompetition is frequently analyzed from a stati
 perspe
tive.Suppose entry 
osts are suÆ
iently low. Without 
onsidering the exa
t spe
i�
ation of thetransitional dynami
s, it is then argued that �rms will enter the industry as long as there arepositive e
onomi
 pro�ts to be made. The �rms that are present in the market are engagedin Cournot 
ompetition and produ
e the Cournot quantity 
orresponding to the number of�rms present.It is straightforward to model this e
onomi
 environment as a sto
hasti
 game. In Se
tion 5we turn ba
k to this example and analyze it from a full dynami
 perspe
tive. �More appli
ations of sto
hasti
 games are 
ontained in Filar and Vrieze (1997). For a re
entauthorative text the reader is referred to Neyman and Sorin (2001).
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3 Strategy and equilibrium 
on
eptsA history up to a 
ertain stage k 
onsists of a spe
i�
ation of all states materialized and alla
tions taken by all the players in all periods before k:De�nition 3.1 A history up to a stage k is a sequen
e hk = (!0; s!0 ; !1; s!1 ; : : : ; !k�1; s!k�1)that 
ould have o

urred up to time k, k � 1. Here !� represents the state and s!� the a
tionsof the players at stage �, � = 0; : : : ; k � 1.Obviously, the set of histories up to time k equals Hk = Xk�1�=0H, i.e. the k-fold Cartesianprodu
t of H.A behavior strategy �ik of player i spe
i�es for ea
h stage k, ea
h state !k at time k,and ea
h history hk a probability distribution �ik(hk; !k) on the a
tion spa
e Si!k of playeri in state !k. Then �ik(si!k jhk; !k) is the probability with whi
h player i 
hooses a
tionsi!k 2 Si!k at time k if state !k and history hk have o

urred. Or formally,De�nition 3.2 A behavior strategy �i for player i is a sequen
e �i0; �i1; : : : where �i0 2 �i :=X!2
�i! and �ik : Hk ! �i for all k � 1.Sin
e future payo�s are dis
ounted, given initial state ! and strategy �, the stream of expe
tedpayo�s to player i is evaluated byU i(!; �) :=P1k=0Æk � U ik(!; �);where U ik(!; �) denotes the expe
ted instantaneous utility to player i at stage k. Here,U i(!; �) equals the total dis
ounted expe
ted payo� of player i when the dis
ount fa
torequals Æ, the starting state is ! and the strategy tuple � is played. Sin
e the state and a
tionspa
es are assumed to be �nite, U i(!; �) exists.De�nition 3.3 A strategy tuple � is an equilibrium if and only if �i is a best response to��i for all i 2 N .If n = 2 and the payo�s are zero-sum, then the de�nition 
hara
terizes a minimax solution(see Shapley (1953)).A stationary strategy for player i is a behavior strategy for whi
h �ik(hk; !k) is of the form�i(!k), i.e. a stationary strategy is a history and time independent strategy whi
h dependson the state only. In the sequel, a stationary strategy for player i will be denoted by thesymbol �i. We de�ne �i = (�i!1 ; : : : ; �i!z), where �i! is a probability measure on the a
tionspa
e Si! for ea
h ! 2 
, so �i! 2 �i!. If player i de
ides to play the stationary strategy �i,then every time that the system is in state !, player i sele
ts his pure a
tion a

ording to �i!.Formally, we have the following de�nition of a stationary strategy.De�nition 3.4 A stationary strategy �i for player i is an element of �i.Suppose that ! is the initial state and the players de
ide to play a stationary strategy tuple�. The total dis
ounted expe
ted payo� of player i is denoted by U i(!; �). The instantaneouspayo� player i obtains in stage k = 0 equals ui(!; �!). The probability that at the next stagethe state will be �! equals �(�! j!; �!). This gives rise to the following theorem (see e.g. Fink(1964)). 6



Theorem 3.5 When � is a stationary strategy tuple and ! is the initial state, the expe
tedpayo�s are given by the following re
ursive formulaU i(!; �) = ui(!; �) + Æ �P�!2
�(�! j!; �!)U i(�!; �):De�nition 3.6 A stationary strategy 
ombination � 2 � is a stationary equilibrium if it isa Nash equilibrium in stationary strategies.In the sequel we restri
t ourselves to stationary equilibria. Several motivations for analyzingstationary equilibria 
an be found in Maskin and Tirole (2001). Stationary strategies pres
ribethe simplest form of behavior that is 
onsistent with rationality, stationarity 
aptures the no-tion that `bygones are bygones' more 
ompletely than does the 
on
ept of subgame-perfe
tequilibrium, and it embodies the prin
iple that `minor 
auses should have minor e�e
ts', thatis, only those aspe
ts of the past that are `signi�
ant' should have an appre
iable in
uen
eon behavior. Some pragmati
 motivations are that in applied theory, the fo
us on station-ary strategies allows for 
lean, unobstru
ted analysis of the in
uen
e of the state variables,that stationary strategies substantially redu
e the number of parameters to be estimated indynami
 (e
onometri
) models, and that stationary models 
an be simulated.It is a very well-known result that there exists a stationary best response to stationarystrategies ��i. Therefore, the following theorem holds.Theorem 3.7 A stationary strategy 
ombination �� 2 � is a stationary equilibrium if for alli and all !U i(!; ��) � U i(!; ���i; �i); �i 2 �i:Independently from one another, Fink (1964), Takahashi (1964), and Sobel (1971) proved thefollowing result in di�erent ways.Theorem 3.8 Every �nite dis
ounted sto
hasti
 game has a stationary equilibrium.Re
ently, Haller and Laguno� (2000) showed the following result.Theorem 3.9 For a generi
 sto
hasti
 game, the number of stationary equilibria is �nite.Alternative proofs for the former two theorems are 
ontained in Herings and Peeters (2000),together with the following additional result.Theorem 3.10 For a generi
 sto
hasti
 game, the number of stationary equilibria is odd.Sobel (1971) has the following useful 
hara
terization of a stationary equilibrium.Theorem 3.11 A stationary strategy tuple � 
onstitutes a stationary equilibrium if and onlyif it is part of a solution toui(!; ��i! ; si!j) + Æ �P�!2
�(�! j!; ��i! ; si!j)�i�! + �i!j � �i! = 0;(si!j 2 Si!; ! 2 
; i 2 N);�i!j � 0; �i!j � 0; �i!j�i!j = 0; (si!j 2 Si!; ! 2 
; i 2 N);Psi!j2Si!�i!j � 1 = 0; (! 2 
; i 2 N):7



Here, �i!j is the shadowpri
e of playing strategy si!j, i.e. the disutility from a one-shotdeviation at the initial period of an in
rease in the probability �i!j by whi
h pure strategy si!jis played, and �i! is the expe
ted payo� of player i when the initial state is !, ��i is playedby its opponents, and player i 
hooses a best response against ��i.In 
ontrast to the instantaneous payo�s of a stage game { whi
h is by de�nition a normalform game { the expe
ted utility property does not hold for the total dis
ounted payo�s insto
hasti
 games.Example 3.12 The sto
hasti
 game of Figure 2 is a game in whi
h there are two states phand p` and one player. In ea
h state the player 
an 
hoose between a
tions qh and q`. In theupper-left 
orner of ea
h square, the intermediate payo� of the player is displayed. In thelower-right 
orner the transition probabilities are given. So, if the player 
hooses qh when thestate is ph, then he gets an immediate payo� of 1. The next state will be p` with probability 1.If the player 
hooses q` when the state is p`, then he gets an immediate payo� of 0. The nextstate will be ph with probability 1. Future payo�s are dis
ounted by a fa
tor 0:5. Consider
phqhq` 1:0 0:0; 1:00:5 0:5; 0:5 p`qhq` 0:5 0:5; 0:50:0 1:0; 0:0Figure 2: Game in whi
h expe
ted utility property does not hold.the strategies �� = (q`; qh) and �+ = (qh; q`); where the �rst argument is the strategy whenthe state is ph and the se
ond when the state is p`. Then U(p`; ��) = U(ph; ��) = 1,U(p`; �+) = 2=3 and U(ph; �+) = 4=3. However,U(ph; 12�� + 12�+) = 65 6= 76 = 12 � 1 + 12 � 43 = 12U(ph; ��) + 12U(ph; �+);U(p`; 12�� + 12�+) = 45 6= 56 = 12 � 1 + 12 � 23 = 12U(p`; ��) + 12U(p`; �+):The expe
ted utility property does not hold. �4 Equilibrium sele
tionFor many normal form games there is a vast multipli
ity of equilibria as has been argued
onvin
ingly in M
Lennan (1999). There is no reason to expe
t that the situation is di�erentfor the multipli
ity of stationary equilibria in sto
hasti
 games. For this reason, it is worth-while to investigate stationary equilibrium sele
tion theories. In Herings and Peeters (2001),the sto
hasti
 tra
ing pro
edure, whi
h is based on the linear tra
ing pro
edure of Harsanyiand Selten (1988), is proposed to do the sele
tion within the 
lass of stationary equilibria ofsto
hasti
 games.The linear tra
ing pro
edure as presented in Harsanyi and Selten (1988) models a pro
essof 
onvergent expe
tations by whi
h rational players will 
ome to adopt, and expe
t ea
hother to adopt, a parti
ular equilibrium as the solution for a given game. Before applying8



the tra
ing pro
edure, every player is assumed to have a subje
tive probability distributionexpressing his expe
tation about the strategi
 
hoi
es of the other players. Ea
h player isassumed to use the same theory to determine his subje
tive probability distributions, whi
hmakes that all players have the same expe
tations about the other players. This 
ommonsubje
tive probability distribution is 
alled the prior.In the naive Bayesian approa
h, all players 
hoose best responses to their prior beliefsand would in this way rea
h a strategy 
ombination that does not 
onstitute an equilibriumin general. In the linear tra
ing pro
edure, the information on the best responses is onlygradually fed ba
k into the expe
tations of the players. As the linear tra
ing pro
edurepro
eeds, both the priors and their best responses will gradually 
hange until both 
onvergeto some equilibrium of the game.In Harsanyi and Selten (1988) the linear tra
ing pro
edure is de�ned for normal formgames and for extensive form games with a perfe
t re
all information stru
ture. For a normalform game � = hN; fSigi2N ; fuigi2N i and a prior p 2 �; the linear tra
ing pro
edure is de�nedby tra
ing a 
urve in the set of Nash equilibria of the games �t = hN; fSigi2N ; fvi(t)gi2N i fort 2 [0; 1℄, where vi(t; s) = (1� t)ui(p�i; si)+ tui(s). Noti
e that vi(t; s) represents the payo�sto player i when all his opponents play a

ording to the prior p�i with probability 1 � t;and a

ording to s�i with probability t: Herings and Peeters (2000) show that the 
urve tobe tra
ed is uniquely determined for almost all games, and that the linear tra
ing pro
eduresele
ts a unique equilibrium for almost all games.For extensive form games, Harsanyi and Selten (1988) �rst transform the game into onein standard form and subsequently de�ne the tra
ing pro
edure for that 
lass of games. Thetra
ing pro
edure is not de�ned for sto
hasti
 games, whi
h are games with instantaneouspayo�s and in�nite time horizon. Sin
e expe
ted utility in stationary strategies does not holdin sto
hasti
 games (see Example 3.12), it is not possible to transform this game into one instandard form.Herings and Peeters (2001) propose the following extension of the tra
ing pro
edure for asto
hasti
 game. Consider some sto
hasti
 game � and some prior p 2 �. For every t 2 [0; 1℄,the sto
hasti
 tra
ing pro
edure generates a stationary equilibrium of the sto
hasti
 game�t = hN;
; fSi!g!2
;i2N ; f~ui(t)gi2N ; ~�i(t); Æi;where the instantaneous payo� fun
tion ~ui(t) of player i is de�ned by~ui(t;!; s!) = (1� t)ui(!; p�i! ; si!) + tui(!; s!)and where the transition mapping ~�i(t) is de�ned by~�i(t; �! j!; s!) = (1� t)�(�! j!; p�i! ; si!) + t�(�! j!; s!):The supers
ript `i' in the transition mapping ~�i(t) is used to make expli
it that for t < 1players have idiosyn
rati
 beliefs about what the transition probabilities are. This is 
onsistentwith the fa
t that the tra
ing pro
edure should be thought of as a reasoning pro
ess. In lineof Theorem 3.5, the expe
ted payo� of player i is easily shown to satisfy the re
ursive relation~U i(t;!; �) = ~ui(t;!; �!) + Æ �P�!2
~�i(t; �! j!; �!) ~U i(t; �!; �):9



The sto
hasti
 game �0 
orresponds to a trivial sto
hasti
 game, where all players believethat all their opponents play with probability 1 a

ording to the prior belief. The sto
hasti
game �1 
oin
ides with the original sto
hasti
 game �. A best response against a strategy
ombination ��i 2 ��i in the sto
hasti
 game �t 
orresponds to a best response against thestationary probability distribution (1� t)[p�i℄ + t[��i℄ on S�i in the sto
hasti
 game �.The sto
hasti
 tra
ing pro
edure S(�; p) is de�ned as the set of pairs (t; �) for whi
h itholds that � is a stationary equilibrium of the sto
hasti
 game �t, i.e.S(�; p) = � (t; �) 2 [0; 1℄ � � �� � is a stationary equilibrium of �t 	 :The sto
hasti
 tra
ing pro
edure is said to be feasible if there exists a path in S(�; p) 
on-ne
ting a best response against the prior to a stationary equilibrium of the sto
hasti
 game �,i.e. there exists a 
ontinuous fun
tion 
 : [0; 1℄ ! S(�; p) su
h that 
(0) 2 S(�; p)\ (f0g��)and 
(1) 2 S(�; p) \ (f1g � �). In general there may be many traje
tories 
([0; 1℄) that linka stationary equilibrium of �0 to a stationary equilibrium of �1. If this traje
tory is unique,then the sto
hasti
 tra
ing pro
edure is said to be well-de�ned. If the sto
hasti
 tra
ing pro-
edure is well-de�ned, then it sele
ts a unique stationary equilibrium of the sto
hasti
 game�. In line of Theorem 3.11, Herings and Peeters (2000) prove the following result.Theorem 4.1 An element (t; �) belongs to S(�; p) if and only if it is part of a solution to~ui(t;!; ��i! ; si!j) + Æ �P�!2
~�i(t; �! j!; ��i! ; si!j)�i�! + �i!j � �i! = 0;(si!j 2 Si!; ! 2 
; i 2 N);�i!j � 0; �i!j � 0; �i!j�i!j = 0; (si!j 2 Si!; ! 2 
; i 2 N);Psi!j2Si!�i!j � 1 = 0; (! 2 
; i 2 N):This 
hara
terization is then used to show the following result on the stru
ture of the setS(�; p):Theorem 4.2 For a generi
 sto
hasti
 game � and prior p, the sto
hasti
 tra
ing pro
edureS(�; p) 
onsists of a �nite number of ar
s and loops. Furthermore, all ar
s have their boundarypoints in the subspa
e with t = 0 or t = 1 and there is a unique boundary point in t = 0.Graphi
ally, the stru
ture of the sto
hasti
 tra
ing pro
edure 
an be represented by Figure 3.In this �gure, the bullet at t = 0 
orresponds to all players playing best responses against theprior. The bullets at t = 1 together represent the set of stationary equilibria of the sto
hasti
game. The unique path going from t = 0 to t = 1 is the 
urve tra
ed by the sto
hasti
 tra
ingpro
edure. It sele
ts a unique equilibrium at t = 1: This observation leads to the followingresult.Theorem 4.3 For a generi
 sto
hasti
 game � and prior p, the sto
hasti
 tra
ing pro
edureS(�; p) is well-de�ned.Generi
 �niteness 
omes from the fa
t that all stationary equilibria are geometri
ally isolated.The generi
 oddness of the number of stationary equilibria (see Theorem 3.10) 
omes fromthe fa
t that all equilibria not lying on the feasible path are pairwise 
onne
ted.10



0 1t
�� � �� ��� ���Figure 3: The stru
ture of S(�; p).5 Equilibrium 
omputationIn the literature on the 
omputation of Nash equilibria in normal form games, a distin
tionis made between 2-player games on the one hand and 3 or more players on the other hand.For the 
lass of 2-player games exa
t algorithms are possible. This is 
aused by the bilinearstru
ture of su
h games (see, for instan
e the algorithm of Lemke and Howson (1964)). Forsto
hasti
 games, this distin
tion disappears. The system of equations of Theorem 3.11 isnot bilinear, even for 2-player sto
hasti
 games. The paper of Parthasarathy and Raghavan(1981) presents an example of a 2-player sto
hasti
 game with only rational numbers ofpayo�s and transition probabilities, but with a unique Nash equilibrium involving strategieswith only irrational probabilities. This means that the ordered �eld property does not hold. Astraightforward appli
ation of a Lemke-Howson type algorithm to 2-player sto
hasti
 games istherefore not possible. This shows on
e more that the 
lass of sto
hasti
 games is 
onsiderablydi�erent from the 
lass of normal form games.In Breton, Filar, Haurie, and S
hultz (1986), S
hultz (1986), Filar, S
hultz, Thuijsman,and Vrieze (1991), and Breton (1991) the problem of �nding dis
ounted stationary equilibriain the general n-person sto
hasti
 game is redu
ed to that of �nding a global minimum ina nonlinear program with linear 
onstraints. Solving this nonlinear program is equivalentto solving a 
ertain nonlinear system for whi
h it is known that the obje
tive value in theglobal minimum is zero. But, as is noted in Breton (1991), the 
onvergen
e of an optimizationalgorithm to the global optimum is not guaranteed.In Herings and Peeters (2000) an algorithm is developed that is shown to 
onverge toa stationary equilibrium for a generi
 n-person sto
hasti
 game. This algorithm is the �rstglobally 
onvergent algorithm to solve for an equilibrium in an arbitrary n-person sto
hasti
game. The algorithm also deals with the equilibrium sele
tion problem in that it 
omputesthe stationary equilibrium sele
ted by the sto
hasti
 tra
ing pro
edure.Using the following transformation of variables as proposed in Gar
ia and Zangwill (1981)�i!j(�) = [maxf0; �i!jg℄2; and �i!j(�) = [maxf0;��i!jg℄2;for all si!j 2 Si!, the system from Theorem 4.1 is transformed into the system of equations~ui(t;!; ��i! (�); si!j) + Æ �P�!2
~�i(t; �! j!; ��i! (�); si!j)�i�! + �i!j(�)� �i! = 0;11



(si!j 2 Si!; ! 2 
; i 2 N);Psi!j2Si!�i!j(�)� 1 = 0; (! 2 
; i 2 N):The transformation of variables enables us to omit all inequality 
onstraints. Next, it ispossible to de�ne a homotopy fun
tion whi
h maps ea
h element (t; �; �) into the right-handside of the system above, i.e. to de�ne the homotopy fun
tion H asH(t; �; �) =0BB� ~ui(t;!; ��i! (�); si!j) + Æ �P�!2
~�i(t; �! j!; ��i! (�); si!j)�i�! + �i!j(�)� �i!;(si!j 2 Si!; ! 2 
; i 2 N);Psi!j2Si!�i!j(�)� 1; (! 2 
; i 2 N) 1CCA :The homotopy fun
tion H is 
ontinuously di�erentiable and the set of zeros of the homotopy-fun
tion, H�1(f0g), 
oin
ides with the set S(�; p).Theorem 5.1 It holds that (t; �; �) 2 H�1(f0g) if and only if (t; �(�)) 2 S(�; p).The following result presents the stru
ture of H�1(f0g):Theorem 5.2 The set H�1(f0g) 
onsists of �nitely many di�erentiable ar
s and loops. Allar
s start and end in the subspa
es where t = 0 and t = 1. Loops have no points in 
ommonwith those subspa
es. There is exa
tly one ar
 that starts in t = 0 and that ends in t = 1. Allother ar
s start and end in t = 1 and 
onne
t two points indu
ing stationary equilibria of thesto
hasti
 game �.In Figure 4 the stru
ture of the set of zeros of the homotopy-fun
tion is graphi
ally repre-sented. The stru
ture of H�1(f0g) is even simpler than the one of S(�; p). Not only are
0 1t� ���Figure 4: The stru
ture of H�1(f0g).
ompli
ations like bifur
ations, spirals, higher dimensional solutions sets, diverging behav-ior, et
., ex
luded. The ar
s and loops in H�1(f0g) are di�erentiable everywhere. It is thetransformation of variables that smoothed out the kinks.The sto
hasti
 game �0 naturally de
omposes into n mutually independent and separateMarkov de
ision problems, one for ea
h player. Generi
ally, Markov de
ision problems yielda unique optimal pure stationary strategy. The 
ombination of all optimal strategies (forea
h player one) indu
es the starting point of our algorithm. This point 
an be determined12



analyti
ally sin
e there are �nitely many pure stationary strategies in ea
h de
ision problem.We only have to 
ompute the total dis
ounted payo�s for ea
h pure stationary strategy of aplayer and observe whi
h one generates the highest payo�.Starting at the unique point (0; �0; �0) 2 H�1(f0g) at t = 0 and following the path de-s
ribed by the zeros of H, we end up in a point (1; ~�; ~�) 2 H�1(f0g). This point generates thestationary equilibrium �(~�) of � sele
ted by the sto
hasti
 tra
ing pro
edure. The di�eren-tiability of the homotopy-path makes it possible to apply standard path-following te
hniques.There are several methods available to numeri
ally tra
e homotopy-paths: (1) predi
tor-
orre
tor methods, and (2) simpli
ial methods. Predi
tor-
orre
tor methods approximatelyfollow `exa
t' solution 
urves, whereas simpli
ial methods follow approximate solution 
urvesexa
tly. For more theory on path-tra
king methods the reader is referred to Allgower andGeorg (1990, 1993, 1997) and Gar
ia and Zangwill (1981).In Herings and Peeters (2000), the software-pa
kage Hompa
k is used, a Fortran77program (see Watson, Billups and Morgan (1987)).1 On
e the starting point is determined,the numeri
al pro
ess starts by following the homotopy-path from that point on.For Example 2.3, Herings, Peeters, and S
hinkel (2001) use the algorithm to study the
ase where there are two �rms, no �xed 
osts and no entran
e 
osts. Demand fun
tions areassumed to be linear. The market is suÆ
iently big to admit two �rms. Two �rms involvedin Cournot 
ompetition are both able to make positive pro�ts. One would expe
t that insu
h an e
onomi
 environment the market will be served by both �rms in all periods. Thisrepeated Cournot equilibrium is a stationary equilibrium indeed. However, when the dis
ountfa
tor is large enough (Æ > 0:8), there is also an equilibrium, whi
h indu
es an alternatingmonopoly. At even periods one �rm serves the market and at odd periods the other.The alternating monopoly equilibriumallows �rms to take bi-periodi
ally the full monopolypro�t. It 
an be shown that equilibrium pro�ts are higher in the alternating monopoly equi-librium than in the repeated Cournot equilibrium, implying that �rms have strong in
entivesto 
oordinate on the alternating monopoly equilibrium.In a situation where both �rms have already entered the market, 
oordination on thealternating monopoly equilibrium is still possible. In the state where both �rms are present,ea
h one will leave the market next period with a small probability. As soon as one �rm hasleft, the alternating monopoly gets into a
tion.The alternating monopoly equilibrium has been found by applying the numeri
al methodsas outlined before. These methods 
an also be used to verify the robustness of the alternatingmonopoly equilibrium to variations in �xed 
osts, entry 
osts, elasti
ities of demand, multiplepotential entrants, �rms with asymmetri
 
ost stru
tures, and so on.6 SummarySto
hasti
 games provide a ri
h framework in whi
h to study dynami
 intera
tion betweenheterogeneous e
onomi
 agents. This paper fo
uses on the analysis of fully rational behavior1http://www.netlib.org/hompa
k/index.html 13



in this setting. We in
orporate the paradigm that bygones are bygones, i.e. we restri
tourselves to the study of stationary equilibria.We argue that the restri
tion to stationary equilibria, even though redu
ing the in�nitenumber of equilibria predi
ted by the folk theorem to a �nite, odd number, will in general notlead to uniqueness of equilibrium. Moreover, equilibria in sto
hasti
 games are notoriouslyhard to obtain in analyti
al form.This paper shows how the problems of equilibrium sele
tion and equilibrium determination
an be handled. It extends the equilibrium sele
tion theory of Harsanyi and Selten (1988) tosto
hasti
 games. The resulting equilibrium sele
tion method is 
alled the sto
hasti
 tra
ingpro
edure. The paper also presents a globally 
onvergent numeri
al algorithm to 
omputethe equilibrium sele
ted by the sto
hasti
 tra
ing pro
edure.The paper makes a strong 
ase for the use of numeri
al methods in general. Not only 
annumeri
al methods be used to verify the robustness of equilibria that have been 
hara
terizedanalyti
ally to deviations from the simplifying assumptions that permitted su
h 
hara
teri-zations. We illustrate by means of an example in the framework of dynami
 oligopoly, hownumeri
al methods 
an be used to 
hallenge 
onventional e
onomi
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