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Abstract

Stochastic games offer a rich mathematical structure that makes it possible to analyze
situations with heterogeneous and interacting economic agents. Depending on the actions
of the economic agents, the economic environment changes from one period to another.
We focus on stationary equilibrium, the simplest form of behavior that is consistent with
rationality. Since the number of stationary equilibria abound, we present the stochastic
tracing procedure, a method to select equilibria. Since stationary equilibria are difficult
to characterize analytically, we also present a numerical algorithm by which they can be
computed. The algorithm is constructed in such a way that the equilibrium selected by
the stochastic tracing procedure is computed. We illustrate the usefulness of this approach
by showing how it leads to new insights in the theory of dynamic oligopoly.
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1 Introduction

Situations with heterogeneous and interacting economic agents typically have the following
structure. Initially, the economic environment is in a certain state. Economic agents have to
decide what kind of actions to take. The choice of action will influence their own immediate
payoff, but also the payoff of others. Moreover, and perhaps more importantly, the actions
taken affect the state of the economic environment in the next stage. The resulting economic
environment next stage might also be influenced by some random shocks. The action of an
economic agent today may affect his future environment in several ways. It might influence
his set of options among which to choose next stage, as well as the set of options available to
other agents, and it can also change his utility function, or the one of his opponents.

A setting as described above can be analyzed in many ways. It is not uncommon to endow
the agents with certain rules of thumb, or to assume that they follow specific forms of learning
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behavior. Next the development of the economic environment is analyzed, for instance by
simulation methods and in a number of special cases by analytical derivations. Common is
the assumption of boundedly rational behavior.

Irrespective of the intrinsic interest in these forms of boundedly rational behavior, it is of
utmost importance to know how fully rational agents would behave. Apart from the standard
argument that deviations from rational behavior can be quite costly, implying that agents
have strong incentives to behave as rational as possible, rational behavior also serves as an
interesting benchmark. It is of central interest to see to what extent boundedly rational
behavior deviates from fully rational behavior, how it deviates from fully rational behavior,
and under what circumstances the difference is substantial.

Stochastic games as introduced in Shapley (1953) constitute a rich mathematical struc-
ture that exactly incorporates situations as described above. Both boundedly rational and
fully rational behavior can be studied in this framework. This paper focuses on the latter.
It presents the structure of stochastic games, as well as the most commonly used solution
concept, the one of stationary equilibrium. Stationary equilibria describe the simplest form
of behavior that is consistent with rationality. A strategy in a stationary equilibrium depends
only on the current state of the economic environment, but not on the history leading to it.
It thereby captures the notion that bygones are bygones.

Restricting the analysis to stationary equilibria avoids the indeterminateness of equilibria
as implied by the folk theorem. It can be shown that the number of stationary equilibria is
finite, see Haller and Lagunoff (2000), and even odd, see Herings and Peeters (2000). There is
no hope, however, that the number of stationary equilibria, though odd, is small. McLennan
(1999) shows that the expected number of Nash equilibria in normal form games explodes
when the number of players or the number of actions per player increases. The logic of
his arguments carries over to the framework of stochastic games, implying a large number of
stationary equilibria on average for stochastic games of modest sizes. To deal with the issue of
multiplicity of equilibria, we extend the equilibrium selection method of Harsanyi and Selten
(1988) to the framework of stochastic games as in Herings and Peeters (2001). The extension
selects a unique stationary equilibrium for almost all stochastic games.

The analysis of stochastic games is hampered by the fact that even simple stochastic games
are often difficult to analyze by analytical methods. Closed form solutions for stationary
equilibria in a stochastic game are difficult to obtain. Finding the stationary equilibrium
selected by the extension of Harsanyi and Selten’s equilibrium selection method is even more
cumbersome. In these cases, if one wants to go beyond the mere existence of equilibrium, there
is no alternative but to resort to numerical methods as has also been argued forcefully in Judd
(1997, 1998). We present the numerical algorithm introduced in Herings and Peeters (2000)
that computes an approximation of the stationary equilibrium selected by the extension of
Harsanyi and Selten’s method for almost all stochastic games. We illustrate how the use of
numerical algorithms can lead to new economic insights by means of an example in the theory
of dynamic oligopoly,.



2 The stochastic game model

The concept of a finite discounted stochastic game is defined by Shapley (1953).

Definition 2.1 A finite discounted stochastic game is an ordered sextuple

I'= <N7 Q, {SZ)}(i,u))ENxﬂa {ui}iENu T, 6> )

where N, 2 and S! are finite non-empty sets, u’ is a real-valued function on the set H =
{(w,s0) |w € Q, s, € S} with S, = X;cn S5, 7 is a map from H on A(Q) with A(2) the
family of probability distributions on the space 2 and ¢ is an element in the open unit interval.

The game parameters have the following meaning.
e N ={1,...,n} is the player set.

e O ={w;,...,w,} is the state space.

o S\ ={sl,,...,s" . }isthe action set of player i € N in state w € Q.

» wml,
e u' : H — R is the payoff function of player i € N; if in state w € € the players
action choices are s, = (s},...,s") € S,, then player i gets an instantaneous payoff of

u'(w, 8).

e 7m: H — A(Q) is the transition map: for each (w, s,) € H, we can identify n(w, s,,) with
the vector (m(w1 |w, Sw),...,m(w,|w,sy)), where m(w |w, s,,) represents the probability
that the system jumps to state w if in state w the strategy tuple s, is played.

e 6 €(0,1) is the discount factor and is used to discount future payoffs.

Such a stochastic game corresponds to a dynamic system which can be in different states and
where at certain stages the players can influence the course of the play. We consider the infinite
horizon model and the set of stages is assumed to be identical with the set N = {0,1,...}.
Players know the game itself and that this knowledge is common knowledge among all the
players. Moreover, the initial state w® at stage & = 0 is common knowledge to the players.
The game proceeds as follows. At the initial state £ = 0 all players i select at the initial

state w?, simultaneously and independently of each other an action Sfuo € Sf;)o. Now two

1 n

things happen, both depending on the current state w’ and the action choices S 051800

0

(a) player i earns u’(w?, s, 0),

(b) the system jumps to the next state w! according to the outcome of a chance experiment:
the probability that the next state will be @ equals (@ |w, 5,0).

Subsequently, prior to the next stage k = 1, all players are informed about the previous
actions chosen by the players, and of the new state w'!. At stage k = 1, the above procedure
is repeated, starting from the state w'.

We assume that the game is of perfect recall, i.e. at each stage each player remembers
all past actions chosen by all players and all past states that have occurred. Note that for



a stochastic game, each stage game resembles a normal form game. However, contrary to
the situation with normal form games, the game does not consist of a single play, but jumps
according to the probability measure (- |w, s,,) to the next state and continues dynamically.
In choosing an action in a certain state, a player not only takes into account the immediate
payoff, but also his opportunities in future states.

Like in normal form games, the players are allowed to randomize their pure actions. A
mixed strategy of player i in state w is a probability distribution on S’. We identify the set
of all probability distributions on S, with 3!, and a generic element of this set by o?. For
Jf;) € Efu, the probability assigned to pure strategy sfdj is given by O'i)j. The strategy space of
the normal form game in state w is therefore equal to X, = X,y 2, Given a mixed strategy

i

i, we denote by (o, &.) the mixed strategy

combination o, € ¥, and a strategy o’ €
that results from replacing o, by . If a mixed strategy combination o, € ¥, is played,
then the instantaneous expected payoff of player i is denoted by u’(w,0,) and the expected
transition to state w by m(w|w,oy).

We end this section with a few examples of economic environments which can be modeled

as a stochastic game. The following example is discussed in Filar and Vrieze (1997).

Example 2.2 (Fishery Game) The availability of fish is represented by three states: ‘Good’,
‘Medium’, and ‘Bad’. There are two fisheries that have in each state two actions: they can act
‘Greedy’ (G) or ‘Nongreedy’ (NG). In Figure 1, the game data are depicted. In the upper-left
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Figure 1: Fishery Game.

corner of each cell, the instantaneous profits to the companies are displayed. The transition
probabilities are displayed in the lower-right corner of the cells. For example, when the state
is ‘Good’ and Fishery 1 (the row player) acts ‘Greedy’, whereas Fishery 2 (the column player)
acts ‘Nongreedy’, Fishery 1’s profit is 10 and Fishery 2’s profit is 6. The probability of staying
in the ‘Good’ state equals 0.5, the probability of going to the ‘Medium’ state is 0.4 and the
next period the state will be ‘Bad’ with probability 0.1.



The income of a fishery is determined by the quantity of fish it catches multiplied by the
price of the fish, which is in turn determined by the availability of the fish: in state ‘Good’
the price attains the lowest level, whereas in state ‘Bad’ the price is at the highest level.
The costs of a fishery represent its investment in fishing-equipment. Furthermore, as the
attentive reader might have observed, the parameter values have been chosen such that the
instantaneous profits, income minus costs, are independent from the fishing strategy of the
other fishery. Thus, in this example, the players are only linked in their joint influence on the
dynamics of the system.

In the separate one-shot games, being greedy is always advantageous. However, for an
infinite horizon game, as is considered here, this need not to be the case. This shows that
dynamic games can usually not be solved by considering the solution to the static stage games.

<

The following example is studied in more detail in Herings, Peeters and Schinkel (2001).

Example 2.3 (Dynamic Competition)

A finite number of (potential) firms compete dynamically in the market for some homogeneous
product. In a given period, each firm is either an incumbent or a potential entrant. In each
period, incumbents make a decision about the quantity to produce in that period and about
whether to leave the market or to stay. Potential entrants only have to decide whether to
enter or not in a given period.

Since all firms are assumed to have identical cost structures, the market structure (the
state) in a certain period is determined by the number of firms that are active in production
in that period. Tomorrow’s market structure depends on the number of active firms today
and the entry and exit decisions made by the firms.

The instantaneous profits to an incumbent firm depend on the current market structure,
the firm’s own production quantity and its competitors’ production quantities. For a potential
entrant, the instantaneous profits depend on the entry decision. When a potential entrant
decides to enter, it has to make some sunk costs, which can be avoided by not entering.

This example of dynamic competition is frequently analyzed from a static perspective.
Suppose entry costs are sufficiently low. Without considering the exact specification of the
transitional dynamics, it is then argued that firms will enter the industry as long as there are
positive economic profits to be made. The firms that are present in the market are engaged
in Cournot competition and produce the Cournot quantity corresponding to the number of
firms present.

It is straightforward to model this economic environment as a stochastic game. In Section 5
we turn back to this example and analyze it from a full dynamic perspective. <

More applications of stochastic games are contained in Filar and Vrieze (1997). For a recent
authorative text the reader is referred to Neyman and Sorin (2001).



3 Strategy and equilibrium concepts

A history up to a certain stage k consists of a specification of all states materialized and all
actions taken by all the players in all periods before k.

Definition 3.1 A history up to a stage k is a sequence h¥ = (w°, 50, w", 8,1, .., wF 1, s k1)

that could have occurred up to time k, k > 1. Here w” represents the state and s~ the actions

of the players at stage K, Kk =0,...,k — 1.

Obviously, the set of histories up to time k equals H* = Xﬁ;(l)H, i.e. the k-fold Cartesian
product of H.

A behavior strategy o' of player i specifies for each stage k, each state w* at time k,
and each history h* a probability distribution o?*(h¥,w¥) on the action space Sj}k of player
i in state w¥. Then oik(sfuk | h*,w*) is the probability with which player i chooses action
sfuk € Sz),c at time k if state w* and history h¥ have occurred. Or formally,

Definition 3.2 A behavior strategy o for player i is a sequence ¢, o', ... where 0" € X7 :=

XoeonZs, and o'+ H* — 57 for all k > 1.

Since future payoffs are discounted, given initial state w and strategy o, the stream of expected
payoffs to player i is evaluated by

Ui(w,a) = Zozodk U (w,0),

where U™ (w, o) denotes the expected instantaneous utility to player i at stage k. Here,
U'(w,0) equals the total discounted expected payoff of player i when the discount factor
equals 0, the starting state is w and the strategy tuple o is played. Since the state and action

spaces are assumed to be finite, U'(w, o) exists.

Definition 3.3 A strategy tuple o is an equilibrium if and only if o’ is a best response to
o' foralli€ N.

If n = 2 and the payoffs are zero-sum, then the definition characterizes a minimax solution
(see Shapley (1953)).

A stationary strategy for player i is a behavior strategy for which o (h¥, w¥) is of the form
o'(wk), i.e. a stationary strategy is a history and time independent strategy which depends
on the state only. In the sequel, a stationary strategy for player i will be denoted by the
symbol p'. We define p’ = (pfdl, o ,pfdz), where pl, is a probability measure on the action
space S! for each w € Q, so p! € % . If player i decides to play the stationary strategy p’,
then every time that the system is in state w, player i selects his pure action according to p’,.
Formally, we have the following definition of a stationary strategy.

Definition 3.4 A stationary strategy p' for player 4 is an element of %7,

Suppose that w is the initial state and the players decide to play a stationary strategy tuple
p. The total discounted expected payoff of player i is denoted by U?(w, p). The instantaneous
payoff player i obtains in stage k = 0 equals u(w, p,,). The probability that at the next stage
the state will be w equals m(w | w, p,,). This gives rise to the following theorem (see e.g. Fink

(1964)).



Theorem 3.5 When p is a stationary strategy tuple and w is the initial state, the expected
payoffs are given by the following recursive formula

Ui(wa p) = ui(wa p)+0d- Z@eﬂﬂ—(a) | vaw)Ui(a)a p)-

Definition 3.6 A stationary strategy combination p € ¥ is a stationary equilibrium if it is
a Nash equilibrium in stationary strategies.

In the sequel we restrict ourselves to stationary equilibria. Several motivations for analyzing
stationary equilibria can be found in Maskin and Tirole (2001). Stationary strategies prescribe
the simplest form of behavior that is consistent with rationality, stationarity captures the no-
tion that ‘bygones are bygones’ more completely than does the concept of subgame-perfect
equilibrium, and it embodies the principle that ‘minor causes should have minor effects’, that
is, only those aspects of the past that are ‘significant’ should have an appreciable influence
on behavior. Some pragmatic motivations are that in applied theory, the focus on station-
ary strategies allows for clean, unobstructed analysis of the influence of the state variables,
that stationary strategies substantially reduce the number of parameters to be estimated in
dynamic (econometric) models, and that stationary models can be simulated.

It is a very well-known result that there exists a stationary best response to stationary

strategies p~*. Therefore, the following theorem holds.

Theorem 3.7 A stationary strategy combination p € 3 4s a stationary equilibrium if for all
1 and all w

Ullw,p) > U'lw,p ',p'),  p'ex’.

Independently from one another, Fink (1964), Takahashi (1964), and Sobel (1971) proved the
following result in different ways.

Theorem 3.8 FEwvery finite discounted stochastic game has a stationary equilibrium.
Recently, Haller and Lagunoff (2000) showed the following result.
Theorem 3.9 For a generic stochastic game, the number of stationary equilibria is finite.

Alternative proofs for the former two theorems are contained in Herings and Peeters (2000),
together with the following additional result.

Theorem 3.10 For a generic stochastic game, the number of stationary equilibria is odd.
Sobel (1971) has the following useful characterization of a stationary equilibrium.

Theorem 3.11 A stationary strategy tuple o constitutes a stationary equilibrium if and only
if 4t is part of a solution to

ut(w, 05", 50;) + 0 - Xgean(@|w, 05" s )G + Ay — pl, = 0,
(80, € Soyw €0 € N),

Y esiOby —1=0, (wE€QieN).
wj w



Here, )\fdj is the shadowprice of playing strategy sfdj, i.e. the disutility from a one-shot
deviation at the initial period of an increase in the probability o;,; by which pure strategy s,
is played, and p!, is the expected payoff of player ¢ when the initial state is w, o™ is played
by its opponents, and player i chooses a best response against o".

In contrast to the instantaneous payoffs of a stage game — which is by definition a normal
form game the expected utility property does not hold for the total discounted payoffs in

stochastic games.

Example 3.12 The stochastic game of Figure 2 is a game in which there are two states py,
and p,; and one player. In each state the player can choose between actions g, and gy. In the
upper-left corner of each square, the intermediate payoff of the player is displayed. In the
lower-right corner the transition probabilities are given. So, if the player chooses g, when the
state is pp, then he gets an immediate payoff of 1. The next state will be p, with probability 1.
If the player chooses g when the state is py, then he gets an immediate payoff of 0. The next
state will be pp with probability 1. Future payoffs are discounted by a factor 0.5. Consider

w0510 W% a5 0
0.5 0.0
a 5,05 1 0,0.0
Dh Pe

Figure 2: Game in which expected utility property does not hold.

the strategies p~ = (q¢,qn) and pt = (qi, q¢), where the first argument is the strategy when
the state is p, and the second when the state is py. Then U(pgp~) = Ulpp,p ) = 1,
U(pe, pt) =2/3 and U(pp,p™) = 4/3. However,

Ulpn zp~ +307) =5 # §=735'1+35=300mne)+300Ene"),
Ulpe.gp™ +30") =5 # §=351+55 = 5UWep ) +5U(pep").
The expected utility property does not hold. <

4 Equilibrium selection

For many normal form games there is a vast multiplicity of equilibria as has been argued
convincingly in McLennan (1999). There is no reason to expect that the situation is different
for the multiplicity of stationary equilibria in stochastic games. For this reason, it is worth-
while to investigate stationary equilibrium selection theories. In Herings and Peeters (2001),
the stochastic tracing procedure, which is based on the linear tracing procedure of Harsanyi
and Selten (1988), is proposed to do the selection within the class of stationary equilibria of
stochastic games.

The linear tracing procedure as presented in Harsanyi and Selten (1988) models a process
of convergent expectations by which rational players will come to adopt, and expect each
other to adopt, a particular equilibrium as the solution for a given game. Before applying



the tracing procedure, every player is assumed to have a subjective probability distribution
expressing his expectation about the strategic choices of the other players. Each player is
assumed to use the same theory to determine his subjective probability distributions, which
makes that all players have the same expectations about the other players. This common
subjective probability distribution is called the prior.

In the naive Bayesian approach, all players choose best responses to their prior beliefs
and would in this way reach a strategy combination that does not constitute an equilibrium
in general. In the linear tracing procedure, the information on the best responses is only
gradually fed back into the expectations of the players. As the linear tracing procedure
proceeds, both the priors and their best responses will gradually change until both converge
to some equilibrium of the game.

In Harsanyi and Selten (1988) the linear tracing procedure is defined for normal form
games and for extensive form games with a perfect recall information structure. For a normal
form game I' = (N, {S*}icn, {u' }ic ) and a prior p € ¥, the linear tracing procedure is defined
by tracing a curve in the set of Nash equilibria of the games I'" = (N, {S*};cn, {v'(t) }ien) for
t € [0, 1], where v*(t,s) = (1 —t)u’(p~?,s') +tu’(s). Notice that v’(t,s) represents the payoffs
to player i when all his opponents play according to the prior p~* with probability 1 — t,
and according to s~ with probability . Herings and Peeters (2000) show that the curve to
be traced is uniquely determined for almost all games, and that the linear tracing procedure
selects a unique equilibrium for almost all games.

For extensive form games, Harsanyi and Selten (1988) first transform the game into one
in standard form and subsequently define the tracing procedure for that class of games. The
tracing procedure is not defined for stochastic games, which are games with instantaneous
payoffs and infinite time horizon. Since expected utility in stationary strategies does not hold
in stochastic games (see Example 3.12), it is not possible to transform this game into one in
standard form.

Herings and Peeters (2001) propose the following extension of the tracing procedure for a
stochastic game. Consider some stochastic game I' and some prior p € X. For every ¢ € [0, 1],
the stochastic tracing procedure generates a stationary equilibrium of the stochastic game

I = (N, Q,{SL Yuenien {@ (1) Yien, 7 (1), ),

where the instantaneous payoff function @'(¢) of player i is defined by
't w, s0) = (1 - t)u'(w,py" 55) + tu' (w, 50)

and where the transition mapping 7’(¢) is defined by
Tt w|w s0) = (1 - r(@|w,py’,50) + (@] w, 50)-

The superscript 4’ in the transition mapping 7(t) is used to make explicit that for ¢ < 1
players have idiosyncratic beliefs about what the transition probabilities are. This is consistent
with the fact that the tracing procedure should be thought of as a reasoning process. In line
of Theorem 3.5, the expected payoff of player 4 is easily shown to satisfy the recursive relation

Ut w,p) = B (tw, p0) + 0 Y geqf (@ |w, pu,) Ut @, p).



The stochastic game I'’ corresponds to a trivial stochastic game, where all players believe
that all their opponents play with probability 1 according to the prior belief. The stochastic
game I'' coincides with the original stochastic game I'. A best response against a strategy
combination p~% € ¥~ in the stochastic game I'* corresponds to a best response against the
stationary probability distribution (1 —¢)[p~*] + t[p~?] on S~ * in the stochastic game T

The stochastic tracing procedure S(T,p) is defined as the set of pairs (¢, p) for which it
holds that p is a stationary equilibrium of the stochastic game I', i.e.

S(T,p) ={ (t,p) €[0,1] x T | p is a stationary equilibrium of ' } .

The stochastic tracing procedure is said to be feasible if there exists a path in S(I',p) con-
necting a best response against the prior to a stationary equilibrium of the stochastic game I,
i.e. there exists a continuous function v : [0, 1] — S(I', p) such that y(0) € S(I',p) N ({0} x X)
and y(1) € S(I',p) N ({1} x X). In general there may be many trajectories ([0, 1]) that link
a stationary equilibrium of I'? to a stationary equilibrium of I''. If this trajectory is unique,
then the stochastic tracing procedure is said to be well-defined. If the stochastic tracing pro-
cedure is well-defined, then it selects a unique stationary equilibrium of the stochastic game
r.
In line of Theorem 3.11, Herings and Peeters (2000) prove the following result.

Theorem 4.1 An element (t,p) belongs to S(T,p) if and only if it is part of a solution to

ﬂi(tQWaP;iasi;j) +0- Y e (tw|w, py’, si;j),ucia + )\fdj —pl =0,

(st € SL,w€E Qi € N),
Afvj > 0, pfuj >0, Ai)jpi)j =0, (Si,j € Si,,w €Q,ieN),
Y esifoy 1=0,  (WEQIEN).

This characterization is then used to show the following result on the structure of the set
S(I, p).

Theorem 4.2 For a generic stochastic game I' and prior p, the stochastic tracing procedure
S(T, p) consists of a finite number of arcs and loops. Furthermore, all arcs have their boundary
points in the subspace with t =0 or t =1 and there is a unique boundary point in t = 0.

Graphically, the structure of the stochastic tracing procedure can be represented by Figure 3.
In this figure, the bullet at ¢ = 0 corresponds to all players playing best responses against the
prior. The bullets at ¢ = 1 together represent the set of stationary equilibria of the stochastic
game. The unique path going from ¢ = 0 to ¢ = 1 is the curve traced by the stochastic tracing
procedure. It selects a unique equilibrium at ¢ = 1. This observation leads to the following
result.

Theorem 4.3 For a generic stochastic game I' and prior p, the stochastic tracing procedure
S(T,p) is well-defined.

Generic finiteness comes from the fact that all stationary equilibria are geometrically isolated.
The generic oddness of the number of stationary equilibria (see Theorem 3.10) comes from
the fact that all equilibria not lying on the feasible path are pairwise connected.

10



Figure 3: The structure of S(I', p).

5 Equilibrium computation

In the literature on the computation of Nash equilibria in normal form games, a distinction
is made between 2-player games on the one hand and 3 or more players on the other hand.
For the class of 2-player games exact algorithms are possible. This is caused by the bilinear
structure of such games (see, for instance the algorithm of Lemke and Howson (1964)). For
stochastic games, this distinction disappears. The system of equations of Theorem 3.11 is
not bilinear, even for 2-player stochastic games. The paper of Parthasarathy and Raghavan
(1981) presents an example of a 2-player stochastic game with only rational numbers of
payoffs and transition probabilities, but with a unique Nash equilibrium involving strategies
with only irrational probabilities. This means that the ordered field property does not hold. A
straightforward application of a Lemke-Howson type algorithm to 2-player stochastic games is
therefore not possible. This shows once more that the class of stochastic games is considerably
different from the class of normal form games.

In Breton, Filar, Haurie, and Schultz (1986), Schultz (1986), Filar, Schultz, Thuijsman,
and Vrieze (1991), and Breton (1991) the problem of finding discounted stationary equilibria
in the general n-person stochastic game is reduced to that of finding a global minimum in
a nonlinear program with linear constraints. Solving this nonlinear program is equivalent
to solving a certain nonlinear system for which it is known that the objective value in the
global minimum is zero. But, as is noted in Breton (1991), the convergence of an optimization
algorithm to the global optimum is not guaranteed.

In Herings and Peeters (2000) an algorithm is developed that is shown to converge to
a stationary equilibrium for a generic n-person stochastic game. This algorithm is the first
globally convergent algorithm to solve for an equilibrium in an arbitrary n-person stochastic
game. The algorithm also deals with the equilibrium selection problem in that it computes
the stationary equilibrium selected by the stochastic tracing procedure.

Using the following transformation of variables as proposed in Garcia and Zangwill (1981)

ploj(@) = [max{0,a;}]%,  and  Ajj(a) = [max{0, —aj,;}]*,
for all sfdj € 8!, the system from Theorem 4.1 is transformed into the system of equations

@'t w, " (@), 80,5) + 0 e (Bw |w, p" (@), shy)ul + Ny () — ufy =0,

11



(si; € SL,we Qi€ N),

Zsije%pi}j(a)flzﬂ, (we Qi €N).
The transformation of variables enables us to omit all inequality constraints. Next, it is
possible to define a homotopy function which maps each element (¢, a, 1) into the right-hand
side of the system above, i.e. to define the homotopy function H as

H(t,a,p) =

W (tsw, py" (@), 8L,) + 0 Ppeal (@ | w, p," (@), L)l + AL (@) — pl,
(si; € Sl,weQieN),
Suesfy(@ =1, (weRien)

The homotopy function H is continuously differentiable and the set of zeros of the homotopy-
function, H~'({0}), coincides with the set S(T, p).

Theorem 5.1 It holds that (t,c, i) € H1({0}) if and only if (¢, p(a)) € S(T',p).
The following result presents the structure of H~1({0}).

Theorem 5.2 The set H 1 ({0}) consists of finitely many differentiable arcs and loops. All
arcs start and end in the subspaces where t =0 and t = 1. Loops have no points in common
with those subspaces. There is exactly one arc that starts in t = 0 and that ends int =1. All
other arcs start and end in t = 1 and connect two points inducing stationary equilibria of the
stochastic game I'.

In Figure 4 the structure of the set of zeros of the homotopy-function is graphically repre-
sented. The structure of H'({0}) is even simpler than the one of S(I',p). Not only are

Figure 4: The structure of H~'({0}).

complications like bifurcations, spirals, higher dimensional solutions sets, diverging behav-
ior, etc., excluded. The arcs and loops in H !({0}) are differentiable everywhere. It is the
transformation of variables that smoothed out the kinks.

The stochastic game I'° naturally decomposes into n mutually independent and separate
Markov decision problems, one for each player. Generically, Markov decision problems yield
a unique optimal pure stationary strategy. The combination of all optimal strategies (for
each player one) induces the starting point of our algorithm. This point can be determined
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analytically since there are finitely many pure stationary strategies in each decision problem.
We only have to compute the total discounted payoffs for each pure stationary strategy of a
player and observe which one generates the highest payoff.

Starting at the unique point (0,a’, u’) € H1({0}) at ¢ = 0 and following the path de-
scribed by the zeros of H, we end up in a point (1, &, i) € H1({0}). This point generates the
stationary equilibrium p(&) of ' selected by the stochastic tracing procedure. The differen-
tiability of the homotopy-path makes it possible to apply standard path-following techniques.

There are several methods available to numerically trace homotopy-paths: (1) predictor-
corrector methods, and (2) simplicial methods. Predictor-corrector methods approximately
follow ‘exact’ solution curves, whereas simplicial methods follow approximate solution curves
exactly. For more theory on path-tracking methods the reader is referred to Allgower and
Georg (1990, 1993, 1997) and Garcia and Zangwill (1981).

In Herings and Peeters (2000), the software-package HOMPACK is used, a FORTRANT7
program (see Watson, Billups and Morgan (1987)).! Once the starting point is determined,
the numerical process starts by following the homotopy-path from that point on.

For Example 2.3, Herings, Peeters, and Schinkel (2001) use the algorithm to study the
case where there are two firms, no fixed costs and no entrance costs. Demand functions are
assumed to be linear. The market is sufficiently big to admit two firms. Two firms involved
in Cournot competition are both able to make positive profits. One would expect that in
such an economic environment the market will be served by both firms in all periods. This
repeated Cournot equilibrium is a stationary equilibrium indeed. However, when the discount
factor is large enough (6 > 0.8), there is also an equilibrium, which induces an alternating
monopoly. At even periods one firm serves the market and at odd periods the other.

The alternating monopoly equilibrium allows firms to take bi-periodically the full monopoly
profit. It can be shown that equilibrium profits are higher in the alternating monopoly equi-
librium than in the repeated Cournot equilibrium, implying that firms have strong incentives
to coordinate on the alternating monopoly equilibrium.

In a situation where both firms have already entered the market, coordination on the
alternating monopoly equilibrium is still possible. In the state where both firms are present,
each one will leave the market next period with a small probability. As soon as one firm has
left, the alternating monopoly gets into action.

The alternating monopoly equilibrium has been found by applying the numerical methods
as outlined before. These methods can also be used to verify the robustness of the alternating
monopoly equilibrium to variations in fixed costs, entry costs, elasticities of demand, multiple
potential entrants, firms with asymmetric cost structures, and so on.

6 Summary

Stochastic games provide a rich framework in which to study dynamic interaction between
heterogeneous economic agents. This paper focuses on the analysis of fully rational behavior

"http://www.netlib.org/hompack/index.html
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in this setting. We incorporate the paradigm that bygones are bygones, i.e. we restrict
ourselves to the study of stationary equilibria.

We argue that the restriction to stationary equilibria, even though reducing the infinite
number of equilibria predicted by the folk theorem to a finite, odd number, will in general not
lead to uniqueness of equilibrium. Moreover, equilibria in stochastic games are notoriously
hard to obtain in analytical form.

This paper shows how the problems of equilibrium selection and equilibrium determination
can be handled. It extends the equilibrium selection theory of Harsanyi and Selten (1988) to
stochastic games. The resulting equilibrium selection method is called the stochastic tracing
procedure. The paper also presents a globally convergent numerical algorithm to compute
the equilibrium selected by the stochastic tracing procedure.

The paper makes a strong case for the use of numerical methods in general. Not only can
numerical methods be used to verify the robustness of equilibria that have been characterized
analytically to deviations from the simplifying assumptions that permitted such characteri-
zations. We illustrate by means of an example in the framework of dynamic oligopoly, how

numerical methods can be used to challenge conventional economic wisdom.
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