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Abstract

It is well-known that a transferable utility game has a non-empty core if and only if it is
balanced. In the class of non-transferable utility games balancedness or the more general 7-
balancedness due to Billera (SIAM J. Appl. Math. 18 (1970) 567) is a sufficient, but not a
necessary condition for the core to be non-empty. This paper gives a natural extension of the
n-balancedness condition that is both necessary and sufficient for non-emptiness of the core.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

A cooperative game with non-transferable utility is an assignment of a set of
feasible utility allocations to each coalition of players. The core of a cooperative
game selects those utility allocations that are robust to all possible deviations by
coalitions.
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In Bondareva [2] and in Shapley [8] the notion of a balanced game has been
introduced for games with transferable utility (TU-games). It has been demonstrated
that a TU-game has a non-empty core if and only if it is a balanced game. Scarf [7]
has extended the condition of balancedness to games with non-transferable utility
(NTU-games) and proved that every balanced NTU-game has a non-empty core.

Billera [1] has further generalized the notion of a balanced game. In his work
the balancedness condition is defined with respect to a system n of coalitional
vectors specifying the power or weight of each agent within every coalition. The
existence of the system of the coalitional vectors n such that the game is n-balanced
suffices for the core to be non-empty. Moreover, when attention is restricted to
hyperplane games, a non-empty core implies 7n-balancedness for an appropriate
choice of 7. In general, the equivalence of n-balanced games and games with a non-
empty core does not hold: an example of a game with a non-empty core that is not
balanced for any choice of = is given in Billera [1]. Generalizations of Billera’s
balancedness conditions have been given for cooperative games in permutational
structure (see [10]) and cooperative games in graph structure (see [4]). These
conditions weaken m-balancedness and are sufficient for the core to be non-empty,
although not necessary.

A natural generalization of the n-balancedness condition is achieved by allowing
the system of coalitional vectors n to depend on the utility allocations. In this paper
we define the balancedness of the game with respect to a correspondence II that
assigns to each allocation of utilities a set of coalitional vectors =. We therefore allow
the power of an agent within a coalition to depend on the utility allocation that is
proposed. We prove that the core of an NTU-game is non-empty if it is balanced
with respect to some correspondence II. Conversely, for a given game with a non-
empty core we construct a correspondence I satisfying the condition of II-
balancedness. Thus, II-balancedness is not only a sufficient, but also a necessary
condition for non-emptiness of the core.

To the best of our knowledge, the only alternative necessary and sufficient
balancedness condition for non-emptiness of the core is given by Keiding and
Thorlund-Petersen [6]. The advantage of our IT-balancedness condition over the
condition in Keiding and Thorlund-Petersen [6] is that it applies directly to the game
of interest and avoids the construction of any auxiliary games or sequences of
approximating games.

The outline of the paper is as follows. In Section 2 some notation is introduced.
In Section 3 we discuss the n-balancedness condition of Billera [1] and the
(m, <)-balancedness condition of Keiding and Thorlund-Petersen [6].> In
Section 4 the II-balancedness condition is defined and the main result of the
paper is proved. In Section 5 we examine an example (due to Billera [1]) of a
game which has a non-empty core without being m-balanced for any system of
coalitional vectors .

’In the paper of Keiding and Thorlund-Petersen [6] a somewhat different definition of a non-
transferable utility game is given. In particular, the set V(S) is assumed to lie entirely in the non-negative
orthant of R" and to contain the zero vector. The set V,(S) is assumed to be bounded for all Se./".
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2. Notation

Let n be a positive integer. Then N is the set of integers {1, ...,n}, and A" is the
collection of non-empty subsets of the set N. R" is the space of functions
x:ieN—x'eR. R" is the space of functions 1: Se./ "+ igeR. Let Ay denote the
unit simplex in R", Ay = {xeR" |x'>0 VieN,Y , .y x = 1}. Forevery Se ./ define
the set As = {xedy|> ;.sx =1}, and let 4 be a Cartesian product of As over
all SeA”. Let 4, denote the unit simplex in RY, A, =
{2eR" | 25=0 ¥Se V", Y g, , As = 1}. If x and y are elements of R", then x -y
denotes the scalar product of x and y, thatis x -y = >"._ x'y'. For each Se /" let 1
be the vector in R"” with component lg equal to 1 if i€ S and equal to 0 otherwise.
For a subset 4 of R", the symbols int 4 and 04 denote, respectively, the interior and
the boundary of 4.

3. n-Balancedness and (7, < )-balancedness

An n-person game with non-transferable utility (hereafter referred to simply as a
game) is a family of sets V' = {V(S) ) g. 4 satisfying the following assumptions:

(41) For all Se A", V(S) is a non-empty proper closed subset of R”".
(42) For all Se ", [xeV(S), yeR", y'<x' for all ie S] implies [ye V(S)].
(93) The set V(N)\U;cn int V({i}) is non-empty and compact.

A vector xe R" is an element of the core of the game V' if xe V(N) and there exist no
Se./" and no yeV(S) such that x'<y' for all ieS. The core of the game V is
denoted by C(V). Therefore,

c(v)y=v(N)\ |J intv(s).
SeN
Below we reproduce the n-balancedness condition of Billera [1]. Let an element 7
of the set 4 be given. A collection of coalitions f = ./" is said to be n-balanced if there
exists Ae 4 - such that

N = Z lg?‘[s.

Sef

A game V is said to be n-balanced if for every n-balanced collection of coalitions
p< ./ it holds that

() V(S)sV(N).
Sep
If there exists some nwe 4 such that the game V is n-balanced, then the core of V' is
non-empty.
The n-balancedness condition has been generalized in the work of Keiding and
Thorlund-Petersen [6]. Given a game V and a coalition Se A" let V,(S) =
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{xSeRS | xe V(S)}, where R? is the set of non-negative functions with domain S,

and x5 is the restriction of the function xeR" to the set S.' Let # denote the set of
binary relations < on the set ./ satisfying the following conditions:

® < isacyclic: If Sje /" for all je{l,...,k} and S| <S> <--- <8}, then we cannot
have S, <S].

® All one player coalitions are minimal: For all ie N there is no Se./" such that
S<{i}.

Let te 4 and < € Z be given. A game V is said to be (n, <)-balanced if the following
condition is satisfied: If f<.4" is a n-balanced collection of coalitions and

xXe ﬂ V(S)\ U int V(Q),
Sep Qe N, Tep: OQ<T

then xe V(N). The game V is said to be weakly (n, <)-balanced if there exists a
sequence {7}, of (n, <)-balanced games such that

® V/(N)=V*(N) for all 7, and
® for every Se./" the sequence {V;(S)},2, converges to the set V,(S) in the
topology induced by the Hausdorff metric on the set of non-empty compact

subsets of R”.

Theorem 1 below gives a characterization of NTU-games with a non-empty core.

Theorem 1 (Keiding and Thorlund-Petersen [6]). Let V be a game. Then the core of
V' is non-empty if and only if there exist te A, <e€R, and a weakly (n, <)-balanced
game V' such that V(N) = V'(N) and V(S)<= V'(S) for all Se V.

The purpose of the next section is to give a necessary and sufficient condition for
non-emptiness of the core that applies directly to the game of interest V. In
particular, our condition of I1-balancedness avoids the construction of an auxiliary
game like V' and does not use the approximation of the game ¥’ by a sequence of
games {V"}7,.

4. I1-Balancedness

As a preliminary result we state the IT-balanced version of the weak Knaster,
Kuratowski, Mazurkiewicz, and Shapley (K-K—-M-S) theorem. The original version
of the K-K—M-S theorem can be found in Shapley [9]. Theorem 2 can be easily
established using the fixed point theorem of Kakutani (analogous to the proof of the
K-K—-M-S theorem in Herings [3]).

Theorem 2 (II-balanced weak K-K-M-S). Let {Cs<Ady | Se AN} be a closed cover
of Ay such that if S and T are elements of N~ and the set Ay Cgs is non-empty, then
ScT. Let I1: Ay — A be a convex-valued correspondence with a closed graph. Then
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there exist x*e€ Ay, n*ell(x*), and 2" € A 4 such that
x'e ﬂ Cs,
Se N 1g>0

* * %
Ty = g AT,

Se N

Definition 1. Let a game V" and a convex-valued correspondence IT: R" — A with a
closed graph be given. The game V is said to be IT-balanced provided that the
following condition is satisfied: If xe R", neIl(x), and 1€ 4 4 are such that

X€e ﬂ V(S),
SeNihg>0
Ty = Z AsTs,
SeN

then xe V(N).

The n-balancedness condition of Billera [1] is defined relative to a fixed element 7«
of the set 4. It corresponds to the special case of Definition 1 where IT is single-
valued and independent of the utility allocation. By using the concept of II-
balancedness, we allow the power of an agent within a coalition to depend on the
utility allocation that is proposed.

Theorem 3. Let V be a game. Suppose that there exists a convex-valued
correspondence I1 : R" — A with a closed graph such that the game V is II-balanced.
Then the core of the game V is non-empty.

We do not report the proof of Theorem 3. Our argument essentially replicates the
proof of the Scarf’s theorem given in Kannai [5]. The key role in the proof of
Theorem 3 is played by the II-balanced weak K—K—M-S theorem.

Theorem 4 below asserts that IT-balancedness is not only a sufficient, but also a
necessary condition for the non-emptiness of the core.

Theorem 4. Let V' be a game with a non-empty core. Then there exists a convex-
valued correspondence I :R"— A with a closed graph such that the game V is II-
balanced.

Proof. We make use of the following lemma.

Lemma 1. Let V be a game and let Se N". Then

1. for every xeR" there exists a unique real number ts(x) such that (x—
1s(x)15) € IV (S);

2. the function ts: x+—ts(x) is a continuous function;

3. xe V(S) if and only if t5(x)<0; xe R"\int V(S) if and only if t5(x)=0.
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Define the continuous mapping gs:R"— 9V (S) by gs(x) = x — ts(x)1s for all
xeR".

Let x* be an element of the core of the game V. Define the correspondence
IT: R"— A by letting the set I1(x) be the product of the sets ITg(x), where

IIs(x) = {nseds|ns - gs(x*) = ns - gs(x)}
for all Se. /" and xeR".

To see that the set ITg(x) is non-empty, observe that it is given by the intersection
of the sets ITg(x) and IT{ (x), where
II5(x) = {nseds|ns - gs(x")<ms - gs(x)},
T (x) = {nseds | ns - gs(x*) =mns - gs(x)}.
If the set IT5(x) were empty for some xeR", then the inequality ng - gs(x*)>mns -
gs(x) would be satisfied for all nge As. In particular, this inequality would hold for
all vertices of the simplex As, implying that g(x*)>g%(x) for all ieS. As
gs(x*)edV(S), this would imply gs(x)int V(S), contradicting the definition of gs.
A similar argument shows that the set IT{(x) is non-empty. Moreover, both sets
IT5(x) and IT{ (x) are closed, and ITg (x) UII{(x) = As. Connectedness of the set Ag
implies that the intersection of ITg(x) and I} (x) is non-empty.
Convexity of the sets ITg(x) is trivial.
To prove that the graph of the correspondence IT is closed, let (x), 7)) be a
sequence of points in R" x 4 satisfying 7)€ II(x()) and converging to some point
(x(0), T(0))- Then the equalities

Tsk) - 9s(X7) = msw) - gs(xy), SeN
hold for all members of the sequence. By continuity of the mappings gs, it holds in
the limit that

Ts(0) - 9s(X7) = ms(0) - 9s(X(0)), SeN.

Therefore, 7o) € I1(x(p))-
Next we show that the game V is I1-balanced. Let xe R", neIl(x), and 1€ 4 be
such that

xe [ V),
Se Nt As>0
N = Z )»57'53.
SeN

By part (3) of Lemma 1, for all Se /" with As>0 it holds that r5(x)<0. As
x*¢int V(S), we have 0<tg(x*). It follows that for all Se A" with 1s>0 the
following inequalities hold:

Ts - X< s - gs(x)
=mg - gs(x")

< 7mg - x".
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Therefore,

Ty - X = E AsTs * X

Se A Js>0
< E ASTS - x*
Se A Js>0

=TN * X*
=TN 'gN(X*)
=7y - gn(x),

where the second to last equality is implied by the fact that x* = gy(x*). By
definition of gy(x), this gives the inequality #y(x)<0, and the inclusion
xeV(N). O

Theorems 3 and 4 show that IT-balancedness is necessary and sufficient for non-
emptiness of the core. The condition is relatively simple and provides a natural
extension of n-balanced concept of Billera that closes the gap between necessary and
sufficient conditions for non-emptiness of the core.

5. An example

In this section we examine the example from Billera [1] of a game which has a non-
empty core without being n-balanced for any system of coalitional vectors n. We
show that there is a natural choice of the correspondence IT such that the game in
question is IT-balanced. In addition, we demonstrate that the game is not (7, <)-
balanced for any 7 and any binary operation <, and construct an artificial game V"’
satisfying the condition of Theorem 1.

Let V' be a game with three players where

V({1,2,3}) = {xeR?| x' <1, ¥’ <1, ¥*<0},
V({1,2}) = {xeR¥| x! + ¥’ <2},

V(S) = {xeR®|x'<0 for all ieS} for any S#N, {1,2}.

The game V has a unique core-element, (1, 1,0).

We show that there is no we 4 such that V is a n-balanced game. Suppose first that
the vector ny has at least one zero component. Then the collection of singletons
B = {{i} | n’y>0} is a n-balanced collection of coalitions, whereas the intersection
Nsep V(S) is not a subset of V(N).

Suppose that all components of the vector n are positive. We can then assume
without loss of generality that 7iy =1 for all ie N. Now, if nh’z} = ”%1«,2} then the
collection of coalitions o = {{1,2},{3}} is n-balanced. Since the vector (2,0,0) is
an element of V({1,2}) and V({3}) but not of V({l1,2,3}), the condition of
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n-balancedness is violated. In case ”il,Z} >n%1‘2} the collection f = {{1,2},{2}, {3}}
is m-balanced, with (2,0,0) being feasible for each S in B. Finally, if n}172}<n%1_2}
then the collection of coalitions y = {{1,2},{1},{3}} is n-balanced. In this case the
vector (0,2,0) violates the n-balancedness condition.

Having these considerations in mind it is straightforward to construct a
correspondence IT such that the game V' is II-balanced. In particular, there should
be no n in I1(2,0,0) such that either  or f§ is a n-balanced collection of coalitions.
There also should be no 7e1(0,2,0) such that the collection y is balanced relative to
. We let

{(a,b,0)} if x'<x?,
H{]}z}(x) = A{hz} if xl = X2,

{(h,a,0)} if x'>x?

where the numbers a¢ and b satisfy a>b>0 and a+ b= 1. For any coalition
S#{1,2} we let II5(x) equal the barycenter of 4s.
To see that V is balanced relative to IT let xe R", e I1(x), and 1€ 4 4 be such that

xe () V(S),

Sep

Ty = E ASTS,

Se AN

where f = {Se.N": 1s>0}. If Nep there is nothing to prove. We therefore assume
that N ¢ 5. Suppose also that the coalition {1,2} is not a member of the collection .
Since ), >0, f must contain either the coalition {1} or the coalition {1, 3}, or both.
In either case x'<0. Similar reasoning for x> and x* shows that none of them is
positive. Hence, xe V(N).

Now consider the case where the coalition {1,2} is a member of f. If x! <x? then,
by construction of the correspondence I1, ”il,z} >n%172}. Therefore, the collection 8

must contain either coalition {2} or coalition {2,3}, or both, so x*<0. Since 73, >0,
there is at least one coalition in f§ which contains player 3, so that x*><0. Thus, x
belongs to V(N). If x><x! then ”%1‘2}>”%1,2} implying that f contains either the
singleton {1} or the coalition {1, 3}. In both cases, x' <0. As before, we have x* <0.
Thus, xe V(N). Finally, if x! equals x? then both of them are less than or equal to 1,
and therefore x belongs to V().

Turning to the condition of Keiding and Thorlund-Petersen, observe that the
vectors (2,0,0) and (0,2,0) are not in the interior of any of the feasibility sets V(.S)
of the game V. Hence, our argument that ' is not a n-balanced game for any = is
valid as a proof that it is not a (n, <)-balanced game for any 7 and any < eZ. Let
V' be a game where

V'({i}) = {xeR}|x'<1} fori=1,2,
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and V'(S) = V(S) for all other coalitions S. Choose = in 4 so that 7, >0 for all
ieN. Let < €Z be a binary relation satisfying {i} <{1,2} fori =1,2,3. Then V' is a
(m, <)-balanced game. Indeed, let § be a n-balanced collection of coalitions and let x
be an element of the set

V'(S) U int V'(Q).
Sep Qe N, Tepf: O<T

If the coalition {1,2} is not in f then one can argue as in the case with II-
balancedness that xe V/(N). If {1,2} is a member of the collection f§ then x must lie
outside the interior of V’({i}) for all ie N, which implies that x!'>1, x*>1, and
x*>0. Thus, x = (1, 1,0), which belongs to V'(N).
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