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Abstract

The unidimensional Pigou-Dalton transfer principle demands that a regressive transfer in income—
a transfer from worse-off (poor) to better-off (rich)—decreases social welfare. In a multidimensional setting
the direct link between income (or any other attribute) and individual well-being is absent. We interpret the
social welfare level of a distribution in which each individual has the same bundle as the individual well-
being level. We define regressivity on the basis of this individual well-being ranking. In a setting with
both transferable and non-transferable attributes, the imposition of the ensuing “consistent” Pigou—Dalton
principle forces individual well-being to have a quasi-linear structure in the transferable attributes. Since
we allow for transferable and non-transferable attributes, our result provides a normative underpinning for
criteria in the distinct literatures of multidimensional inequality measurement (only transferable attributes)
and of needs (one transferable and one non-transferable attribute).
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1. Introduction

In unidimensional inequality measurement, the Pigou—Dalton transfer principle states that a
regressive transfer in income—this is a transfer from a poorer to a richer individual—increases
income inequality and decreases social welfare. Income, however, is usually considered a poor
indicator of individual well-being and should therefore be augmented by other attributes (e.g.,
wealth, health, and literacy). If the focus is on individual well-being rather than income, then
the setting expands to a multidimensional framework and the Pigou—Dalton principle requires
modification.

We consider such a multidimensional framework. A social state is a distribution of attribute
bundles over the individuals in society, one bundle for each individual. These attribute bundles
incorporate all the relevant information, i.e., individuals are treated as identical except for their
attribute bundles. Two difficulties arise in developing a multidimensional transfer principle.

First, the idea of a transfer that preserves the total amount of the attribute in society may not
be meaningful or desirable for each attribute. We will therefore formulate a multidimensional
version of the Pigou—Dalton principle in terms of transferable attributes only.

The second problem is less easily tackled: in the multidimensional setting there is in general
no direct link between the level of some single attribute and the level of well-being. Consider an
example with two attributes, income (transferable) and health (not transferable). Individual i has
the attribute bundle (income, health) = (5, 6) while j has the bundle (9, 2). An income transfer
from i to j is regressive in income. However, whether or not this income transfer is regressive
also in terms of well-being depends upon the ranking of the bundles (5, 6) and (9, 2). In order
to be able to label a transfer as regressive in terms of well-being, we need a ranking of the at-
tribute bundles in terms of individual well-being. We appeal to the social ranking—assumed to
be complete—to generate such a ranking at the individual level. More precisely, the ranking in
terms of individual well-being coincides with the social ranking of distributions in which each
individual has the same attribute bundle. In the above example, the bundle (5, 6) yields a lower
(higher) level of individual well-being than (9, 2) if the social ranking considers the distribution
((5,6),(5,6), ..., (5,6)) to be worse (better) than the distribution ((9, 2), (9, 2), ..., (9,2)). As
such, the social ranking induces an individual well-being ranking. Since individuals are consid-
ered identical except for their attribute bundles, the ranking in terms of well-being is the same
for each individual.

We now formulate our multidimensional extension of the Pigou—Dalton principle: a social
ranking satisfies the consistent Pigou—Dalton principle if a transfer considered to be regressive in
terms of the induced individual well-being ranking, results in a worse distribution. Our main re-
sult states that—in the standard framework of additively separable social welfare functions—the
imposition of the consistent Pigou—Dalton principle forces individual well-being to have a quasi-
linear structure in the transferable attributes. In the literature on multidimensional inequality
measurement—in which all attributes are transferable—our result provides a normative under-
pinning of Kolm’s [10] budget dominance relation. In the needs literature—in which there are
two attributes, one transferable (income) and one non-transferable (needs)—our result provides
a normative underpinning of Bourguignon’s [3] welfare dominance criterion.

The next section introduces notation and presents basic concepts. Section 3 provides a formal
definition of the consistent Pigou—Dalton principle. In Section 4 we state and prove the main re-
sult (Theorem 1). The remainder of the paper discusses implications of Theorem 1. In Section 5
we consider the framework of multidimensional inequality measurement. We link the consis-
tent Pigou—Dalton principle to the uniform majorization principle and the correlation increasing
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majorization principle. Furthermore, we show that Kolm’s [10] budget dominance relation coin-
cides with the intersection of all social rankings described in Theorem 1. In Section 6 we focus
on the needs framework. We interpret our main result as a justification for using absolute (rather
than, e.g., relative) equivalence scales to correct for differences in needs. Here, we show that
the intersection of all social rankings described in Theorem 1 coincides with an extension of
Bourguignon’s [3] welfare dominance criterion.

2. Notation

We consider a finite set M of at least two individuals and a non-empty finite set A of at-
tributes. We distinguish transferable from non-transferable attributes. Whether or not an attribute
is transferable is ultimately a normative choice: an attribute is transferable if one believes that
transferring attribute amounts from better-off to worse-off individuals, while preserving the to-
tal amount of this attribute, is desirable. Income would be a typical example of a transferable
attribute, whereas health status would be a typical example of a non-transferable attribute. The
set T collects the transferable attributes and is non-empty, the set N collects the non-transferable
attributes, and A = T U N. Concerning the sets 7 and N, two extreme positions have received
considerable attention. The multidimensional inequality literature puts N = {J and labels each
attribute as transferable. In the needs literature there are two attributes: income (transferable) and
needs (non-transferable).

The variable that measures the amount of attribute k runs over some closed interval Ay C R.
As such, the domains A7y and Ay of transferable and non-transferable attribute bundles are
cartesian products of closed intervals. The domain of attributes is'

A=[TAx[]Anc][Rx[]R.

teT neN teT neN
N—— N ——’ N — ——
Ar An RT RN

Each attribute bundle x in A can be decomposed into (x7, xy) with x7 in A7 the transferable
part and xy in Ay the non-transferable part. We extend this decomposition to arbitrary vectors
in R4 and we write ¢ = (¢, ey) with e7 in RT and ey in RY.

Each individual i in M is endowed with some attribute bundle x* = (x,‘;) ke in A. The number
x,‘; in Ay measures the amount of attribute k individual i is endowed with. Superscripts refer to
individuals and subscripts to attributes. A distribution of attributes over the set of individuals is
an |A| x |M| matrix X with the attribute bundle x at the ith column. The set D = AM is the
domain of distributions. We assume that the attribute bundles completely capture the relevant
differences between the individuals. In other words, the individuals are identical except for their
attribute bundles.

Vector and matrix inequalities are denoted by >, >, and >>: we write X > Y if the inequality
x,’; > y,i holds for each individual i and each attribute k, X > Y if in addition at least one of the
inequalities holds strictly, and X > Y if all the inequalities hold strictly. We write O for zero
vectors. For two vectors x and y in R¢, we write x - y for the sum x1y; +x2y2 + -+ - + x¢ye.

1" The notation R4 follows the notation B4 for the collection of maps from a set A to a set B.
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A social ranking - is a quasi-ordering in D.? The asymmetric and symmetric components of
> are denoted by > and ~, respectively.?> The social ranking >~ induces a quasi-ordering in A.
We denote this induced relation by Rs: for each x and y in A,

xR~y ifandonlyif x x - X))z y - Y. (1)

It is compelling to interpret the relation Rs- as the ranking of attribute bundles in terms of indi-
vidual well-being that underlies the socialNranking 2-. Since individuals only differ with respect
to attribute bundles, a choice between two distributions in which they all have the same attribute
bundle boils down to a choice of the best attribute bundle at the individual level. If the social
ranking 7 in D is complete, then also the induced relation R~ in A is complete. The asymmetric
part of R» is denoted by Ps-. -

We now introduce threeNproperties for a social ranking =~ of distributions. Monotonicity and
anonymity are natural requirements.

Monotonicity. For each X and Y in D, the matrix inequality X > Y implies X > Y.

Anonymity. For each X in D, we have indifference between X and all distributions that are equal
to X up to a rearrangement of its columns (individuals).

Monotonicity makes sense in the multidimensional context if each attribute is a good—not
a bad. A monotonic social ranking registers an increase in an attribute as an improvement.
Anonymity imposes that the names of the individuals are not taken into account. This prop-
erty makes sense since all relevant characteristics of individual i are incorporated in the attribute
bundle x’. In other words, the relevant differences between the individuals are captured by the
attribute bundles. The third property incorporates completeness, continuity, and separability.

Additive representability. There exist C!-maps u’ : R4 — R, one for each i in M, such that,
foreach X and Y in D,

XzY ifandonlyif > u'(x) =D u'(y). )
ieM ieM

Imposing this property forces the social ranking to be complete, continuous (hence, rep-
resentable), and separable over individuals (in order to compare two distributions, only those
individuals who experience a change in their attribute bundles are taken into account, individu-
als who experience a status quo have no impact). The combination of monotonicity, anonymity,
continuity, and separability implies the representability of the social ranking as in (2) with u’
continuous and u’ = u for each i in M [2]. The map u represents the ordering R» in A induced
by the social ranking 7~ in D. The technical condition that the representation involves maps that
are continuously differentiable (or C 1y is used in the proof of Theorem 1.

3. A consistent Pigou-Dalton principle

According to the unidimensional Pigou—Dalton principle, a transfer from poor to rich results
in a distribution that is socially worse than the initial distribution. Now consider the multidimen-

2 A transitive and reflexive binary relation is a quasi-ordering. A complete quasi-ordering is an ordering.
3 Thatis, X =Y if X =Y andnotY =5 X,and X ~Y if X =Y and ¥ &5 X.
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sional setting. Let R be a quasi-ordering in A that ranks attribute bundles in terms of individual
well-being. The R-Pigou-Dalton principle requires that whenever individual i is—according to
R—not worse off than individual j, then a mean-preserving transfer from j to i in one or more
attributes, decreases social welfare.

R-Pigou-Dalton principle. For each X and Y in D, for each i and j in M with x’ Rx/, and for
each ¢ = (er, ey) in RA with e7 > 0 and ey = 0, we have that if

Y:( xi+g xj_s )’

with X and Y coinciding except for individuals i and j, then X > Y.

In this definition, the transfer from j to i is regressive in terms of well-being. The restriction
en = 0 reflects that only transferable attributes are involved. The unidimensional >-Pigou—
Dalton principle (with > the natural ordering in R) coincides with the unidimensional Pigou—
Dalton principle. The normative contents of the R-Pigou—Dalton principle crucially depends on
the choice of the quasi-ordering R in A. It seems natural to choose R equal to the well-being
concept underlying -, i.e., to choose R = Rs. We refer to this version of the R-Pigou—-Dalton
principle as the consistent Pigou-Dalton prinaple.

Consistent Pigou-Dalton principle. The social ranking =~ in D satisfies the consistent Pigou—
Dalton principle if it satisfies the R-- -Pigou—Dalton principle, where the quasi-ordering Ry in
A is induced by the social ranking =~ *in D as in (D).

Note that if a unidimensional social ranking - satisfies monotonicity, then the induced well-
being ranking R coincides with >. In that case, the consistent Pigou—Dalton principle coincides
with the unidimensional Pigou—Dalton principle.

4. Main result

The next theorem investigates the effect of imposing monotonicity, anonymity, additive rep-
resentability, and the consistent Pigou—Dalton principle upon a social ranking of distributions.

Theorem 1. A social ranking = satisfies monotonicity, anonymity, additive representability, and
the consistent Pigou—Dalton principle if and only if there exist

e avector pr in RT with pr >0,
e a C'-map ¢ : R — R which is strictly increasing and strictly concave, and
e a Cl-map  : Ay — R which is strictly increasing in each variable,

such that, for each X and Y in D, we have
X2V ifandonlyif Y @(pr-xp+v () =D e(pr- vy + v (k)

ieM ieM

Proof. The particular representation of the social ranking - satisfies the four conditions. We
focus on the reverse implication. Therefore, let 7~ be an ordering in D that satisfies the four
conditions. We proceed in five steps.



K. Bosmans et al. / Journal of Economic Theory 144 (2009) 1358-1371 1363

Step 1. Starting up the proof: organizing partial differential equations.

Since the social ranking - is anonymous, monotonic, and additively representable, it can be
represented by a C'-map on the domain of distributions:

SC:D—->R: X~ Zu(xi),
ieM
with u : R4 — R a strictly increasing function that represents the induced ordering R . The
monotonicity of the relation 7~ implies the monotonicity of Ry (if x > y, then x P y). -
Next, we study the indifference surfaces of the map u#. The monotonicity of R»- implies
that the indifference surfaces are thin. Let r € T. Let x and y in A satisfy u(x) > ;(y). Ac-
cording to consistent Pigou—Dalton, the distribution (x 'y z --- z) is socially preferred to
x+e y—¢e z --- z)withein R4, ¢, > 0, and &; = O for each k # t. Given the additive
representability, it follows that

u(y) —u(y—e)>ulx+e)—ux)>0.
Divide by ¢;, take the limits for & to 0, and obtain D;u(y) > D;u(x) = 0. In sum,
foreachrin T, ifu(x)>u(y), thenO< Diu(x)< Diu(y).

If u(x) =u(y), then u(x) > u(y) and u(y) > u(x), and the partial derivative with respect to a
transferable attribute is a constant: D;u(x) = D;u(y). The utility level u(x) completely deter-
mines the derivative D,u(x).

As a consequence, for each ¢ in T and for each x in A, it holds that D,;u(x) = V;(u(x)), with
V:R— (RT)T avector valued map. This is a system of first-order partial differential equations.

Step 2. The equation “for each z = (21,22, ..., 2k), we have D1 f(z) = g o f(2)” and its solu-
L4
tion.

Let f be C! and consider the above partial differential equation. Let G be a primitive of 1/g,
i.e., G’ = 1/g. We claim that the map f satisfies the equation if and only if f is implicitly defined
by

G(f)=z+v(z2,23,.... %),

with v an arbitrary map from R¥~! to R. Such an implicitly defined map f clearly satisfies the
differential equation. To show necessity, rewrite the differential equation as le f=1
and integrate with respect to zj. If g is almost everywhere positive, then G is strictly in-
creasing, the inverse map ¢ = G~ ! is well defined, and the solution can be rewritten: f(z) =
o(z1 + ¥ (z2,23,...,2k))- As f is assumed to be C!, the map v has to be C!. In this particular
case, the above quasi-linear first-order partial differential equation characterizes C!-transforms
of a quasi-linear function.

Step 3. The case T = {1}, the equation Diu(x) = V1 (u(x)).

According to Step 2—plug in u and V for f and g—we obtain u(x) = ¢(x1 + ¥ (xy)). The
map g is strictly concave. Otherwise, if Do(x; + ¥ (xy)) = Do(X1 + ¥ (xy)) with x; > x1, then
a small progressive transfer might result in the same social welfare.

4 Andrei Polyanin (http://eqworld.ipmnet.ru/en/solutions/fpde/fpde2103.pdf) presents a solution of this equation. See
also [12].
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Step 4. The case T = {1, 2}, the equations D;u(x) = V;(u(x)), t =1, 2.
Apply Step 3 for both transferable attributes and obtain two representations:

u(xr, x2; x5) = a(x1 + Bx2; xn))

and

u(xy, xa; xy) =y (x2 + 8(x1; xn)).

Consider the marginal rates of substitution. For each (x1, x2; x5 ) and for each n in N, we have

Dou(xy, x2; xn) 0] 1
—_— = D2 (x2; xy) = —_—
Diu(xy, x2; xn) D16(x1; xn)
and
Dyu(xy,xp; x i) Dp8 (x5 x
it (X1 2. N)=Dnﬂ(x2;XN)(l=l) nd( 1. N).
Dyu(xy, x2; xN) D16(x1; xn)

Identity (i) implies that D>fB(x2; xy) only depends on xy, not on xp; say, B(xz;xy) =
x2 f (xn) + g(xn). Similarly, identities (ii)—one for each n in N—imply that D, 8(x2; x) only
depends on xy, not on x»; hence f(xy) must be a constant, say f(xy) = a>. In conclusion, u
obtains the desired representation: u(x1, x2; xy) = a(x1 + axxz + g(xy)). With respect to the
strict concavity of «, the argument in Step 3 remains valid.

Step 5. The case T ={1,2,3, ...}, the equations Diu(x) = V;(u(x)), tinT.

We tackle this case by induction. Suppose Theorem 1 holds for |T'| < k. Let |T| = k. Apply
the induction hypothesis to two different subsets of T of cardinality k — 1 and obtain two repre-
sentations. Combine these two representations—along the lines of Step 4—and conclude that u
has the desired representation. 0O

As Theorem 1 shows, the imposition of the consistent Pigou—Dalton principle in an additively
separable framework considerably limits the possibilities to rank distributions in D: the induced
well-being ranking in A obtains a quasi-linear structure. The next two sections apply this result
to the framework of multidimensional inequality measurement and to the framework of needs,
respectively.

5. Multidimensional inequality measurement

The literature on multidimensional social evaluation assumes that each attribute is transfer-
able, i.e., A=T and N = . Imposing the four properties results in the following criterion: for
each X and Y inD:AI}/I,

X =Y ifand only if Z(p(p~xi)2290(p'yi), 3)
ieM ieM

with ¢ : R — R a strictly increasing and strictly concave C!-map, and p > 0 in RT. We dis-
cuss the normative approach (5.1) and the dominance approach (5.2). For surveys of these two
approaches, we refer to Weymark [17] and Trannoy [15], respectively.
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5.1. Here, we link the consistent Pigou—Dalton principle to two other principles in the liter-
ature.

First, we consider the uniform majorization principle due to [10]. This principle requires
that posg—multiplying a distribution by a non-permutation bistochastic matrix increases social
welfare.

Uniform majorization principle. The social ranking 7~ satisfies the weak uniform majorization
principle if, for each distribution X in D = Ay and each non-permutation bistochastic matrix B,
we have X B 77 X. If, in addition, X B # X implies X B > X, then 77 satisfies the strong uniform
majorization principle.

A social ranking - of the form (3) satisfies the weak uniform majorization principle. Indeed,
the strict concavity of the map ¢ implies the inequality

Y oelp-(XBY) =D o(p-x'),

ieM ieM
with (X B)' the ith column of X B.® Furthermore, the combinationof XB # X and p-XB = p-X
may occur. Hence, a ranking ~ of the form (3) does not satisfy the strong uniform majorization
principle.

Second, we examine the correlation increasing majorization principle due to [16]. Consider
two individuals and switch attribute amounts between them until one individual has more of
each attribute than the other. The correlation increasing majorization principle demands that such
switches—which increase the correlation of attributes—decrease social welfare. For each x and
yin R4, let x A y = (min{xt, yi})kea and x V y = (max{xg, ykDrea-

Correlation increasing majorization principle. For each X and Y in D = A, and for each i
and j in M, we have that if x' v x/ differs from x' and x/, and if

Y:( xi\/_xj _xi/\_xj )7

with X and Y coinciding except for individuals i and j, then X > Y.

It is straightforward to see that the consistent Pigou—Dalton principle—in combination with
anonymity—implies the correlation increasing majorization principle. Indeed, assume that with
respect to distribution X individual i is not worse off than individual j. Then, the move from
distribution X to distribution Y involves the transfer (x/ — x’) v 0 from j to i. If, with respect
to X, j is not worse off than 7, then apply anonymity to switch i and j, and repeat the previous
argument.

5.2. Expression (3) defines different criteria, one for each choice of the map ¢ and of the
vector p. The intersection of all these criteria defines a partial ranking.

Unanimity criterion 22, in D = A’}” .Let X and Y be two distributions in D. Then, X -7 Y if
X = Y for each social ranking 2~ that satisfies monotonicity, anonymity, additive representability,
and the consistent Pigou—Dalton principle.

SA non-negative square matrix is said to be bistochastic if all of its row and column sums are equal to 1. A bistochastic
matrix with only zeros and ones is a permutation matrix.
6 See[11, p. 64].
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Let p > 0 be a vector in R”. The condition

o(p-x')+o(p-®)+-+o(p-x") Z(p-y') +o(p- )+ +o(p-y")

for each C!-map ¢ : R — R that is strictly increasing and strictly concave, is one way to
express that the n-tuple (p - x', p - x%,..., p - x"*) generalized Lorenz dominates the n-tuple
(p-y'.p-y% ..., p-y"). Here, we refer to Kolm [9] and Shorrocks [13].

Kolm [10] interprets p as a price vector, the product p - x’ as the budget of individual i, and
introduces the budget dominance criterion. According to this criterion distribution X dominates
distribution Y if for each price vector the budgets induced by X generalized Lorenz dominate the
budgets induced by Y.

As a consequence, Kolm’s criterion coincides with the unanimity criterion -7 and Theorem 1
provides a normative underpinning of Kolm’s criterion.

Corollary 1. Let X and Y be two distributions in D = AI}’I .Then, X Z Y ifand only if X budget
dominates Y .

6. The needs framework

In the needs literature, one usually considers only two attributes: income and an index of
needs.” Income is assumed to be transferable and is denoted by x; in A, C R. The needs index is
assumed to be non-transferable and is denoted by x, in A, C R. Lower values of x,, correspond
with higher needs. The domain D is the cartesian product (4; x A,)™ c (R?)M . A social ranking
that satisfies the four properties ranks the distributions X and Y in D as follows:

X 7Y ifand only if Z(p(xti + I/I(x;l)) = Z(p(yti + 1/’()’2))’ 4)
ieM ieM

with ¢ and v strictly increasing C! and with ¢ also strictly concave. We discuss the equivalence
scale literature (6.1) and Bourguignon’s [3] dominance criterion (6.2).

6.1. The standard equivalence scale approach proceeds in two steps. First, in order to com-
pare the living standards across individuals with different levels of needs, one determines for
each individual an equivalent income. The equivalent income function E : A; x A, — R adjusts
incomes for needs and is assumed to be strictly increasing and C'. Second, welfare is defined
as the sum of utilities of the equivalent incomes ), _,, U(E (xf, x,i,)) with U strictly increasing
and C!. The relative and income-independent transform, i.e., E(x;, x,) = x;/S(x,), is a well
known and frequently used example.

Theorem 1—as repeated in expression (4)—indicates that the imposition of the four axioms
forces the equivalent income to be a quasi-linear transform of income: E (x;, x,) must be defined
as x; + ¥ (x,). In words, the income x; is adjusted for needs by adding an income-independent
equivalence scale ¥ (x,). This particular equivalent income function is known as an absolute and
income-independent transform. Relative transforms conflict with the consistent Pigou—Dalton
principle and are therefore excluded from expression (4).3

7 See [1,3].
8 Related results can be found in [4-6,8,14].
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6.2. Expression (4) defines different criteria, one for each choice of ¢ and . As in Sec-
tion 5.2 we consider the partial ranking generated by the intersection of all these criteria. We
define this unanimity criterion and show that it extends the welfare dominance criterion of Bour-
guignon [3].

Let us first introduce an extension of Bourguignon’s [3] welfare dominance criterion. Let X
and Y be two distributions in D = (A; x A,)™. Let

L(X,Y)= {l | there exists an i in M such that [ = x or[ = y;l}

be the set of all needs values that occur in X orin Y. Foreach value / in L(X,Y),letU; : R —> R
be a C? utility function. Then, X = p Y if

2 Us () 2 DUy (),

ieM ieM

for each profile U = (U)jer(x,y) of C2-functions that satisfies

e U/(y)>0and U/'(y) <0 for each y in R and for each [ in L(X,Y),

e for each [; and /> in L(X,Y) and for each y in R, we have that if /; < [, then Ul’] (y) =2
U;’z(y),

e limy ., U;(y) =u foreach/in L(X,Y).

The first two conditions state that marginal utilities are everywhere positive and decreasing,
and higher needs imply higher marginal utilities for the same income. The final condition imposes
that needs differences do not matter if individuals are infinitely rich. This limit condition is weak
(recall that observed incomes are finite) and technical (it simplifies Proposition 1). A profile U
that meets these three conditions is said to be an L(X, Y)-profile.

In the particular case where the | M |-tuples of needs values in X and Y are equal up to a per-
mutation, the relation = g boils down to Bourguignon’s criterion. The next proposition rephrases
>~ p in terms of distribution functions and is similar to Bourguignon’s theorem [3, p. 73].

Proposition 1. Let X and Y be two distributions in D = (A; X ADM. Let L =L(X,Y) be the
set of all needs values that occur in X or in Y. For each | in L, let Fx (-|l) be the distribution

function of income in X conditional upon the value of needs being l (and similar for Y). Then,
X =g Y ifand only if

Bi
> / (Fx(zll) = Fy(zI) <0, (5)
lel " »

for each |L|-tuple (B))icL in RE thar satisfies B, < B, if 1 < bb.

Proof. We rewrite >~ p in terms of dominance. Observe that X >—p Y if and only if, for each
L-profile U, we have
+00
Ay(X, )= Ui(@)(dFx(all) —dFy(@|D) >0,
leL

oU=—00

where d Fx and d Fy are the densities that correspond to Fy and Fy. Integration by parts converts
Ay(X,Y) into
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+00
D dim Ure)(Fx(@lh) = Fr(@lh) =) / Uj (@) (Fx (@ll) = Fy(@ID).
leL leL (" o
As limy o Uj() = it for each [, the first sum is equal to 0. Hence, X 7Zp Y if and only if, for
each L-profile U, we have
+00
Ay (X, Y)=—Z Uj (@) (Fx(all) = Fy (@) > 0.

lel 4" o

Let Iy be the smallest value in L. For each [ in L, the inequalities U;" < 0 and Ul’0 >U/ >0
implicitly define a strictly increasing map f; by Uj(a) = Ul’o( fi(@)) for each «. Furthermore,
for each «, we have fj,(0) =« and f}, (o) < fp, (@) if I} < [p. Also, lim_ fj(a) = —o0 and
lim o f1(0) = 400. Let F/(a) = Fx(x|l) — Fy(a|l) and write

+oo

Ay(X.¥)==>" /Uz’o(ﬁ(a))F/<a>~

lel 4" oo

In each term we change the variable « into 8 = f;(«) and obtain

+00
Ay(X,¥)==)" / U B (7 B) (71 B)-
leL f=—00

Integrate by parts, put lim Ul’o (B) =0 (a consequence of lim Uy, (B) = u), use the linearity
of integration, plug in the definition of I7, and conclude that X -y Y if and only if

+00 ®)
Ay(X.Y) = / U,’é(ﬁ)( > [ Fx(z|l) — Fy(zll)) >0
f=—o0 leL 7=—00

for each L-profile U. Recall that U;) < 0 and conclude that X Zp Y if

718
> / (Fx(zll) — Fy(zIl)) <0 ©6)

leL -7 5

for each B in R and for each profile f = (f;);cr of increasing maps that satisfies, for each o,
Jio(@) =a and f}, (o) < fi, () if I1 < [. Manipulating the values of Ul’(; (B) one can show that
also the reverse holds: “the negation of (6) for a particular profile f and value 8 in combination
with “Ay (X, Y) > 0 for each profile U” cannot occur. [

Next, we introduce the unanimity social ranking as the intersection of the rankings satisfying
the axioms in Theorem 1 for the current domain of distributions.

Unanimity criterion Z, in D = (4; x A,,)M . Let X and Y be two distributions in D. Then,
X =y Y if X = Y for each social ranking 77 that satisfies monotonicity, anonymity, additive
representability, and the consistent Pigou—Dalton principle.
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Recall expression (4). The social ranking =~y expresses unanimity among utilitarian planners
using a wide set of absolute equivalence scales to correct income for needs. Proposition 2 links
the unanimity criterion - with the Bourguignon criterion = 5.’

Proposition 2. Let X and Y be two distributions in D = (A; x A,)M. Then, X =~ Y if and only
ifXzpY.

Proof. Let X and Y be two distributions in D. We keep the previous notation: L = L(X,Y) is
the set of needs values and for each [ in L, Fx(:|l) and Fy(-|l) are the conditional distributions
with d Fx (+|l) and d Fy (+|]) the corresponding densities.

By the definition of the unanimity relation - and Theorem 1, we have that X 7Zy Y if and
only if the welfare difference

+o0
Apy(X,¥)=)" / (e + v (1) (dFx(ell) — dFy(all)) >0,
lel o " o

for each strictly increasing and strictly concave C'-function ¢ and for each strictly increasing
C!-function .

We will translate this condition towards Bourguignon’s dominance criterion as described in
Proposition 1. We start by integrating A, y (X, Y) by parts:

+oo
Z(ggw(a +¥O)(Fx (@) = Fy (D) - f ¢' (¢ +yO)(Fx(el) - Fy(a|l))>.
leL a=-—00

Let us look at the sum of the first terms. For « sufficiently large (i.e., larger than the observed
incomes), the differences §; = Fx («|l) — Fy(«|l) remain constant. We obtain that

D8 limg(« +y () = D8 lim g (o) = lim g (@) > & =0.

leL leL leL
It follows that X - Y if and only if, for each couple (¢, 1), we have

+00
Apy(X.V)==>" f ¢ (@ + v ) (Fx(@ll) — Fy(all) > 0.

leL ("
For each [/ in L, let I} (x) = fZa:_oo Fx(z|l) — Fy(z|l) and B = a + ¥ (I). We obtain
+00
Aoy X, 1) == / ¢ B (B~ v D).
leL =00

Integrate by parts and use the linearity of integration. Conclude that

+00
Agy(X,Y) =—lim (cp%ﬁ) > n(g- wz))) + / w”(ﬁ)( > ns- wa))).

leL B=—00 leL

9 Fleurbaey, Hagneré, and Trannoy [7] obtain a similar result using relative equivalence scales.
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Recall that ¢ is strictly increasing and strictly concave.'® Hence, the conclusion “Npy(X,Y) 20
for each couple (¢, ¥)” holds if the following two conditions are met:

(A) for each |L|-tuple B = (B;)ieL that satisfies B;, < By, if I1 < I, we have

Bi
ApX,Y) =" | (Fx(ll)— Fy(zID) <0,

leL .-~ »

(B) for B = (400, +00,...,4+00), we have

+00
Mmoo X1 =3 [ (FxelD - Frcein) <o
lel "

Condition (B) can be dropped as it is implied by condition (A). Indeed, for 8 in R sufficiently
large, the sign of A g, .. p)(X,Y) does not change anymore. Hence, if condition (A) is met,
then X —n Y.

Manipulating the values of ¢’(400) and ¢”(8) one can show that also the reverse holds.
Indeed, “the violation of condition (A) for a particular |L|-tuple” in combination with
“Agy,y (X, Y) 2> 0 for each profile (¢, ¥)” cannot occur.

In sum, distribution X dominates distribution ¥ according to the unanimity criterion -y if
and only if condition (A) is met. From Proposition 1 we know that distribution X dominates
distribution Y according to the extended Bourguignon criterion 2~ p if and only if condition (A)
is met. Therefore, the relations 7~p and 7~y coincide. O

.....
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