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Chapter 1

Introduction

This monograph is devoted to the study of stochastic games, which can be seen
as decision processes with a certain number of decision makers (players). In this
monograph we will always assume that there are at least two players; stochastic games
with only one player are better known as Markov decision processes and the theory
on such games has developed in another direction. We will now describe stochastic
games with two players for the sake of simplicity; the description of stochastic games
with more players is analogous. A stochastic game with two players can be given by
a state space S, and related to each state s 2 S, a bimatrix As in which each entry
contains two real numbers (payo¤s to the respective players) and a probability vector
(transition vector) over the state space S. The rows and the colums of bimatrix
As represent the available decisions (actions) in state s for player 1 and player 2
respectively. The play of the game evolves at decision moments (stages) in N as
follows. The play starts at stage 1 in an initial state s 2 S, where, simultaneously
and independently, both players are to choose an action: player 1 has to choose a row
of bimatrix As while player 2 has to choose a column of As. Then, each player receives
his payo¤ corresponding to the entry determined by these choices, and next the play
moves to a new state t 2 S, according to the transition vector. In the new state t
at stage 2, the players have to choose actions again, and just like before, depending
on their choices, they receive the corresponding payo¤s and the play moves to a new
state again, and so on.
Note that the game is non-cooperative, meaning that the players are not allowed to
make binding agreements. It is furthermore assumed that the players have comlete
information (they know the bimatrices) and have perfect recall about the past history
of the play. Consequently, when the players have to choose actions in the current state,
they may take the entire past history into account.
A plan which tells a player how to make his decisions during the play is called a
strategy. Instead of choosing an action with probablity 1, a strategy may as well
prescribe to apply a probability distribution on the set of available actions (mixed
action) for the selection. The most complex strategies are the history dependent
strategies, which prescribe mixed actions in the current state depending on the past
history of the play. If the prescribed mixed actions in the current state only depend on
the current stage then the strategy is called a Markov strategy; while if the prescribed
mixed actions are �xed for each state then the strategy is called stationary.
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4 CHAPTER 1. INTRODUCTION

Thus, as a result of the play, each player obtains an in�nite sequence of payo¤s. These
sequences need to be evaluated in some manner. We will mainly consider the average
reward (simply referred to as reward) which uses the long term average payo¤s as an
evaluation. The goal of each player in the game is simply to maximize his own reward
by means of applying an e¤ective strategy.
Zero-sum stochastic games are special stochastic games with two players in which
the two players have completely opposite interests, namely one player pays the other
player and the gain of one player is the loss of the other player. We assume that
player 1 is paid by player 2, hence player 1 is trying to maximize his own reward
while player 2 aims to minimise player 1�s reward (player 2�s maximization of his own
reward now coincides with the minimization of player 1�s reward). It is fortunate to
know that there is always a certain reward which satis�es the following properties:
for any " > 0; player 1 has a strategy that guarantees him at least this reward (up to
this ") against any strategy of player 2, while there are available strategies for player 2
which ensure him of not needing to pay more than this reward (up to this ") regardless
of player 1�s strategy. This unique reward is called the value of the game and the
above strategies are called "-optimal strategies. Clearly, the value as a reward is an
acceptable outcome of the game for both players as neither of them is able to force a
better reward in his favour. It is an interesting fact that 0-optimal strategies do not
necessarily exist and achieving "-optimality can often only be possible by employing
history dependent strategies.
Stochastic games (not necessarily with only two players) without the requirement
that the players have completely opposite interests are called general-sum stochastic
games. As, in these games, some players may as well have matching interests up to
some extent, the concepts �value�and �optimality�are no longer applicable. Here the
usual solution concept is that of "-equilibria, " > 0; which is a collection of strategies
from the players with the property that no player can improve his own reward by more
than " if he unilaterally deviates to another strategy. Hence, for small ", the rewards
corresponding to an "-equilibrium are an appealing solution of the stochastic game.
It is known that 0-equilibria do not always exist and history dependent strategies
are often indispensable for obtaining "-equilibria. The existence of "-equilibria in
stochastic games, however, is not yet known and is the most challenging open problem
in stochastic game theory these days, even though the existence problem has been
answered in the a¤armative for several special classes.
This monograph is structured as follows. Chapter 2 describes the stochastic game
model in detail and provides a summary of the most important results. This is fol-
lowed by several chapters on zero-sum stochastic games. Chapter 3 deals with possible
simpli�cations of 0-optimal strategies: we show that the existence of 0-optimal strate-
gies implies the existence of stationary "-optimal strategies and Markov 0-optimal
strategies. This means that it is not necessary to play complex history dependent
0-optimal strategies, whenever they exist, as stationary and Markov strategies are
equally e¤ective. In chapter 4, we extend the results to possible simpli�cations of so-
called nonimproving strategies. Next, a thorough analysis on the comparision of the
e¤ectivness of stationary strategies and Markov strategies follows in chapter 5. We
present an interesting game which demonstrates the advantage of applying Markov
strategies, however, we also provide several conditions under which the two classes of
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strategies perform equally well. Chapter 6 deals with the structure of "-equilibria in
zero-sum stochastic games (the consept of equilibria is also applicable for zero-sum
stochastic games, as they are special general-sum stochastic games). In the second
part of this monograph we turn our attention to general-sum stochastic games. We
only consider games with only two players; games with more players are treated in
chapter 9. In chapter 7, we show the existence of stationary "-equilibria under con-
ditions on the payo¤ and the transition structure. Next, chapter 8 provides some
results on the existence of equlibria when player 1 is still interested in the average
reward, but player 2 uses the so-called discounted reward. Chapter 9 is devoted to
the extention of the results in stochastic games with more than two players. Finally,
the appendix deals with some other important evaluations similar to the average
reward. Furthermore, some important issues are discussed regarding the stochastic
game model.
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Chapter 2

The stochastic game model

In this chapter we restrict the description of the model and the discussion of the most
important issues to two-person stochastic games. Extensions of the model and the
results to K-person stochastic games are treated in chapter 9.

2.1 The game and the rules

De�nition 1 A two-person stochastic game � is a tuple

S; (Is)s2S ; (Js)s2S ; (r

1
s)s2S ; (r

2
s)s2S ; (ps)s2S

�
;

where

- S is a nonempty and �nite set, called the state space;

- Is is a nonempty and �nite set, called the action space for player 1 in state s 2 S;

- Js is a nonempty and �nite set, called the action space for player 2 in state s 2 S;

- rks is a payo¤ function for player k 2 f1; 2g in state s 2 S assigning a real number
rks (is; js), called payo¤, to each action pair (is; js) 2 Is � Js;

- ps is the transition map in state s 2 S assigning a probability distribution on the
state space ps(is; js) = (ps(tjis; js))t2S ; called transition vector, to each action
pair (is; js) 2 Is � Js.

In the sequel, whenever we talk about stochastic games we will have two-person
stochastic games in mind, unless mentioned otherwise.
In view of the above de�nition, a two-person stochastic game can be represented as
a collection of bimatrices fBimatrix(s) : s 2 Sg, where entry (is; js) of Bimatrix(s)
consists of the two corresponding payo¤s rks (is; js); k = 1; 2, and the corresponding
transition vector ps(is; js); and is given as

7



8 CHAPTER 2. THE STOCHASTIC GAME MODEL

r1s(is; js); r
2
s(is; js)

ps(is; js)

When the transition vector ps(is; js) has a component ps(tjis; js) equal to 1, for some
t 2 S, then the transition vector ps(is; js) shall be abbreviated by t. Further abbre-
viations are explained later with the help of examples 11 and 17.
In any state s 2 S, in this bimatrix representation, the actions of player 1 are simply
the rows and the actions of player 2 are simply the columns of Bimatrix(s).

The play of the game evolves at stages in N as follows. The play starts at stage
1 in an initial state, say in state s1 2 S, where, simultaneously and independently,
both players are to choose an action: player 1 chooses an i1s1 2 Is1 ; while player 2
chooses a j1s1 2 Js1 . These choices induce an immediate payo¤ r

1
s1(i

1
s1 ; j

1
s1) to player

1 and an immediate payo¤ r2s1(i
1
s1 ; j

1
s1) to player 2. Next, the play moves to a new

state according to the transition vector ps1(i
1
s1 ; j

1
s1); namely a transition occurs to

state s2 2 S with probability ps1(s2ji1s1 ; j
1
s1). At stage 2 in the new state s2, new

actions i2s2 2 Is2 and j
2
s2 2 Js2 are to be chosen by the players. Afterwards the

players receive the corresponding payo¤s r1s2(i
2
s2 ; j

2
s2) and r

2
s2(i

2
s2 ; j

2
s2); and the play

moves to some state s3 according to the transition vector ps2(i
2
s2 ; j

2
s2) again, and so on.

It is assumed that the players know the structure of the game, namely the tuple in
de�nition 1, and are aware of the present state and the past history (sm; imsm ; j

m
sm)

n�1
m=1

at any stage n of the play.

It should be noticed that, depending on the initial state, the stochastic game situation
is di¤erent. However, it often appears useful to treat these games simultaneously.

2.2 Strategies

2.2.1 Strategy classes

De�nition 2

(a) A sequence hn = (sm; imsm ; j
m
sm)

n
m=1, with n 2 N, where sm 2 S; imsm 2 Ism ; jmsm 2

Jsm for all m = 1; : : : ; n, is called a history up to stage n. Here state s1 is
called the initial state of history hn. The initial history up to stage 0 is the
empty sequence h0 := (): Let Hn denote the set of histories up to stage n, and
let H0 := fh0g. Let H := [1n=0Hn denote the set of �nite histories.

(b) An in�nite history is a sequence h1 = (sn; insn ; j
n
sn)n2N where s

n 2 S; insn 2
Isn ; j

n
sn 2 Jsn for all n 2 N. The set of in�nite histories is denoted by H1.

(c) For s 2 S, let Hs denote the set of �nite histories with initial state s, and let
H1
s denote the set of in�nite histories with initial state s.
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When playing a stochastic game, the players may randomize over their actions,
namely instead of choosing an action with probability 1, they may use a probability
distribution on the action spaces. Such probability distributions are called mixed
actions.

De�nition 3 A mixed action xs for player 1 in state s 2 S is a probability distribu-
tion on Is. A mixed action ys for player 2 in state s 2 S is a probability distribution
on Js. The respective sets of mixed actions in state s are denoted by Xs and Ys.

Note that the sets Xs and Ys, s 2 S, are nonempty polytopes. Moreover, any action
is 2 Is, in any state s 2 S, can be naturally identi�ed with the mixed action in Xs
which puts probability 1 on is. Actions in Js can be similarly identi�ed with mixed
actions in Ys, in any state s 2 S. By these identi�cations, Is and Js become the
respective sets of extreme points of Xs and Ys.
Next we de�ne the most important classes of strategies.

De�nition 4

(a) A (history dependent) strategy for player 1 is a map � assigning a mixed action
�s(h) 2 Xs in any present state s 2 S for any past history h 2 H. A (history
dependent) strategy for player 2 is a map � assigning a mixed action �s(h) 2 Ys
in any present state s 2 S for any past history h 2 H: For the sake of simplicity
let �s := �s(h0) and �s := �s(h0) for all s 2 S. The respective sets of history
dependent strategies are denoted by � and �.

(b) A Markov strategy for player 1 is a map f assigning a mixed action fns 2 Xs in
any present state s 2 S and stage n 2 N. A Markov strategy for player 2 is a
map g assigning a mixed action gns 2 Ys in any present state s 2 S and stage
n 2 N. The respective sets of Markov strategies are denoted by F and G.

(c) A stationary strategy for player 1 is a collection of mixed actions x = (xs)s2S
belonging to X := �s2SXs. A stationary strategy for player 2 is a collection of
mixed actions y = (ys)s2S belonging to Y := �s2SYs. Here X and Y are called
the spaces of stationary strategies, respectively.

History dependent strategies are the most general strategies. When a player uses
a history dependent strategy, he takes the entire past history into account when
choosing his action in the present state. Markov strategies, however, have a sub-
stantially easier structure than history dependent strategies, since Markov strategies
only consider the present state and present stage when prescribing a mixed action.
A fundamental role in the analysis of stochastic games will be played by stationary
strategies, where the prescribed mixed actions only depend on the present state.
We wish to distinguish strategies which do not use randomization. These strategies
always prescribe one action to be used with probability 1.

De�nition 5 A strategy � 2 � for player 1 is called pure if �s(h) 2 Is in any present
state s 2 S and for any past history h 2 H. For player 2, pure strategies are de�ned
analogously. Let �p and �p denote the respective spaces of pure (history dependent)
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strategies, F p and Gp the respective spaces of pure Markov strategies, and I and J the
respective spaces of pure stationary strategies. Pure stationary strategies are denoted
by i for player 1 and by j for player 2.

In fact, I = �s2SIs and J = �s2SJs and they are the respective sets of extreme
points of the polytopes X and Y .
Finally, we de�ne what we mean by a strategy conditional on a past history.

De�nition 6 Let � 2 � and h 2 H. The strategy � conditional on the history
h, denoted by �[h], is the strategy which prescribes a mixed action �s[h](�h) in any
present state s 2 S for any history �h 2 H as if h had happened before �h, namely
�s[h](�h) = �s(h� �h), where h� �h is the history consisting of h concatenated with �h.
The de�nition is analogous for strategies of player 2.

Notice that any strategy conditional on the initial history h0 is simply itself.

2.2.2 Induced probability measures on the set of histories

Take an initial state s 2 S and a pair of (history dependent) strategies (�; �): In this
section, we will consider probability measures that are induced by the triple (s; �; �)
on sets of histories; the measure theoretic concepts that we will use can be found in
elementary books on measure theory. For n 2 N; consider the �nite set Hn

s of histories
up to stage n: LetMn

s denote the set of all subsests of H
n
s : The pair (H

n
s ;Mn

s ) is a
measurable space, on which the triple (s; �; �) induces a probability measure Pns�� in
a natural way. So, if U 2 Mn

s then Pns��(U) gives the probability that the history
up to stage n will belong to U: We have thus obtained a probability measure space
(Hn

s ;Mn
s ;Pns��) which describes the play up to stage n in a probabilistic manner.

For the sake of completeness, we may also consider the probability measure space
(H0

s ;M0
s;P0s��) where H0

s = fh0g;M0
s = f;;H0

s g; P0s��(h0) = 1:
We will now de�ne a probability measure space in order to be able to describe the
in�nite play in a probabilistic way with respect to (s; �; �): This probability measure
space is generated by the family of probability measure spaces (Hn

s ;Mn
s ;Pns��)n2N[f0g

as follows. We may naturally identify each history hn 2 Hn
s ; where n 2 N[f0g, with

the set H1
s [h

n] of in�nite histories which coincide with hn up to stage n. Similarly,
we identify each U � Hn

s with the set

H1
s [U ] := [hn2UH1

s [h
n];

if U = ; then H1
s [U ] := ;: On basis of these identi�cations, we may de�ne the

following set: let

M1
s := [n2N[f0gMn

s :

In fact, one can check thatM1
s is an algebra of subsets ofH

1
s : Let S(M

1
s ) denote the

sigma-algebra generated by the algebraM1
s : By Kolmogorov�s extension theorem (cf.

Kolmogorov [1933]), there is a unique probability measure Ps�� on the measurable
space (H1

s ;S(M
1
s )) with the consistency property that

Ps��(U) = Pns��(U) 8U 2Mn
s ; 8n 2 N [ f0g:
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So we have obtained a probability measure space (H1
s ;S(M

1
s );Ps��) which is con-

sistent with the family of probability measure spaces (Hn
s ;Mn

s ;Pns��)n2N[f0g in the
sense that the probability measure Ps�� coincides with Pns�� on the setMn

s :

From this point on, we will only deal with sets of histories that belong to S(M1
s );

and whenever we talk about random variables we will have random variables with
respect to the space (H1

s ;S(M
1
s );Ps��) in mind. We will use the notation Es�� for

the expectation taken with respect to Ps��.

2.2.3 Induced stochastic processes on the set of states

A pair of history dependent strategies together with an initial state induce a stochastic
process on the state space S, where the transitions are history dependent. In the case
of Markov strategies, this stochastic process reduces to a nonhomogeneous Markov
chain, while this Markov chain is even homogeneous when stationary strategies are
used by the players.
A state is called absorbing, if the probability of leaving the state is zero for any
available pair of actions; otherwise the state is called non-absorbing. So absorbing
states cannot be left with respect to any stochastic process on the state space, induced
by any strategy pair. When the stochastic process enters an absorbing state we speak
of absorption.
Take now a pair of stationary strategies (x; y) 2 X � Y . As mentioned above, we
obtain a homogeneous Markov chain with respect to (x; y), without specifying the
initial state now. The transition matrix for this Markov chain is denoted by P (x; y).
The matrix P (x; y) is a stochastic matrix and entry (s; t) of P (x; y), where s; t 2 S,
is given as

ps(tjxs; ys) :=
X
is2Is

X
js2Js

xs(is) ys(js) � ps(tjis; js),

which equals the probability of a transition from state s to state t, if the players use the
mixed actions xs and ys in state s. With respect to the Markov chain corresponding
to (x; y), or equivalently with respect to P (x; y), we can classify the states in the usual
way (cf. Kemeny & Snell [1960], section 2.4). A state s is called transient if it has
the property that, if the process starts in s, then visiting state s in�nitely often has
probability zero; otherwise the state is called recurrent. Note that a recurrent state
s has the property that, if the process starts in state s, then visiting state s in�nitely
often has probability 1. A set of states A � S is called closed if it has the property
that, if the process starts in any state s 2 A, then ever leaving A has probability
zero. (The above probabilities are obviously taken with regard to the probability
measure Psxy on the set of in�nite histories). A minimal closed set of states is called
an ergodic set. It is known that ergodic sets form a disjoint partition of the set of
recurrent states.
With respect to the Markov chain induced by (x; y), the n-stage transition probabil-
ities are clearly given by the matrix Pn(x; y): For completeness, we let P 0(x; y) := I,
where I is the identity matrix of size jSj � jSj. We use the notation Pn(x; y)(s; t) for
entry (s; t) of Pn(x; y).
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We de�ne a stochastic matrix

Q(x; y) := lim
N!1

1

N

NX
n=1

Pn�1(x; y);

here the limit is known to exist (cf. Doob [1953], theorem 2.1, page 175) . Entry
(s; t) of Q(x; y) is denoted by qs(tjx; y) and expresses the expected average number
of visits to state t if the stationary strategy pair (x; y) is used and the initial state is
state s. Obviously, if t 2 S is a transient state then qs(tjx; y) = 0 for all s 2 S; while
if s; t 2 S are recurrent then qs(tjx; y) > 0 if and only if s and t belong to the same
ergodic set. If E � S is an ergodic set then the probability distribution (qs(tjx; y))t2E
is the same for all s 2 E, so the s-th row and the t-th row of Q(x; y) are equal if s
and t belong to the same ergodic set E. In fact, (qs(tjx; y))t2E , for any s 2 E, is the
unique stationary distribution of the Markov chain corresponding to the ergodic set
E if the players use (x; y).
The matrix Q(x; y) has the property

P (x; y) �Q(x; y) = Q(x; y) � P (x; y) = Q(x; y); (2.1)

which follows from the de�nitions. Using equations (2.1) inductively, we obtain for
all n 2 N that

Pn(x; y) �Q(x; y) = Q(x; y) � Pn(x; y) = Q(x; y):

Hence by the de�nition of Q(x; y) we also have

Q(x; y) �Q(x; y) = Q(x; y). (2.2)

2.3 Rewards

As we have already discussed, during the play the players receive in�nite sequences
of payo¤s. These sequences must be evaluated in some manner. We mainly deal with
the so-called average reward for an evaluation of these sequences.

2.3.1 The average reward

The average reward was introduced by Gillette [1957] and is de�ned as follows.

De�nition 7 The average reward with respect to a strategy pair (�; �) 2 �� � and
initial state s 2 S is de�ned for player k 2 f1; 2g as


ks(�; �) := lim inf
N!1

1

N

NX
n=1

Es��
�
Rkn

�
= lim inf

N!1
Es��

 
1

N

NX
n=1

Rkn

!
;

where Rkn denotes the random variable for the payo¤ for player k at stage n. We also
use the vector notations


k(�; �) :=
�

ks(�; �)

�
s2S

; 
s(�; �) :=
�

ks(�; �)

�
k=1;2

;


(�; �) :=
�

ks(�; �)

�
s2S; k=1;2

:
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The average reward uses the long term expected average payo¤ for the evaluation of
the in�nite sequences of payo¤s. As the limit does not necessarily exist, we need to
take a limit point of the sequences. In the above de�nition we chose the limit inferior,
even though all the further results remain valid with respect to the limit superior as
well. The appendix provides more details on these issues.
This monograph mainly deals with the average reward. So whenever we talk about
rewards in the sequel we will have the average reward in mind, unless mentioned
otherwise.

2.3.2 The discounted reward

In the literature of stochastic game theory, the discounted reward was the �rst men-
tioned reward in Shapley [1953], and since then it has been one of the most widely
used ones.

De�nition 8 Let � 2 (0; 1). The �-discounted reward with respect to the strategy
pair (�; �) and initial state s 2 S is de�ned for player k 2 f1; 2g as


k�s(�; �) := (1� �) �
1X
n=1

�n�1 � Es��
�
Rkn

�
;

where Rkn denotes the random variable for the payo¤ for player k at stage n. We also
use the vector notations


k�(�; �) :=
�

k�s(�; �)

�
s2S

; 
�s(�; �) :=
�

k�s(�; �)

�
k=1;2

;


�(�; �) :=
�

k�s(�; �)

�
s2S; k=1;2

:

The idea of the �-discounted reward is that the payo¤ at stage n has to be discounted
n � 1 times, as it is received n � 1 stages later than the �rst payo¤ at stage 1. In
economic applications, this discount factor � re�ects an interest rate (1� �)=�. The
factor (1� �) is just a normalizing factor so that the discounted reward becomes c if
all the payo¤s equal the same constant c.
The discounted reward itself is not only used in economic applications, but also
provides one of the most frequently used tools for the analysis of the average reward.

2.3.3 The rewards for stationary strategies

A pair of stationary strategies induces a homogeneous Markov chain as discussed in
section 2.2.3. Due to the simple structure of such stochastic processes, the average
reward and the discounted reward can be easier calculated for stationary strategies.
When using stationary strategies, the prescribed mixed actions only depend on the
present state, therefore whenever a state s 2 S is visited, the expected payo¤ for
player k is

rks (xs; ys) :=
X
is2Is

X
js2Js

xs(is) ys(js) � rks (is; js)
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and the expected transition vector is the s-th row of the stochastic matrix P (x; y).
We also use the vector notations

rk(x; y) := (rks (xs; ys))s2S ; rs(xs; ys) :=
�
rks (xs; ys)

�
k=1;2

;

r(x; y) :=
�
rks (xs; ys)

�
s2S; k=1;2

:

Lemma 9 Take a stationary strategy pair (x; y) 2 X � Y . Then

(a) 
(x; y) = Q(x; y) � r(x; y);

(b) 
(x; y) = P (x; y) � 
(x; y);

(c) 
(x; y) = Q(x; y) � 
(x; y);

(d) 
s(x; y) = 
t(x; y) if s and t belong to the same ergodic set for (x; y);

Proof.
(a) Let Rn denote the random variable for the payo¤ vector at stage n. Then for all
s 2 S we have

Esxy (Rn) =
X
t2S

Pn�1(x; y)(s; t) � rt(xt; yt):

Using de�nition 7, for all s 2 S


s(x; y) = lim inf
N!1

1

N

NX
n=1

Esxy (Rn)

= lim inf
N!1

1

N

NX
n=1

X
t2S

Pn�1(x; y)(s; t) � rt(xt; yt):

Therefore


(x; y) = lim inf
N!1

1

N

NX
n=1

Pn�1(x; y) � r(x; y) = Q(x; y) � r(x; y);

which completes the proof of (a).

(b) It immediately follows from (a) by using (2.1).

(c) Using (b) inductively, we have for all n 2 N that


(x; y) = Pn(x; y) � 
(x; y):

Now by the de�nition of Q(x; y) we obtain (c).

(d) It is a consequence of (c) using the fact that if s and t belong to the same ergodic
set then the s-th row and the t-th row of Q(x; y) are equal. �

Next we discuss an important continuity property of the average reward on the spaces
of stationary strategies.
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Lemma 10 For any sequence (xn; yn), n 2 N, in X � Y converging to some (x; y)
in X � Y , if for large n 2 N, the ergodic sets with respect to (xn; yn) coincide with
the ergodic sets with respect to (x; y) then 
(xn; yn) has a limit as n tends to in�nity
and


(x; y) = lim
n!1


(xn; yn):

Proof. Using that Q(x; y) = limn!1 Qxnyn holds for such a sequence (xn; yn), n 2 N
(cf. Schweitzer [1968], theorem 5), lemma 9-(a) implies the statement. �

Note that, in general, the average reward is not continuous on the spaces of stationary
strategies, as illustrated by the next example.

Example 11

T

B

0,0

1
1,0

2
1

1,0

2
2

Notice that state 2 is absorbing and both players have only one action in state 2,
hence state 2 is not an interesting initial state and strategies only need to be de�ned
for state 1. So assume the initial state to be state 1. By suppressing the absorbing
state and the transition for action T which keeps the play in the same state with
probability 1, and by denoting the absorption for action B by a � we may represent
the game as follows:

T

B

0,0

1,0

�
1

Such a shorter representation shall often be used later. Let y denote player 2�s only
strategy. In state 1 player 1 has two actions: T standing for top and B standing for
bottom. Now we have 
11(x; y) = 1 for all x 2 f(u; 1 � u)ju 2 [0; 1)g � X, however

11((1; 0); y) = 0, which demonstrates that the average reward is not continuous on
X � Y . In fact, state 1 is transient with respect to (x; y) for all x 2 f(u; 1 � u)ju 2
[0; 1)g, while it becomes recurrent for ((1; 0); y). This clari�es the necessity of the
condition on the ergodic structures in lemma 10. C

Lemma 12 Let (x; y) 2 X � Y and � 2 (0; 1). Let I denote the identity matrix of
size jSj � jSj. Then the inverse of the matrix (I � � � P (x; y)) exists, and


�(x; y) = (1� �) � (I � � � P (x; y))�1 � r(x; y):
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Proof. Since

(I � � � P (x; y)) �
 1X
n=1

�n�1 � Pn�1(x; y)
!
= I

 1X
n=1

�n�1 � Pn�1(x; y)
!
� (I � � � P (x; y)) = I;

we may conclude that the matrix (I � � � P (x; y)) has an inverse and

(I � � � P (x; y))�1 =
1X
n=1

�n�1 � Pn�1(x; y):

Let Rn denote the random variable for the payo¤ vector at stage n. As for any s 2 S

Esxy (Rn) =
X
t2S

Pn�1(x; y)(s; t) � rt(xt; yt);

it follows from de�nition 8 that for all s 2 S


�s(x; y) = (1� �) �
1X
n=1

�n�1 � Pn�1(x; y)(s; t) � rt(xt; yt):

Therefore


�(x; y) = (1� �) �
1X
n=1

�n�1 � Pn�1(x; y) � r(x; y)

= (1� �) � (I � � � P (x; y))�1 � r(x; y);

which completes the proof. �

The following continuity property of the discounted reward makes the analysis of
discounted games substantially easier.

Lemma 13 The function 
�(�; �) is continuous on X � Y for any � 2 (0; 1).

Proof. It follows from lemma 12, since each factor in continuous on X � Y . �

There is a strong relation between the average reward and the discounted rewards for
stationary strategies. This is stated in the next lemma.

Lemma 14 Let (x; y) 2 X � Y . Then


(x; y) = lim
�"1


�(x; y):

Proof. The result follows from lemma 9-(a) and lemma 12, using the equality

Q(x; y) = lim
�"1
(1� �) � (I � � � P (x; y))�1;

which is shown in Blackwell [1962]. �
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2.4 Playing against a �xed strategy

In this section we examine what happens when a player �xes a strategy in a stochastic
game. Each player aims to maximize his own individual reward, so it is of interest to
see how a player has to play against a �xed strategy.

De�nition 15 Let � 2 � be a �xed strategy for player 2. Then a strategy � 2 � for
player 1 is an "-best reply against � for initial state s 2 S, where " � 0, if


1s(��; �) � 
1s(�; �) + " 8�� 2 �:

The strategy � is called an "-best reply against �, if it is an "-best reply against � for
all initial states s 2 S. 0-best replies are simply called best replies. Similar de�nitions
hold for the best replies of player 2, and for the discounted reward as well.

First we treat existence of ("-)best replies with regard to the average reward.

Theorem 16

(a) Against a �xed strategy � 2 �, for any " > 0, player 1 has a pure "-best reply
� 2 �p. A similar statement holds for player 2 as well.

(b) Against any �xed stationary strategy y 2 Y , player 1 has a pure stationary best
reply i 2 I. A similar statement holds for player 2 as well.

The proof can be found in Monash [1980] (theorem 1, page 6) and Hordijk et al.
[1983]. It is still an open problem whether, against a �xed Markov strategy, pure
Markov "-best replies exist for all " > 0.
The next example demonstrates that a player does not necessarily have best replies
against a �xed strategy.

Example 17

T

B

L R

0,0 0,0

1,0

�
0,0

�
1

In order to explain the notation once more we give the game in its full form as well.

T

B

L R

0,0

1

0,0

1
1,0

2

0,0

3
1

1,0

2
2

0,0

3
3
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Consider the Markov strategy g for player 2 which prescribes action L with proba-
bility 1� 1=n and action R with probability 1=n at stage n. It is clear that, against
the strategy g, player 1 is not able to get reward 1 as action L will never be chosen
with probability 1. However, for any " > 0, player 1 can get at least 1� " by playing
a Markov strategy which prescribes to play action T until 1 � 1=n � 1 � " for the
current stage n and then to play action B afterwards. This clearly implies that player
1 does not have best replies against the Markov strategy g. C

On discounted best replies we will need the following useful lemma, which follows
from Hordijk et al. [1983].

Theorem 18 Against any �xed stationary strategy y 2 Y , for any � 2 (0; 1), player
1 has a pure stationary �-discounted best reply i 2 I. A similar statement holds for
player 2 as well.

2.5 Zero-sum stochastic games and optimality

The theory of zero-sum stochastic games was started by the seminal work of Shapley
[1953]. Zero-sum stochastic games are special stochastic games in which the two
players have completely opposite interests. These opposite interests are expressed by
two assumptions. The �rst assumption is that

r1s(is; js) = �r2s(is; js) 8is 2 Is; 8js 2 Js; 8s 2 S;

so in fact the payo¤s can be assumed to be payed to player 1 by player 2. Obviously,
(??) means that the sum of the payo¤s of the players is always equal to zero. The
second assumption is that


1s(�; �) = �
2s(�; �) 8� 2 �; 8� 2 �; 8s 2 S;

so the sum of the rewards of the players is also equal to zero. When the discounted
reward is used then the second assumption is of course that


1s(�; �) = �
2s(�; �) 8� 2 �; 8� 2 �; 8s 2 S:

Note that the second assumption follows from the �rst one for the discounted reward,
but not in the case of the average reward, because player 2 has to use the limit superior
instead of the limit inferior in the de�nition of the average reward (cf. de�nition 7) in
order to make the sum of the rewards zero. (Recall that all the previously discussed
issues remain valid with respect to the limit superior.)
As the players have completely opposite interests, the questions in these games are the
following: (i) what are the rewards that the players can guarantee against any strategy
of their opponents, (ii) which strategies of the players can guarantee these rewards.
We will discuss both these issues for the average reward and for the discounted reward
as well.
Technically, instead of considering two payo¤ functions and two rewards, it is easier
to consider only player 1�s payo¤s and player 1�s reward and to assume that player 1
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tries to maximize his own reward while player 2 tries to minimize player 1�s reward.
So instead of r1, 
1, and 
1� we simply use r, 
, and 
�.
As the players have completely opposite interests, it is natural to evaluate a strategy
for a player by the reward that it guarantees against any strategy of the opponent.
On basis of this evaluation we now de�ne the solution concepts of zero-sum stochastic
games.

De�nition 19 In a zero-sum stochastic game, for strategies � 2 � and � 2 � let

vs(�) := inf
�02�


s(�; �
0) 8s 2 S; v(�) := (vs(�))s2S

vs(�) := sup
�02�


s(�
0; �) 8s 2 S; v(�) := (vs(�))s2S :

We say that strategy � guarantees reward cs 2 R for initial state s 2 S, if vs(�) � cs,
and guarantees c 2 RjSj, if v(�) � c. Similarly, a strategy � is said to guarantee
reward cs 2 R for initial state s 2 S, if vs(�) � cs, and to guarantee c 2 RjSj, if
v(�) � c.
If there exists a real valued vector v = (vs)s2S such that

vs = sup
�2�

vs(�) = inf
�2�

vs(�) 8s 2 S;

then v is called the value of the zero-sum stochastic game.
Assume that the value v exists. Then, for initial state s 2 S, a strategy � 2 � is
called "-optimal for player 1, where " � 0, if

vs(�) � vs � ":

The strategy � is called "-optimal, if it is "-optimal for all initial states s 2 S. 0-
optimal strategies are simply called optimal. Similar de�nitions hold for player 2.
For � 2 (0; 1), the �-discounted value v� and �-discounted optimality are analogously
de�ned.

Notice that for all � 2 � and � 2 � we have v(�) � 
(�; �) � v(�). This implies

sup
�2�

v(�) � inf
�2�

v(�):

Note furthermore that, by de�nition 19, if the value exists then both players must
have "-optimal strategies for all " > 0.

Shapley [1953] showed the following result for discounted zero-sum stochastic games.
The continuity of the discounted reward on the stationary strategy spaces plays a
crucial role here (cf. lemma 13).

Theorem 20 In any zero-sum stochastic game, for any � 2 (0; 1), the �-discounted
value v� exists and both players have stationary �-discounted optimal strategies.
Moreover, a stationary strategy x 2 X is �-discounted optimal if and only if

v� � (1� �) � r(x; y) + � � P (x; y) � v� 8y 2 Y:

A similar statement holds for player 2 as well.
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It is fairly appealing in discounted games that optimal strategies of the players can
be found in terms of stationary strategies.
Bewley & Kohlberg [1976-I] showed that the discounted values have a unique limit
point as the discount factor tends to 1.

Theorem 21 In any zero-sum stochastic game, lim�"1 v� exists.

Based on deep results of Bewley & Kohlberg [1976-I,II] on discounted values and
stationary discounted optimal strategies, Mertens & Neyman [1981] achieved the
following fundamental result.

Theorem 22 In any zero-sum stochastic game, the value v exists and

v = lim
�"1
v�:

Moreover, both players have "-optimal strategies for all " > 0.

The fact that the average value is the limit of the discounted values, as the discount
factor � tends to 1, is often used in the analysis of stochastic games.
Next we provide an illustration for theorem 22 by examining the famous stochastic
game, called the Big Match, which was introduced by Gillette [1957]. For a long time
it was unclear whether the game had a value and whether player 1 had "-optimal
strategies for all " > 0. The game was only solved 11 years later by Blackwell &
Ferguson [1968].

Example 23 The Big Match

T

B

L R

0 1

1
�
0

�
1

The beauty of the Big Match is that the structure of the game is so simple. In state
1 each player has two actions. Player 1�s actions are T and B standing for top and
bottom, while player 2�s actions are L and R standing for left and right. Action T
keeps the play in state 1 with probability 1, while action B leads to an absorbing
state, so it ends the game in a strategic sense. Player 1�s trouble is that if he uses
action B then the place of absorption fully depends on the action chosen by player 2.
We discuss several important issues regarding the Big Match.

Lemma 24 The Big Match has the following properties.

(a) The value for state 1 equals v1 = 1=2:

(b) Player 2 has a stationary optimal strategy y = (1=2; 1=2) 2 Y .
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(c) For any " > 0, player 1 has an "-optimal strategy for initial state 1 which, for
present state 1 and any past history h 2 H, prescribes action T with probability
1 �

�
1

k(h)+N

�2
and action B with probability

�
1

k(h)+N

�2
, where k(h) denotes

the number of stages where player 2 has chosen action R minus the number of
stages where player 2 has chosen action L with respect to the history h, and
where N is su¢ ciently large.

(d) Player 1 has no optimal strategy for initial state 1.

(e) Player 1 has neither stationary nor Markov "-optimal strategy for initial state 1,
if " > 0 is small. In fact, player 1 can only guarantee reward 0 by stationary
strategies and by Markov strategies, namely supx2X v1(x) = supf2F v1(f) = 0.

The proofs of (a),(b), and (c) can be done by showing that, for initial state 1, player
2 can guarantee 1=2 by playing y = (1=2; 1=2), and player 1 can guarantee 1=2� " by
the strategy in (c), for any " > 0.
It is easy to verify that, for initial state 1, the strategy y = (1=2; 1=2) guarantees 1=2
for player 2. In fact, regardless the strategy that player 1 uses against (1=2; 1=2) the
reward always equals 1=2, since the expected payo¤ equals 1=2 for each stage.
The strategy in (c) has been found and has been shown to guarantee 1=2�" for initial
state 1, for any " > 0, by Blackwell & Ferguson [1968]. Notice that this strategy is
rather complex and player 1 has to make use of the whole history of the play when
choosing his actions.
Now we show (d). Take an arbitrary strategy �. Consider the strategy for player 2
which prescribes to play action L as long as � chooses action T with probability 1,
to play action R at the �rst stage when � puts a positive probability on action B,
and to play the optimal strategy (1=2; 1=2) afterwards. Then if � always chooses T
with probability 1 then the reward is 0. On the other hand, if � ever puts a positive
probability on B; say at stage n for the �rst time, then with a positive probability
absorption occurs with payo¤ zero at stage n; while with the rest of the probability
all further expected payo¤s equal 1=2; as player 2 uses (1=2; 1=2). This means that
the reward is strictly less than 1=2, so � cannot be optimal for initial state 1. Hence
we have shown (d).
Now we prove (e). Clearly, it su¢ ces to show the statement for Markov strategies,
as all stationary strategies are Markov strategies as well. Take an arbitrary Markov
strategy f for player 1. Consider the stationary strategy y = (1; 0), which prescribes
action L with probability 1. Let �n(f) denote the overall probability that absorption
occurs at any of the stages n + 1; n + 2; n + 3; : : : with respect to f when the initial
state is state 1 (clearly, this probability is indepedent of the strategy used by player 1,
due to the fact that f is a Markov strategy and the transition structure of the game).
Since the probability that absorption occurs up to stage n converges to �0(f) as n
tends to in�nity, we have �0(f) = limn!1(�0(f)� �n(f)), hence limn!1 �n(f) = 0.
Let " > 0 be arbitrary. Then there exists a stage N such that �N (f) � ". Now
consider the Markov strategy g for player 2 which prescribes action R up to stage
N and action L afterwards. Then, with probability at least 1 � "; either absorption
occurs with payo¤ zero during the �rst N stages or entry (T;L) is played at each
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stage after stage N . Therefore 
1(f; g) � ". As " > 0 was arbitrary, we have shown
(e). C

2.6 General-sum stochastic games and equilibria

The study of general-sum stochastic games has been started by Fink [1964] and
Takahashi [1964]. In general-sum games, in contrast with the previously discussed
zero-sum games, the players do not necessarily have strictly opposite interests. The
solution concepts value and ("-)optimal strategies therefore lose their meanings in
the context of general-sum games. The most widely applied solution concept here is
the concept of (Nash-)equilibria. The idea is to �nd pairs of strategies which re�ect
strategically stable situations in the sense that neither player can individually improve
his reward by choosing another strategy.

De�nition 25

(a) A pair of strategies (�; �) 2 � � � is called a (Nash) "-equilibrium for initial
state s 2 S, where " � 0, if


1s(��; �) � 
1s(�; �) + " 8�� 2 �


2s(�; ��) � 
2s(�; �) + " 8�� 2 �:

The strategy pair (�; �) is an "-equilibrium, if it is an "-equilibrium for all initial
states s 2 S. 0-equilibria are simply called equilibria.

(b) Let �1; �2 2 (0; 1): A pair of strategies (�; �) 2 ��� is called a (Nash) (�1; �2)-
discounted equilibrium for initial state s 2 S, if


1�1s(��; �) � 

1
�1s
(�; �) 8�� 2 �


2�2s(�; ��) � 

2
�2s
(�; �) 8�� 2 �:

The strategy pair (�; �) is a (�1; �2)-discounted equilibrium, if it is a (�1; �2)-
discounted equilibrium for all initial states s 2 S.

When we speak of stationary ("-)equilibria or Markov ("-)equilibria we obviously
mean ("-)equilibria which consists of stationary or Markov strategies, respectively.
Note that "-equilibria can be simply seen as pairs of "-best replies against each other
with respect to the rewards used by the players.
Fink [1964] and Takahashi [1964] have proven the following result.

Theorem 26 In any stochastic game, there exists a stationary (�1; �2)-discounted
equilibrium for any �1; �2 2 (0; 1):
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Regarding the average reward, the existence of "-equilibria has been the most chal-
lenging open problem in stochastic game theory for a long time. Although this ques-
tion had been previously answered in the a¢ rmative for several classes of stochastic
games, it was only recently that Vieille [1997,I,II] derived the existence of "-equilibiria
for all two-person stochastic games, for all " > 0: The existence problem, however, is
still open in stichastic games with more than two players.
The concept of ("-)equilibria naturally extends to stochastic games where the players
use di¤erent rewards. In this sense we can speak of ("-)equilibria in zero-sum stochas-
tic games as well (recall that, in the case of the average reward, player 2 uses the limit
superior instead of the limit inferior). It is easy to see that, in zero-sum stochastic
games, for any " > 0, any pair of "-optimal strategies forms a 2"-equilibrium, and
any "-equilibrium must be formed by 2"-optimal strategies.

De�nition 27 The I-zero-sum game of a general-sum stochastic game is the zero-
sum game where player 1 maximizes his own reward while player 2 minimizes player
1�s reward. The II-zero-sum game of a general-sum stochastic game is the zero-sum
game where player 2 maximizes his own reward while player 1 minimizes player 2�s
reward. The value of the k-zero-sum game, k 2 f1; 2g, is denoted by vk.

Clearly, vk is the reward that player k can guarantee on his own, therefore in an
"-equilibrium situation player k must receive a reward at least vk � ".

For zero-sum stochastic games, in view of theorem 22, we have v = lim�"1 v
�. For

general-sum stochastic games the relation between the discounted and the average
game is much weaker, which is fully clari�ed by the game in Sorin [1986].

Example 28

T

B

L R

0,1 1,0

1,0

�
0,2

�
1

The I-zero-sum game is exactly the Big Match (cf. example 23), while the II-zero-sum
stochastic game is also the Big Match except for payo¤ 2 in entry (B;R). Sorin [1986]
showed that the set of rewards which, for all " > 0, correspond to "-equilibria is

L = conv f(1=2; 1) ; (2=3; 2=3)g ;

where conv stands for the convex hull of a set. On the other hand, the set of rewards
corresponding to (�1; �2)-discounted equilibria is the same singleton for all �1; �2 2
(0; 1):

Ldisc = f(1=2; 2=3)g :
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Therefore there is a gap between the average solutions and the discounted solutions
of this game. C

We would like to stress that, despite the above example, the discounted solutions are
frequantly used in the analysis of equilibria for the average reward.

2.7 Special classes of stochastic games

In this section we give a brief overview of the most important classes of stochastic
games with the most important issues.

De�nition 29 A stochastic game is called

(a) a unichain stochastic game, if with respect to any pair of strategies there is only
one ergodic set of states.

(b) a perfect information stochastic game, if S can be partitioned into S1 and S2

such that jJsj = 1 for all s 2 S1 and jIsj = 1 for all s 2 S2.

(c) a switching control stochastic game, if S can be partitioned into S1 and S2 such
that ps(is; js) is independent of js for all is 2 Is; s 2 S1; and ps(is; js) is
independent of is for all js 2 Js; s 2 S2.

(d) a stochastic game with additive reward and additive transition (ARAT) structure,
if rks (is; js) and ps(is; js) can be decomposed as r

k
s (is; js) = r

k
s1(is) + r

k
s2(js) and

ps(is; js) = ps1(is) + ps2(js) for all is 2 Is; js 2 Js; s 2 S.

(e) a stochastic game with state independent transitions (SIT), if the cardinality of
the action spaces is independent of the state and, assuming that Is = It =: �I
and Js = Jt =: �J for all s; t 2 S, it holds that ps = pt for all s; t 2 S.

(f) a stochastic game with separable rewards and state independent transitions (SER-
SIT), if it is a SIT stochastic game and, assuming that Is = It =: �I and
Js = Jt =: �J for all s; t 2 S, the function rks (i; j) can be decomposed as rks (i; j) =
cks + d

k(i; j) for all s 2 S, i 2 �I, j 2 �J .

(g) a repeated game with absorbing states, if all the states but one are absorbing.

(h) a recursive stochastic game, if the payo¤s are equal to zero in all non-absorbing
states.

For the zero-sum case the following theorem summarizes the most important results.

Theorem 30

(a) In zero-sum unichain stochastic games both players have stationary optimal strate-
gies, and the value is independent of the initial state (cf. Ho¤man & Karp
[1966], Thuijsman [1992]).
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(b) In zero-sum perfect information stochastic games both players have pure station-
ary optimal strategies (cf. Liggett & Lippman [1969]).

(c) In zero-sum switching control stochastic games both players have stationary op-
timal strategies (cf. Filar [1981]).

(d) In zero-sum ARAT stochastic games both players have pure stationary optimal
strategies (cf. Raghavan et al. [1985]).

(e) In zero-sum SIT stochastic games both players have stationary optimal strategies,
and the value is independent of the initial state (cf. Thuijsman [1992]).

(f) In zero-sum SER-SIT stochastic games both players have stationary optimal strate-
gies such that the prescribed mixed actions are state independent, and the value
is independent of the initial state (cf. Parthasarathy et al. [1984]).

(g) In zero-sum repeated games with absorbing states both players have "-optimal
strategies for all " > 0 (cf. Kohlberg [1974]).

(h) In zero-sum recursive stochastic games both players have stationary "-optimal
strategies for all " > 0 (cf. Everett [1957], Thuijsman & Vrieze [1992]).

In the general-sum case the following results are known.

Theorem 31

(a) In unichain stochastic games stationary equilibria exist (cf. Rogers [1969], Sobel
[1971], Federgruen [1978], Thuijsman [1992]).

(b) In perfect information stochastic games equilibria exist (cf. Liggett & Lippman
[1969], Thuijsman & Raghavan [1997]).

(c) In switching control stochastic games "-equilibria exist for all " > 0 (cf. Thuijs-
man & Raghavan [1997]).

(d) In ARAT stochastic games equilibria exist (cf. Thuijsman & Raghavan [1997].)

(e) In SIT stochastic games "-equilibria exist for all " > 0 (cf. Thuijsman [1992]).

(f) In SER-SIT stochastic games stationary equilibria exist such that the prescribed
mixed actions are state independent (cf. Parthasarathy et al. [1984]).

(g) In repeated games with absorbing states "-equilibria exist for all " > 0 (cf. Vrieze
& Thuijsman [1989]).

� Recently, Vieille derived that, for all " > 0, "-equilibria exist in all two-person
stochastic games. In order to achieve this statement, �rst he proved that a speci�c
class of two-person recursive games possesses "-equilibria for all " > 0 (cf. Vieille
[1997,II]) and afterwards, he showed that the general existence problem in two-person
stochastic games reduces to the existence problem in the previously mentioned class
of two-person recursive games (cf. Vieille [1994] and [1997,I]).
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Part I

Zero-sum stochastic games
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Chapter 3

Simplifying optimal strategies

3.1 Introduction

In zero-sum stochastic games, the value exists and the players have "-optimal strate-
gies for all " > 0, as stated in theorem 22. Moreover, the Big Match (cf. example 23
and lemma 24-(d)) illustrated that optimal strategies need not always exist. In this
chapter, which is based on Flesch et al. [1998,I], we examine how optimal strategies,
when they exist, can be simpli�ed.
The main result, which will follow from theorem 36, is the following one.

Main Theorem 3 In a zero-sum stochastic game, if a player has an optimal strategy
then he has stationary "-optimal strategies, for all " > 0; and he has Markov optimal
strategies as well.

In other words, we show that optimal strategies, when they exist, can be simpli�ed
by stationary "-optimal strategies, for all " > 0, and by Markov optimal strategies
as well. So instead of playing a complex history dependent optimal strategy, the
player can also play a stationary "-optimal strategy with an arbitrary small " > 0,
or he can even achieve optimality in the class of Markov strategies. We present such
a construction for which we do not even need to know any optimal strategy, which
makes the result even stronger.
We provide two examples showing the sharpness of the result. Example 37 will
demonstrate that the existence of stationary optimal strategies is not implied by the
existence of optimal strategies, while example 43 will clarify that the existence of
stationary "-optimal strategies, for all " > 0, is not su¢ cient for the existence of
optimal strategies.
In several stochastic games, it is easy to show that stationary "-optimal strategies
do not exist for all " > 0. In such games, by the above theorem, we may exclude
the existence of optimal strategies as well. Note that, without knowing this result, it
would be a much harder problem to check the existence of optimal strategies, since
optimal strategies could only exist in terms of complex history dependent strategies.
Moreover, the above theorem provides a su¢ cient condition for the existence of sta-
tionary "-optimal strategies and Markov optimal strategies. For many classes of

29
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stochastic games, where on the payo¤ and transition structures special conditions
are imposed, stationary "-optimal strategies exist for all " > 0 (cf. theorem 30),
while about su¢ cient conditions for the existence of Markov optimal strategies com-
paratively little is known. Here, instead of providing such structural conditions, the
existence of optimal strategies will be proven to be su¢ cient.
At the end of this chapter we make several remarks regarding the construction and
the proofs. There we also treat possible simpli�cations of strategies that are only
optimal for particular initial states.

3.2 Preliminaries

The following lemma was shown by von Neumann [1928].

Lemma 32 Let s 2 S and let cs : Xs�Ys 7�! R be linear in both components. Then
there exist xs 2 Xs; ys 2 Ys; and a unique Cs 2 R such that

cs(xs; y
0
s) � Cs � cs(x0s; ys) 8x0s 2 Xs; 8y0s 2 Ys:

Lemma 33 Let s 2 S: Let cs and Cs be as in lemma 32. Then the sets

O1s := fxs 2 Xsj cs(xs; y0s) � Cs 8y0s 2 Ysg

O2s := fys 2 Ysj cs(x0s; ys) � Cs 8x0s 2 Xsg

�O1s := fxs 2 Xsj cs(xs; y0s) = Cs 8y0s 2 O2sg

�O2s := fys 2 Ysj cs(x0s; ys) = Cs 8x0s 2 O1sg

are nonempty polytopes. Furthermore, if �Is and �Js denote the extreme points of the
sets �O1s and �O

2
s ; respectively, then

�Is = fis 2 Isj 9xs 2 O1s : xs(is) > 0g

�Js = fjs 2 Jsj 9ys 2 O2s : ys(js) > 0g:

Proof. The above sets O1s ; O
2
s ;
�O1s ;

�O2s are nonempty by lemma 32. One can also
show that these sets are polytopes by using the linearity of cs in both components,
which can be found in most elementary books on the theory of matrix games. The
last part of the statement is shown in Gale & Sherman [1950] and Bohnenblust et al.
[1950]. �

De�nition 34 For s 2 S; xs 2 Xs; ys 2 Ys let

Vs(xs; ys) :=
X
t2S

ps(tjxs; ys) � vt.

For x 2 X; y 2 Y let

V (x; y) := (Vs(xs; ys))s2S .
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Here Vs(xs; ys) is the expected value after transition from state s with regard to the
pair of mixed actions (xs; ys).
The following lemma intuitively says that player 1 can guarantee that the value does
not decrease in expectation after transition, while player 2 can make sure that the
value does not increase in expectation after transition.

Lemma 35 For any s 2 S, there exist xs 2 Xs and ys 2 Ys such that

Vs(xs; y
0
s) � vs � Vs(x0s; ys) 8x0s 2 Xs; 8y0s 2 Ys:

Proof. Let s 2 S. In view of lemma 32, there exist xs 2 Xs; ys 2 Ys; and a unique
Cs 2 R such that

cs(xs; y
0
s) � Cs � cs(x0s; ys) 8x0s 2 Xs; 8y0s 2 Ys:

So we have to show that vs = Cs: Assume by way of contradiction that vs > Cs; the
proof is similar when vs < Cs is assumed.
Let

d := vs � Cs > 0:

We derive a contradiction by showing that player 1 does not have "-optimal strategies
for initial state s, for any " 2 (0; d). Let " 2 (0; d) and take an arbitrary strategy
� 2 �. Recall that the mixed action prescribed by � for stage 1 in the initial state s
is denoted by �s. Consider a strategy �" for player 2 which prescribes to play ys at
stage 1 in state s and to play a ((d� ")=2)-optimal strategy afterwards. Then

Vs(�s; ys) � Cs = vs � d:

From stage 2 on player 2 plays a ((d � ")=2)-optimal strategy, so if s2 denotes the
random variable for the state at stage 2, then


s(�; �
") � Es��"

�
vs2 +

d� "
2

�
=

X
t2S

ps(tj�s; ys) �
�
vt +

d� "
2

�
= Vs(�s; ys) +

d� "
2

� (vs � d) +
d� "
2

< vs � ":

Thus player 1 cannot have an "-optimal strategy for initial state s, which is a contra-
diction. �

We will deal with restricted games derived from the original game �. Assume that
S0 � S is a non-empty set of states and X 0

s � Xs; Y 0s � Ys are nonempty polytopes
for all s 2 S0. If all pairs of mixed actions in X 0

s � Y 0s , for any s 2 S0, only induce
transitions to states in S0, then we may de�ne a restricted game �0, derived from
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the original game �, where the state space is S0 and the players are restricted to use
strategies that only prescribe mixed actions in X 0

s and Y
0
s if the play is in any state

s 2 S0. Let �0 and �0 denote the sets of these strategies. The stationary strategy
spaces in �0 are X 0 := �s2S0X 0

s and Y
0 := �s2S0Y 0s . For the restricted game �0,

for any � 2 (0; 1), using the continuity of the �-discounted reward on the polytope
X 0�Y 0, it can be shown similarly to theorem 20 that the �-discounted value v0� exists
and both players have stationary �-discounted optimal strategies. Moreover, x 2 X 0

is �-discounted optimal in �0 if and only if

v0� � (1� �) � r(x; y) + � � P (x; y) � v0� 8y 2 Y 0: (3.1)

Theorem 21 applies for �0 as well, so lim�"1 v0� exist. Let

v0 := lim
�"1

v0�: (3.2)

Note that we do not claim that v0 is the average value of �0 as in theorem 22 for the
original game, because even though the players only observe pure actions, these do
not correspond one-to-one to extreme points of the restricted spaces of mixed actions.
However one can show, by using an appropriate sequence of discount factors as in
Mertens & Neyman [1981], that, against any �xed strategy in �0, for any " > 0 player
2 can make sure that player 1�s reward is at most v0 + ", namely

sup
�2�0

inf
�2�0


s(�; �) � v0s 8s 2 S0: (3.3)

3.3 The construction

Let

X�
s := fxs 2 XsjVs(xs; ys) � vs 8ys 2 Ysg 8s 2 S; X� := �s2SX�

s ;

Y �s := fys 2 YsjVs(xs; ys) = vs 8xs 2 X�
s g 8s 2 S; Y � := �s2SY �s :

Note the asimilarity in the de�nitions of X�
s and Y

�
s ; s 2 S. In view of lemmas 35 and

33, for all s 2 S, the sets X�
s ; Y

�
s are nonempty polytopes and there exists a J

�
s � Js

such that Y �s = conv(J
�
s ), where conv stands for the convex hull of a set. Let

J� := �s2S J�s :

As in section 3.2, we may de�ne a restricted game ��, derived from the original game
�, where the state space is S and the players are restricted to use strategies that only
prescribe mixed actions in X�

s and Y
�
s if the play is in any state s 2 S. The sets of

these strategies are denoted by �� and ��. For the restricted game ��, let v�� denote
the �-discounted value and let v� := lim�"1 v��.

By the �niteness of the state and action spaces, there exists a countable subset of
discount factors B � (0; 1) such that 1 is a limit point of B and there are stationary
�-discounted optimal strategies x� 2 X� in the restricted game �� such that the sets
fis 2 Isjx�s(is) > 0g, s 2 S, are independent of � 2 B. In the sequel each time
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that we are dealing with discount factors, discounted optimal strategies, or with lim-
its when the discount factors converge to 1, we will have such a subset of discount
factors B in mind.

If Z is a polytope then let Relint(Z) denote the relative interior of the polytope Z;
which is de�ned as the set of points in Z which can be written as a convex combination
of all the extreme points of Z with only strictly positive coe¢ cients.

Theorem 36 Assume that player 1 has an optimal strategy in �.

(a) For any � 2 B, let x� 2 X� be a �-discounted optimal strategy in the restricted
game �� and let x 2 Relint(X�). Then, for any " > 0, if � 2 B, � 2 (0; 1) are
su¢ ciently large then the stationary strategy

x�� := � � x� + (1� �) � x 2 X�

is "-optimal in �.

(b) Let "n; n 2 N; be an arbitrary monotonously decreasing sequence converging to
0. Let xn 2 X� be "n-optimal in � for all n 2 N: Then there exist a sequence
Kn in N such that the Markov strategy f which prescribes to play x1 for the
�rst K1 stages, then to play x2 for the next K2 stages, and so on, is optimal in
�.

A similar statement holds for player 2 as well.

With the help of the following example we provide an illustration of the above con-
structions. Furthermore, this example also demonstrates that the existence of optimal
strategies does not yield the existence of stationary optimal strategies.

Example 37

T

B

L R

0 2

�
1 0

1

The value for initial state 1 is v1 = 1. It is not hard to show that there are optimal
strategies for player 1 (later we will construct optimal Markov strategies).
Following the construction for stationary "-optimal strategies, we haveX� = X; Y � =
f(1; 0)g. Now the unique �-discounted optimal strategy of player 1 in �� is x� = (0; 1)
for all � 2 (0; 1). The role of x� is to play well as long as player 2 plays in the restricted
game ��, namely to guarantee the value v as long as player 2 chooses action L in
state 1. However, an enforcement is needed to make sure that player 2 is not better
o¤ by playing outside Y �, namely by choosing action R. Therefore we take a strategy
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x 2 Relint(X�), for example x = (1=2; 1=2), which will force player 2 not to choose
action R; since then R leads to absorption with payo¤ 2. Now for � ; � 2 (0; 1) we
have

x�� = � � x� + (1� �) � x = (1=2� �=2; 1=2 + �=2):

The strategy x�� is "-optimal for large � and � indeed, as the stationary strategies
(p; 1� p) are "-optimal for all p 2 (0; "].
Note that player 1 has no stationary optimal strategy in this game. One can argue
as follows. If a stationary strategy x prescribes action T with a positive probability
then x only gives a reward strictly less then 1 if player 2 always chooses action L. On
the other hand, if x chooses action B with probability 1, then if player 2 always takes
action R then the reward is 0. Thus no stationary strategy can guarantee v = 1.
A Markov optimal strategy can be constructed as in theorem 36. The idea is to
increase � and � simultaneously during the play so that player 1 plays better and
better in the restricted game. However, � must be increased su¢ ciently slowly so
that player 2 cannot choose action R �too often�without absorption. Formally, let
"n = 1=n and take the stationary "n-optimal strategy xn = ("n; 1 � "n) 2 X� for all
n 2 N. Let Kn = 1 for all n 2 N. Let f be the Markov strategy as in theorem 36.
So at stage n, the strategy f chooses action T with probability 1=n and action B
with probability 1� 1=n. One can verify that f is optimal. We only give an intuitive
argument. If player 2 chooses action R with a �positive frequency�then absorption
occurs with probability 1 due to the slowly decreasing probabilities on action T ; while
almost always choosing action L yields reward 1 since the probabilities on action
B converge to 1. (A rigorous proof for the optimality of f can be done by using
techniques as in chapter 5). C

3.4 The proof

The following lemma clari�es why the sets X� and Y � play an important role when
player 1 has an optimal strategy in the original game �. This lemma states that if
� is an optimal strategy for player 1 in � then, for any present state s 2 S and past
history with a positive occurrence probability with respect to (�; �) for some � 2 ��,
the strategy � prescribes a mixed action belonging to X�

s . In other words, if player 2
uses a strategy � 2 �� then the optimal strategy � will behave as a strategy in ��.

Lemma 38 Let � 2 � be an optimal strategy for player 1 in the game �. For s 2 S;
let

Us := f(h; t) 2 Hs � Sj Ps�� (h) > 0 and Ps��(tjh) > 0 for some � 2 ��g;

where Ps��(tjh) is the probability that, with respect to (�; �); the new state becomes
state t after history h. Then �t(h) 2 X�

t for all (h; t) 2 Us and for all s 2 S.

Proof. Suppose the opposite. Then, for some s 2 S, there exists a shortest history
�hn 2 Hs, say up to stage n, and a state t such that Ps��(�hn) > 0 and Ps��(tj�hn) > 0
for some � 2 �� and �t(�hn) =2 X�

t . Since �t(�h
n) =2 X�

t there exists a �yt 2 Yt such that

� := vt � Vt(�t(�hn); �yt) > 0.
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By lemma 35, there also exists a y 2 Y such that Vz(xz; yz) � vz for all xz 2 Xz and
z 2 S:
Let s1 := s, and let sm, m � 2, denote the random variable for the state at stage m,
and let �m denote random variable for the history up to stage m 2 N. Let

� 2
�
0;Ps1��(�hn) � Ps1��(tj�hn) � �

�
:

Let �� 2 � be the strategy that prescribes to play as follows: play � during the �rst
n stages; at stage n + 1, if �n = �hn and sn+1 = t then play �yt while if �n 6= �hn or
sn+1 6= t then play the mixed action ysn+1 ; and �nally, play a �-best reply against
�[�n+1] from stage n+ 2 on. Note that

Ps1���(�hn) = Ps1��(�hn) > 0:

Since we have chosen a shortest history �hn with that above speci�ed property, by the
de�nitions of X� and Y � we have

Es1��� (vsn+1) = vs1 ;

and by the used mixed actions at stage n+ 1

Es1��� (vsn+2) � Es1��� (vsn+1)� Ps1���(�hn) � Ps1��(tj�hn) � � :

From stage n+ 2 player 2 plays a �-best reply, so the choice of � yields


s1(�; �
�) � Es1��� (vsn+2) + �

� Es1��� (vsn+1)� Ps1���(�hn) � Ps1��(tj�hn) � � + �
= vs1 � Ps1��(�hn) � Ps1��(tj�hn) � � + �
< vs1 ;

which contradicts the optimality of �. �

The condition that player 1 has an optimal strategy in � is only needed for the next
lemma. We show that, if player 1 has an optimal strategy in �, then he can guarantee
a reward at least v in the restricted game ��. This is based on the facts that optimal
strategies of player 1 guarantee a reward at least the value v in the original game �
and, in view of the previous lemma, they can only prescribe mixed actions in X�

s ,
if the play is in any state s, against any strategy of player 2 in ��. The second
part of the statement says that player 1 cannot guarantee more than the limit of the
�-discounted values in ��.

Lemma 39 Suppose that player 1 has an optimal strategy � 2 �. Then

vs � sup
��2��

inf
��2��


s(�
�; ��) � v�s 8s 2 S:

Proof. The second inequality follows from (3.3), so we only have to show the �rst
one.
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Let s 2 S be arbitrary and let Us be as in lemma 38. Take an arbitrary x 2 X�. By
using lemma 38, we may de�ne a strategy �� 2 �� as follows: for h 2 H and t 2 S
let

��t (h) :=

�
�t(h) if (h; t) 2 Us
xt otherwise.

Then by the optimality of � and by the de�nition of ��; we have

vs � 
s(�; ��) = 
s(��; ��) 8�� 2 ��;

which implies the �rst inequality. �

The next result shows the e¤ectiveness of the �-discounted optimal strategies in the
restricted game ��.

Lemma 40 Let " > 0. For � 2 B, let x� 2 X� be a �-discounted optimal strategy
of player 1 in ��, and let y 2 Y �. Suppose that E � S is a closed set of states with
respect to (x�; y) for all � 2 B. Then for large � 2 B


s(x� ; y) � min
t2E

v�t � " 8s 2 E.

Proof. Using inequality (3.1) for �� we have

(1� �) � r(x�; y) + � � P (x� ; y) � v�� � v�� 8� 2 B:

By (2.1), multiplying this inequality with Q(x� ; y) yields

Q(x�; y) � r(x� ; y) � Q(x�; y) � v�� 8� 2 B:

The closedness of E implies that, for any s 2 E, if qs(tjx�; y) > 0 then t 2 E. Hence
for all s 2 E and for large � 2 B, using theorem 9-(a) and the de�nition of v�, we
have


s(x� ; y) =
X
t2E

qs(tjx�; y) rt(x�t; yt)

�
X
t2E

qs(tjx�; y) v��t

�
X
t2E

qs(tjx�; y) (v�t � ")

� min
t2E

v�t � ";

so the proof is complete. �

Next we discuss some properties of stationary strategies belonging toX� or to Relint(X�).

Lemma 41 Let x 2 X� and y 2 Y . Suppose E is an ergodic set with respect to
(x; y). Then vs = vt for all s; t 2 E. Furthermore, if x 2 Relint(X�) then necessarily
ys 2 Y �s for all s 2 E.
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Proof. By x 2 X� and by the closedness of E for (x; y) we obtain

vs � Vs(xs; ys) =
X
t2E

ps(tjxs; ys) vt 8s 2 E:

Let �E := fs 2 Ej vs = maxt2E vtg. The above inequalities imply that �E is a closed set
of states for (x; y), so since E is an ergodic set for (x; y), we have �E = E. Therefore
vs = vt =: vE for all s; t 2 E.
Now suppose that x 2 Relint(X�). Then (�xs; ys) only induces transitions to states in
E for any �xs 2 X�

s , s 2 E, hence

Vs(�xs; ys) =
X
t2E

ps(tj�xs; ys) vE = vE = vs 8�xs 2 X�
s ; 8s 2 E;

which implies that ys 2 Y �s for all s 2 E. �

An important property of convex combinations of stationary strategies is stated in
the next lemma.

Lemma 42 For � 2 (0; 1), x1; x2 2 X let x� := �x1 + (1� �)x2. Suppose that E is
an ergodic set with respect to (x� ; y) for some y 2 Y . Let " > 0 and d 2 R. If


s(x
1; y) � d 8s 2 E

then for su¢ ciently large �


s(x
� ; y) � d� " 8s 2 E:

Proof. Let � 2 (0; 1). Since


s(x
1; y) � d 8s 2 E;

there exists a K� satisfying

1

N

NX
n=1

Esx1y (Rn) � d� � 8N � K�; 8s 2 E;

where Rn denotes the random variable for the payo¤ at stage n. Choose a su¢ ciently
large � 2 (0; 1) such that

�K
� � 1� �:

The strategy x� can be interpreted as playing x1 with probability � and x2 with
probability 1 � � at each stage, so the last inequality means that x1 will be played
at each K� consecutive stages with probability at least 1� �. Hence with probability
at least 1 � �, the average of the expected payo¤s will be at least d � � for any K�

consecutive stages. Therefore, if r denotes the smallest payo¤ in the game, then for
small � > 0 we have


s(x
� ; y) � (1� �) (d� �) + � r � d� " 8s 2 E;
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so the proof is complete. �

Now we are ready to prove theorem 36.

Proof of theorem 36-(a).
We only show the statement for player 1. First notice that by the convexity of X�

and by x 2 Relint(X�) we have x�� 2 Relint(X�) for all � 2 B and � 2 (0; 1).
Since there are only �nitely many pure stationary strategies, by theorem 16-(b), it
su¢ ces to show that, for all j 2 J , if � 2 (0; 1) and � 2 B are large then


(x��; j) � v � " 1jSj;

where 1jSj = (1; : : : ; 1) 2 RjSj. Take a j 2 J and let E � S be an arbitrary ergodic
set with respect to (x��; j). We start with showing that for large � 2 (0; 1); � 2 B we
have


s(x
�
�; j) � vs � " 8s 2 E: (3.4)

Since x�� 2 Relint(X�), by lemma 41 we obtain vs = vt := vE for all s; t 2 E and
js 2 J�s for all s 2 E. Let j�s := js for all s 2 E and let j�s 2 J�s for all s =2 E; so
j� 2 J�. By the de�nition of x�� and by the properties of B, the set of states E is
closed with respect to (x� ; j) for all � 2 B, so with respect to (x� ; j�) for all � 2 B as
well, thus applying lemma 40 for �� and using lemma 39 yield that for large � 2 B


s(x� ; j) = 
s(x� ; j
�) � min

t2E
v�t �

1

2
" � min

t2E
vt �

1

2
" = vE �

1

2
" 8s 2 E:

Now lemma 42 yields that for large � 2 (0; 1) and for large � 2 B


s(x
�
�; j) � vE � " = vs � " 8s 2 E;

which proves (3.4).
Using that x�� 2 X� we have

P (x�� ; j) v � v;

therefore inductively we obtain for all n 2 N

Pn(x��; j) v � v;

which by the de�nition of Q yields

Q(x��; j) v � v:

For any s 2 S, qs(tjx��; j) > 0 implies that t 2 E for some ergodic set E with respect
to (x��; j), hence by theorem 9-(c) and (3.4) for large � 2 (0; 1) and � 2 B we obtain


(x�� ; j) = Q(x�� ; j) 
(x
�
�; j)

� Q(x�� ; j) (v � " 1jSj)
= Q(x�� ; j) v � " 1jSj
� v � " 1jSj;
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which completes the proof. �

Proof of theorem 36-(b).
We only show the statement for player 1. For n 2 N, let "n and xn be as in theorem
36-(b). We will choose an appropriate sequence Kn in N so that the Markov strategy
described in theorem 36-(b) is optimal. Using the results of Bewley & Kohlberg [1978]
(theorem 5.2), for any n 2 N, there exists a stage �Kn such that

1

N

NX
m=1

Esxn� (Rm) � vs � 2"n 8N � �Kn; 8s 2 S; 8� 2 �; (3.5)

where Rm denotes the random variable for the payo¤ at stage m. Let r denote the
smallest payo¤ in the game minus "1 :

r := min
is2Is; js2Js; s2S

rs(is; js)� "1:

Given �Kn, n 2 N, choose an arbitrary K1 � �K1 and choose Kn � �Kn, n � 2,
inductively so that

nP
l=1

Kl � (vs � 2"l) + �Kn+1 � r
nP
l=1

Kl + �Kn+1

� vs � 2"n�1 8s 2 S; 8n � 2: (3.6)

By the de�nition of r, inequality (3.6) implies

nP
l=1

Kl � (vs � 2"l)
nP
l=1

Kl

� vs � 2"n�1 8s 2 S; 8n � 2: (3.7)

Let s1 be an arbitrary initial state and let sm; m � 2, denote the random variable
for the state at stage m. Let the Markov strategy f be as in theorem 36-(b). Using
that f only prescribes mixed actions in X�

s ; s 2 S, we have for all � 2 S that

Es1f� (vsm) � vs1 8m 2 N; 8� 2 �: (3.8)

The strategy x1 is to be played at stages 1; 2; : : : ;K1, hence using (3.5)

K1X
m=1

Es1f� (Rm) � K1 � (vs1 � 2"1) 8� 2 �; (3.9)

while the strategy xn, n � 2; is to be played at stages wn; : : : ; wn +Kn � 1, where
wn :=

Pn�1
l=1 Kl + 1, hence using (3.5) and (3.8) we have

wn+L�1X
m=wn

Es1f� (Rm) � L �
�
Es1f�(vswn )� 2"n

�
� L � (vs1 � 2"n) 8Kn � L � �Kn; 8� 2 �: (3.10)



40 CHAPTER 3. SIMPLIFYING OPTIMAL STRATEGIES

As a special case we have for all n � 2 that
wn+Kn�1X
m=wn

Es1f� (Rm) � Kn � (vs1 � 2"n) 8� 2 �: (3.11)

Assume �rst that stage N has the property that for some n(N) � 2 we have
n(N)X
l=1

Kl < N �
n(N)X
l=1

Kl + �Kn(N)+1;

which means that at stage N the strategy xn(N)+1 is used and it has not yet been
used at more than �Kn(N)+1 stages. Using (3.9), (3.11), by the de�nition of r and by
(3.6) we have for all � 2 �

1

N

NX
m=1

Es1f� (Rm) =

n(N)P
l=1

wl+Kl�1P
m=wl

Es1f� (Rm) +
NP

m=wn(N)+1

Es1f� (Rm)

N

�

n(N)P
l=1

Kl � (vs1 � 2"l) +
 
N �

n(N)P
l=1

Kl

!
� r

N

�

n(N)P
l=1

Kl � (vs1 � 2"l) + �Kn(N)+1 � r

n(N)P
l=1

Kl + �Kn(N)+1

� vs1 � 2"n(N)�1: (3.12)

Assume now that stage N has the property that for some n(N) � 2 we have
n(N)X
l=1

Kl + �Kn(N)+1 < N �
n(N)X
l=1

Kl +Kn(N)+1;

which means that at stage N the strategy xn(N)+1 is used and it has already been
used more than �Kn(N)+1 stages. Using (3.9), (3.11), (3.10), by (3.7) we have for all
� 2 �

1

N

NX
m=1

Es1f� (Rm) =

n(N)P
l=1

wl+Kl�1P
m=wl

Es1f� (Rm) +
NP

m=wn(N)+1

Es1f� (Rm)

N

�

n(N)P
l=1

Kl � (vs1 � 2"l) +
 
N �

n(N)P
l=1

Kl

!
�
�
vs1 � 2"n(N)+1

�
N

�

n(N)P
l=1

Kl � (vs1 � 2"l)

n(N)P
l=1

Kl

� vs1 � 2"n(N)�1: (3.13)
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Inequalities (3.12) and (3.13) together imply that


s1(f; �) = lim inf
N!1

1

N

NX
m=1

Esf� (Rm) � vs1 8� 2 �.

Since the initial state s1 was arbitrary, we have shown that f is optimal in �. �

The next example shows that the existence of stationary "-optimal strategies, for all
" > 0, does not imply the existence of optimal strategies.

Example 43
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Here the value for initial state 1 is v1 = 1. The stationary strategy for player 1 which,
in state 1, prescribes action T with probability 1 � " and action B with probability
" is "-optimal for all " > 0. However, we show that player 1 does not have optimal
strategies for initial state 1. Take an arbitrary strategy �. We show that player 2
can make sure that the reward is strictly less than 1. Indeed, player 2 has to choose
action R as long as � prescribes action T with probability 1 and to play action L at
the �rst stage when � prescribes action B with a positive probability. Then either
entry (T;R) is played forever or absorption occurs with payo¤ zero with a positive
probability, thus the reward is strictly less than 1 indeed. C

3.5 Concluding remarks

Remarks on the restricted game ��. In lemma 39 we showed that v�s � vs for all
s 2 S. In fact, this is the only statement for which we needed the condition that
player 1 has an optimal strategy. Therefore if in a zero-sum game v�s � vs holds for
all s 2 S, then stationary "-optimal strategies, " > 0, and Markov optimal strategies
can be constructed exactly as before. It also means that v�s � vs for all s 2 S holds
if and only if player 1 has an optimal strategy.
We also remark that one can �nd examples in which, although player 1 has an optimal
strategy, v�s > vs holds for some state s 2 S. Such an example is presented next.

Example 44
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The value for initial state 1 is v1 = 0. Indeed, one can easily verify that against
the stationary strategy y = (1 � "; ") 2 Y , for any " 2 (0; 1), player 1 cannot get
more than ". Notice that any strategy of player 1 is optimal. We have X� = X;
Y � = f(1; 0)g, hence v�1 = 1 > v1: (Obviously, for any absorbing state s in the game
vs = v

�
s :) C

However, if E is an ergodic set with respect to some (x; y) 2 Relint(X�)�Relint(Y �)
then there exists a state s 2 E such that v�s = vE (recall that the value v is a constant
on E by lemma 41). To see this one can argue as follows. Suppose to the contrary
that v�s � vE + � for all s 2 E, where � > 0. Let x�� 2 Relint(X�) be de�ned as in
theorem 36-(a). Then lemmas 40 and 42 imply that for large � and � we have


s(x
�
� ; j) � min

t2E
v�t �

�

2
� vE +

�

2
8s 2 E; 8j 2 J�: (3.14)

Here we used that there are only �nitely many pure stationary strategies. Let player
1 play the strategy ��, � > 0, which prescribes to play as follows: play x�� as long as
player 2 chooses actions in J�s , s 2 E, and start playing a �-optimal strategy as soon
as player 2 chooses an action in Js n J�s in some state s 2 E. Note that if player 2
always chooses actions in J�s , s 2 E, then (3.14) assures that the reward is at least
vE+

�
2 (recall that against a stationary strategy there always exists a pure stationary

best reply). On the other hand, if player 2 chooses an action in Js n J�s in some state
s 2 E, then one can show that x��s 2 Relint(X�

s ) yields that the original value v
increases in expectation by at least some � > 0, so if � 2 (0; �2 ), by the de�nition of
��, the reward is at least vE+ �

2 in this case. Therefore �
�; with � 2 (0; �2 ), guarantees

a reward at least vE+ 1
2 min(�; �) > vE , which contradicts the de�nition of the value.

So we have shown that v�s = vE holds for some state s 2 E.

Optimal strategies for particular initial states. We brie�y discuss a generalization
of the results, which concerns strategies that are only optimal for particular initial
states. Let ~S denote the set of states for which player 1 has an optimal strategy.
First note that, in each stochastic game, there exists at least one initial state for
which player 1 has optimal strategies (cf. Thuijsman & Vrieze [1993]), so the set ~S
is always nonempty. Using similar techniques as before, one can show that, for any
" > 0, player 1 has a strategy �" which for all initial states � 2 ~S satis�es: (a) �" is
"-optimal, (b) �" is stationary until leaving ~S, (c) there exist stationary best replies of
player 2 against �", (d) the probability of ever leaving ~S is zero with respect to (�"; �)
and initial state �, if � is a best reply. The weakerness of this result is mainly due
to the fact that stationary strategies are not e¤ective in states outside ~S, so player 1
may have to start playing a history dependent �-optimal strategy if the play leaves ~S,
for some � > 0. Furthermore, one can also show that player 1 has a strategy � which
for all initial states � 2 ~S satis�es: (e) � is optimal, (f) � is Markov until leaving ~S,
(g) there exist Markov best replies of player 2 against �, (h) the probability of ever
leaving ~S is zero with respect to (�; �) and initial state �, if � is a best reply.
We remark here that Markov best replies do not necessarily exist against a Markov
strategy, but the Markov strategy � can be constructed so that (f) holds. At this point
it is important that if E is an ergodic set for some (x; y) 2 Relint(X�) � Relint(Y �)
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then, although v�s � vE for all s 2 E, there exists a state s 2 E such that v�s = vE ;
as discussed above. This guarantees that player 2 can get satis�ed in the restricted
game when playing against �.

Example 45
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This example clari�es the existence of such �almost stationary�"-optimal strategies
and �almost Markov� optimal strategies for initial states in ~S. The two �mixed�
transition vectors in entries (B1; L1) and (B1; R1) lead to state 2 with probability 1

2
and to state 4 with probability 1

2 . For the sake of simplicity, we only focus on the
possible simpli�cations by �almost stationary� "-optimal strategies. Notice that if
the initial state is state 2 then this game reduces to the Big Match (cf. example 23).
So here the value is v = (14 ;

1
2 ; 1; 0). By lemma 24-(d), for initial state 2 player 1

has no optimal strategy, so ~S = f1; 3; 4g. Since initial states 3; 4 2 ~S are trivial, we
assume the initial state to be 1 2 ~S. Consider the strategy � for player 1 which pre-
scribes to play action T1 as long as the play is in state 1 and as soon as the play visits
state 2 then prescribes to start playing a history dependent 18 -optimal strategy. This
strategy � is optimal and clearly satis�es properties (a), (b), (c), and (d). Note that
switching to a history dependent strategy when entering state 2 is crucial, because
by stationary strategies player 1 could only guarantee 0 for initial state 2 (cf. lemma
24-(e)). Note also that even though (0; 1) 2 X�

1 ; player 1 should not choose action
B1; because it would violate property (d).

Subgame optimality. Note that the Markov strategy f , constructed in theorem 36-
(b), is �subgame optimal�; namely the strategy f [h] is optimal for any �nite history
h 2 H. (The stationary "-optimal strategies, " > 0, in theorem 36-(a) are obviously
�subgame "-optimal�, as x = x[h] for any stationary strategy x 2 X and for any
�nite history h 2 H).
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Chapter 4

Improving and non-improving
strategies

4.1 Introduction

In zero-sum stochastic games the players have completely opposite interests, so it is
natural to evaluate a strategy of a player by the reward it guarantees against any
strategy of the opponent. So as in de�nition 22, for strategies � 2 � and � 2 � let

vs(�) := inf
�02�


s(�; �
0) 8s 2 S; v(�) := (vs(�))s2S ;

vs(�) := sup
�02�


s(�
0; �) 8s 2 S; v(�) := (vs(�))s2S :

These evaluations enable us to compare strategies.

De�nition 46

(a) A strategy �1 is called "-better than �2, where " � 0, if v(�1) � v(�2)� " holds.
0-better strategies are simply called better. A similar de�nition

of "-betterness holds for strategies of player 2.

(b) A strategy � is called non-improving if for any history h 2 H we have v(�) �
v(�[h]); otherwise � is called improving. Non-improving strategies for player 2
are similarly de�ned.

Intuitively, a non-improving strategy cannot guarantee a larger reward conditional on
any past history than initially. On the other hand, improving strategies may become
better during the play than initially.
For example, all stationary strategies are clearly non-improving strategies, because
x = x[h] for any history h 2 H. In the following simple example we show an instance
of an improving strategy.

Example 47

45
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Consider the Markov strategy f for player 1 which prescribes to play action T with
probability 1=2 and action B with probability 1=2 at stage 1, and if the play does not
absorb then to play action T at all further stages. Clearly, f yields reward 1=2, hence
we obtain v1(f) = 1=2: However, if h denotes the history up to stage 1 when player 1
chooses action T at stage 1, then the strategy f [h] prescribes action T for each stage,
hence v1(f [h]) = 1. Thus v1(f) < v1(f [h]), which means that f is improving. C

The main results of this chapter, which is mainly based on Flesch et. al. [1998,IV],
are summarized by the following theorem, which will follow from theorem 53.

Main Theorem 4 In any zero-sum stochastic game, for any non-improving strategy,
there exists an "-better stationary strategy, for any " > 0, and there exists a better
Markov strategy as well.

The above theorem says, that, surprisingly, non-improving strategies are not more
e¤ective than stationary strategies or Markov strategies. This also means that, in-
stead of using a complex history dependent non-improving strategy, the player could
also use a simple stationary strategy which guarantees at least the same reward up to
some arbitrarily small " > 0, or he could even achieve the same reward by employing
a Markov strategy.
Notice that optimal strategies are always non-improving, since they guarantee the
value and no higher reward can be guaranteed by the de�nition of the value. Using
this observation the above result can be seen as a generalization of Main Theorem 3
in chapter 3.
Just as in section 3.5, the above theorem and further results can also be generalized
to strategies that are only non-improving for particular initial states.
In fact, the above theorem and Main Theorem 3 together have the following corollary,
which shows the insu¢ ciency of the class of non-improving strategies as well as the
indispensability of improving strategies for achieving "-optimality, for small " > 0.

Corollary 48 In a zero-sum stochastic game, if a player has no stationary "-optimal
strategies for small " > 0, then he has no optimal strategies either and all his "-optimal
strategies, with small " > 0, are improving.

The next example provides a illustration for the above corollary.

Example 49
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This example is the Big Match (cf. example 23 and lemma 24). The value for ini-
tial state 1 is v1 = 1=2 and player 1 has no stationary "-optimal strategies for small
" > 0. Moreover, player 1 has no optimal strategy either. Now consider the history
dependent "-optimal strategy �N as in lemma 24-(c). One can show now that the
strategy �N is improving, since for the history h = (1; T;R) we have �N [h] = �N+1.
Furthermore, notice that there are no stationary and Markov strategies that are "-
better than �N , for large N and small " > 0, since player 1 cannot guarantee more
than 0 by stationary strategies and Markov strategies, as stated in lemma 24-(e). C

The next example demonstrates that the class of non-improving strategies may admit
"-optimal strategies as well, for all " > 0, even when player 1 has no optimal strategy.
So non-improving strategies are not only important for achieving optimality.

Example 50
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It is easy to check that player 1 can obtain "-optimality by using non-improving
strategies. Indeed, the stationary strategy x" = (1 � "; ") is "-optimal for player 1
for any " > 0. On the other hand, player 1 has no optimal strategy for initial state
1. One can argue as follows. Take an arbitrary strategy �. Let � be the strategy for
player 2 that prescribes action L whenever � prescribes action T with probability 1
and prescribes action R otherwise. Then whenever player 2 chooses L the cell (T;L)
is played with payo¤ 0, and whenever player 2 chooses R absorption through the cell
(B;R) has a positive probability. Hence � cannot guarantee reward 1, so � is not
optimal. C

4.2 Preliminaries

The de�nitions will be very similar to those in chapter 3. Let � denote a �xed
non-improving strategy and let

a := v(�):

For xs 2 Xs; ys 2 Ys for some s 2 S let

As(xs; ys) :=
X
t2S

ps(tjxs; ys) at:
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For x 2 X and y 2 Y let

A(x; y) := (As(xs; ys))s2S :

Let

~Xs := fxs 2 XsjAs(xs; ys) � as 8ys 2 Ysg 8s 2 S; ~X := �s2S ~Xs;

so ~Xs is the set of mixed actions of player 1 in state s which assure that after transition
a will not decrease in expectation.

Lemma 51 The sets ~Xs; s 2 S; are nonempty polytopes.

Proof. Let s 2 S. One can verify that the linearity of As in both components implies
that the set ~Xs is a polytope.
Now we prove that ~Xs is nonempty by showing that �s 2 ~Xs. (Recall that �s denotes
the mixed action prescribed by � for stage 1 if the initial state is state s). By the
de�nition of vs(�)

vs(�) = min
ys2Ys

X
t2S

X
is2Is;js2Js

[�s(is) � ys(js) � ps(tjis; js)] � vt(�[s; is; js]);

hence using the de�nition of a and the non-improvingness of � we have

as = vs(�)

= min
ys2Ys

X
t2S

X
is2Is;js2Js

[�s(is) � ys(js) � ps(tjis; js)] � vt(�[s; is; js])

� min
ys2Ys

X
t2S

X
is2Is;js2Js

[�s(is) � ys(js) � ps(tjis; js)] � vt(�)

= min
ys2Ys

X
t2S

ps(tj�s; ys) � at

= min
ys2Ys

As(�s; ys);

so the proof is complete. �

As in chapter 3, if Z is a polytope then Relint(Z) denotes the relative interior of the
polytope Z; which is de�ned as the set of points in Z which can be written as a convex
combination of all the extreme points of Z with only strictly positive coe¢ cients.
The following technical lemma is needed later for the construction of a restricted
game. Here, on condition that player 1 uses a strategy x 2 Relint( ~X), we are looking
for the largest set S0 of states which can be made recurrent and the largest sets Y 0s ,
s 2 S0, of mixed actions which keep all the states in S0 recurrent.

Lemma 52 There exist a nonempty S0 � S and a nonempty Y 0 = �s2S0 Y 0s , where
Y 0s � Ys are polytopes for all s 2 S0, such that for any x 2 Relint( ~X)

(a) for any y 2 Y , if s 2 S is recurrent with respect to (x; y) then s 2 S0 and ys 2 Y 0s ;
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(b) for any y 2 Y with ys 2 Relint(Y 0s ) for all s 2 S0, all states s 2 S0 are recurrent
with respect to (x; y):

Proof. Take an arbitrary x 2 Relint( ~X). For j 2 J , let R(j) denote the set of
recurrent states with respect to (x; j). Now let

S0 := [j2J R(j):
For s 2 S0 let

J 0s := fjs 2 Jsj 9�j 2 J : �js = js; s 2 R(�j)g;

Y 0s := conv
�
J 0s
	
; Y 0 := �s2S0 Y 0s ;

where conv stands for the convex hull of a set. Note that these sets are independent
of the choice of x 2 Relint( ~X); because all x 2 Relint( ~X) put positive probabilities
on the same actions in any state. It is not hard to check that S0 and Y 0 satisfy the
required properties. �

4.3 The construction

Recall that we have �xed a non-improving strategy � for player 1. Let ~X be as above,
let S0 and Y 0 be as in lemma 52, and let X 0 := �s2S0 ~Xs. In view of lemma 52, we
may de�ne a restricted stochastic game �0, as in section 3.2, in the following way.
Let �0 be the game, derived from �, where the state space is S0 and the players are
restricted to use strategies that only prescribe mixed actions in X 0

s and Y
0
s if the play

is in any state s 2 S0. Clearly, X 0 and Y 0 are respective stationary strategy spaces in
�0 for the players.
By the �niteness of the state and action spaces, there exists a countable subset of
discount factors B � (0; 1) such that 1 is a limit point of B and there are stationary
�-discounted optimal strategies x� 2 X 0 in the restricted game �0 such that the sets
fis 2 Isjx�s(is) > 0g, s 2 S, are independent of � 2 B. In the sequel each time
that we are dealing with discount factors, discounted optimal strategies, or with lim-
its when the discount factors converge to 1, we will have such a subset of discount
factors B in mind.

The following result is very similar to theorem 36. In fact, the next theorem is a
generalization of theorem 36, since optimal strategies are always non-improving, as
we have already mentioned.

Theorem 53 Let � 2 � be a non-improving strategy in a zero-sum stochastic game.
By using the strategy �, de�ne S0; X 0; Y 0; and the restricted game �0 as above.

(a) For any � 2 B, let x� 2 X 0 be a �-discounted optimal strategy in the restricted
game �0 and let x 2 Relint( ~X). Then, for any " > 0, if � 2 B, � 2 (0; 1) are
su¢ ciently large then the stationary strategy x�� 2 ~X; given for state s 2 S by

x��s :=

�
� � x�s + (1� �) � xs if s 2 S0
xs if s 2 S n S0 ;
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is "-better than � in �.

(b) Let "n, n 2 N; be an arbitrary monotonously decreasing sequence converging to 0.
Let the stationary strategy xn 2 X 0 be "n-better than � for all n 2 N: Then there
exists a sequence Kn in N such that the Markov strategy f which prescribes to
play x1 for the �rst K1 stages, then to play x2 for the next K2 stages, and so
on, is better than �.

A similar statement holds for player 2 as well.

One may read example 37 for an illustration; just instead of an optimal strategy one
has to think of a non-improving strategy which guarantees the value, so a would be
equal to the value v. We will now explain with the help of the following example why
the proof of theorem 36 does not apply directly.

Example 54

T

B

0

1
�

1

Consider the stationary strategy x which prescribes action T in state 1 with proba-
bility 1. Clearly, this strategy is non-improving and we have a1 = 0. Notice that x
is not e¤ective in state 1, since by choosing action B player 1 would be better o¤.
Formally, it means that there exists a mixed action �x1 2 X1 in state 1 so that we
have

A1(�x1; y1) > a1 8y1 2 Y1:

Generally, such states cannot be treated in the same way as in the proof of theorem
36, since a version of lemma 35 would not hold here.
Nevertheless, in states in S0 the construction remains almost the same. Here S0 only
consists of the absorbing state, which is a trivial state. C

4.4 The proof

In this section we provide a proof of theorem 53. which will go along similar lines
as the proof of theorem 36 in section 3.4. Recall that we have �xed a non-improving
strategy �. In the restricted game �0; let H 0 denote the set of �nite histories, �0 and
�0 the sets of history dependent strategies, 
0 the avarage reward, v0� the �-discounted
value for all � 2 (0; 1): Let v0 := lim�"1 v0� (as discussed in section 3.2, the limit must
exist). Moreover, let

�� :=
�
� 2 �j�s(h) 2 X 0

s for all s 2 S0 and h 2 H 0	
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�� :=
�
� 2 �j�s(h) 2 Y 0s for all s 2 S0 and h 2 H 0	 ;

so �� and �� are the set of strategies in the original game � with the property that, as
long as the play is in the restricted game �0, they behave as strategies in �0 and �0:
By using the de�nition of ~X; the following lemma follows an analogously to the �rst
part of lemma 41.

Lemma 55 Let x 2 ~X and y 2 Y . Suppose E is an ergodic set with respect to (x; y).
Then as = at for all s; t 2 E.

Next, we show an important property of the sets Y 0s ; s 2 S0:

Lemma 56 For any s 2 S0, we have that As(xs; ys) = as for all xs 2 X 0
s and ys 2 Y 0s :

Proof. Take arbitrary s 2 S0; xs 2 X 0
s; and ys 2 Y 0s : Let �x 2 Relint( ~X) and �y 2 Y

with �yt 2 Relint(Y 0s ): In view of lemma 52-(b), state s belongs to an ergotic set E
with regard to (�x; �y); hence by lemma 55, we obtain at = aw for all t; w 2 E: As
ps(tj�xs; �ys) > 0 implies t 2 E; we must have ps(tjxs; ys) > 0 also implies t 2 E; which
completes the proof. �

The next lemma, which is similar to lemma 38, says that, as long as player 2 playes
in the restricted game �0, so does the non-improving strategy �:

Lemma 57 Let s 2 S0 be an arbitrary initial state. Let

Us := f(h; t) 2 Hs � Sj Ps�� (h) > 0 and Ps��(tjh) > 0 for some � 2 ��g;

where Ps��(tjh) is the probability that, with respect to (�; �); the new state becomes
state t after history h. Then �t(h) 2 X 0

t for all (h; t) 2 Us.

Proof. Suppose the opposite. Then there exists a shortest history �hn 2 Hs, say up
to stage n, and a state t such that Ps��(�hn) > 0 and Ps��(tj�hn) > 0 for some � 2 �0
and �t(�hn) =2 X 0

t. Since �t(�h
n) =2 X 0

t there exists a �yt 2 Yt such that

� := at �At(�t(�hn); �yt) > 0.

For any present state z 2 S0 and past history h 2 H 0; we de�ne a mixed action
�z(h) 2 Yz as follows: if �z(h) 2 X 0

z then let �z(h) 2 Y 0z ; while if �z(h) 2 Xz n X 0
z

then let �z(h) 2 Yz such that Az(�z(h); �z(h)) � az: By lemma 56, we have in both
cases that

Az(�z(h); �z(h)) � az: (4.1)

Let

� 2
�
0;Ps1��(�hn) � Ps1��(tj�hn) � �

�
:

Let s1 := s, and let sm, m � 2, denote the random variable for the state at stage m,
and let �m denote random variable for the history up to stage m 2 N.
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Let �� 2 � be the strategy that prescribes to play as follows: play � during the �rst
n stages; at stage n + 1, if �n = �hn and sn+1 = t then play �yt while if �n 6= �hn or
sn+1 6= t then play the mixed action �sn+1(�n); and �nally, play a �-best reply against
�[�n+1] from stage n+ 2 on. Note that

Ps1���(�hn) = Ps1��(�hn) > 0:

Since we have chosen a shortest history �hn with the above property, the play up to
stage n has been going in the restricted game �0: By lemma 52-(b), we must have
sn 2 S0, and by the de�nitions of X 0 and Y 0; we obtain

Es1��� (asn+1) = as1 :

The choices of the used mixed actions at stage n+ 1

Es1��� (asn+2) � Es1��� (asn+1)� Ps1���(�hn) � Ps1��(tj�hn) � � :

Since from stage n+2 player 2 plays a �-best reply and � is non-improving, the choice
of � yields


s1(�; �
�) �

X
hn+12Hn+1; z2S

Ps1���(hn+1) � Ps1��(zjhn+1) � 
z(�[hn+1]; ��[hn+1])

�
X

hn+12Hn+1; z2S
Ps1���(hn+1) � Ps1��(zjhn+1) �

�
vz(�[h

n+1]) + �
�

�
X

hn+12Hn+1; z2S
Ps1���(hn+1) � Ps1��(zjhn+1) � (az + �)

= Es1��� (asn+2) + �
� Es1��� (asn+1)� Ps1���(�hn) � Ps1��(tj�hn) � � + �
= as1 � Ps1��(�hn) � Ps1��(tj�hn) � � + �
< as1 ;

which contradicts the de�nition of a. �

Using the previous lemma, the next result follows similarly to lemma 39.

Lemma 58 We have

vs � sup
�02�0

inf
�02�0


s(�
0; �0) � v0s 8s 2 S:

Proof of theorem 53:
By using the above lemmas, the proof is almost the same as the proof of theorem 36.
Note that lemma 52-(a) is needed for achieving the following crucial property: if a
pure stationary strategy j 2 J is a best reply to some x�� ; then, in any ergodic set
with respect to (x�� ; j); the play is in fact going on in the restricted game �

0: �



Chapter 5

Markov strategies are better
than stationary strategies

5.1 Introduction

As before, we evaluate a strategy of a player by the highest reward it guarantees
against any strategy of the opponent. For the sake of simplicity, we only focus on
strategies of player 1 here. So as in de�nition 22, for a strategy � 2 � let

vs(�) := inf
�2�


s(�; �) 8s 2 S; v(�) := (vs(�))s2S :

For an initial state s 2 S, we will call the highest reward that can be guaranteed by
stationary strategies the stationary utility, denoted by As, and the highest reward
that can be guaranteed by Markov strategies the Markov utility, denoted by Bs.
Formally,

As := sup
x2X

vs(x); Bs := sup
f2F

vs(f); A := (As)s2S ; B := (Bs)s2S :

The fact that all stationary strategies are Markov strategies as well, and the de�nition
of the value yield

A � B � v: (5.1)

Although the class of Markov strategies is much richer than the class of stationary
strategies, so far no substantial di¤erence has been found in the use of stationary and
Markov strategies in zero-sum stochastic games (with �nite state and action spaces).
Most classes of stochastic games, examined so far, have the property that both players
have stationary "-optimal strategies for all " > 0 (cf. theorem 30), thus, in view of
(5.1), in those classes Markov strategies do not yield higher rewards than stationary
strategies. The only class in which stationary "-optimal strategies are not available
is the class of repeated games with absorbing states. Later we provide a direct proof
that the equality A = B holds for this class as well (the very same result also follows
from a more general result in Coulomb [1992]). Thus, the goal of this chapter, which
is based on Flesch et al. [1997,II], is to explore the way how Markov strategies can be

53
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more e¤ective than stationary strategies, as well as to �nd su¢ cient conditions under
which these two classes of strategies are equally good.

The main results can be summarized as follows.

Main Theorem 5

(a) In the following game we have At < Bt for initial states t = 1; 2:

T1

B1

L1 R1

1 0

1

2

1
�

1

T2

B2

L2 R2

1

1

0

0
�
1

�

2

(b) In every zero-sum stochastic game there exists an initial state s 2 S for which
As = Bs.

(c) We have A = B in

- repeated games with absorbing states;

- games where for all s; t 2 S either As = At or Bs = Bt holds; particularly in
games with constant A or B;

- games in which player 1 has an optimal strategy;

- games in which player 1 has a best Markov strategy, namely a Markov strategy
f 2 F with v(f) � v(f 0) for all Markov strategies f 0 2 F .

The above theorem will follow from theorems 60, 70, 71, 75, and 76.

5.2 An example where A < B for some initial states

This section is devoted to the following example demonstrating that B may be strictly
larger than A for some initial states. Consider the following game �:

Example 59
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T1

B1

L1 R1

1 0

1

2

1
�

1

T2

B2

L2 R2
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0

0
�
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�

2

The main result of this section is the next theorem, which will follow from lemmas
61 and 69 below.

Theorem 60 In the game � we have 0 = At < Bt = 1 = vt for initial states t = 1; 2.

This theorem states that, for initial states 1 and 2 in the game �, player 1 can get at
most 0 by using stationary strategies, although using Markov strategies he can get as
close to 1 as he likes.

Since there are two actions for each player in states 1 and 2, we may represent each
mixed action in state 1 and in state 2 by the probability assigned to the �rst action,
which makes the stationary and Markov strategy spaces

X = Y = [0; 1]� [0; 1]; F = G = �n2N ([0; 1]� [0; 1]) :

First we intuitively discuss the main steps of the proof. We will start with an easy
proof that At = 0 for initial states t = 1; 2 (cf. lemma 61). Since the largest payo¤
in the game is 1, in view of (5.1), it remains to show that Bt = 1 for initial states
t = 1; 2. However, for this step we need to analyze the game in detail. We de�ne a
Markov strategy fK for player 1 where K 2 N: let

uK(n) := K

r
n

n+ 1
for all n 2 N; fK := (uK(n); uK(n))n2N 2 F:

Observe that the Markov strategy fK is symmetric in the sense that the prescribed
mixed actions in state 1 and state 2 are the same for any stage. Note that the sequence
uK(n) converges to 1 as n tends to in�nity, so fK assigns less and less probabilities
to actions B1 and B2.
We will show that, for all " > 0, for initial states 1 and 2, player 1 can guarantee a
reward at least 1�" by playing the Markov strategy fK with a large K 2 N. Now the
question is how player 2 can reply to the strategy fK . Intuitively, player 2 has two
hopes to decrease player 1�s reward. The �rst one is achieving absorption in entry
(B2; L2) with payo¤ 0, but apparently player 2 can only achieve absorption in entry
(B2; L2) with probability at most " (cf. lemma 66). Player 2�s best candidate would
be playing actions L1 and L2 whenever the play is in state 1 or in state 2, but in
fact, then whenever the play is in state 2 a transition occurs to state 1 with a large
probability, and from state 1 it takes a long time, and for large stages even a longer
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and longer time, until the play comes back to state 2 again, so using that the strategy
fK assigns less and less probabilities to B2, the probability of absorption in entry
(B2; L2) turns out to be at most " indeed. On the other hand, using that the payo¤s
in entries (T1; R1) and (T2; R2) equal 0, player 2 could try to play actions R1 and R2
�often enough�and hope that the play will not absorb, but in that case it will appear
that the play will eventually absorb with probability 1 (cf. lemma 67), and then the
zero payo¤s in entries (T1; R1) and (T2; R2) will have no in�uence on the reward.
First we show that, by playing stationary strategies, player 1 can get at most 0 for
initial states 1 and 2.

Lemma 61 At = 0 for initial states t = 1; 2 in the game �:

Proof. For each strategy x = (x1; x2) we de�ne a strategy yx = (yx1 ; y
x
2 ) for player

2. Let

yx1 :=

�
1 if x1 < 1
0 if x1 = 1

; yx2 :=

�
1 if x2 < 1
0 if x2 = 1:

Notice that, for t = 1; 2, we have 
t(x; y
x) = 0 for all x 2 X, so

At = sup
x2X

vt(x) = sup
x2X

inf
�2�


t(x; �) � sup
x2X


t(x; y
x) = 0 8t = 1; 2:

Since the smallest payo¤ in the game is 0; the proof is complete. �

For the analysis of fK , de�ned above, we need two important properties of the speed
of convergence when uK(n) tends to 1 as n goes to in�nity. The �rst property says
that the convergence is fast in the sense that, intuitively, for any " > 0, if K 2 N is
su¢ ciently large then the probability of ever playing action B1 or action B2 at stages
2n�1; n 2 N, is at most "=2. However, on the other hand the second property tells us
that, in a �dense�set of stages, one of the bottom actions B1 and B2 will eventually
be chosen, so the convergence of uK(n) is not too fast.

Lemma 62 The sequences (uK(n))n2N, where K 2 N, have the following properties:

(a) For any " > 0, if K 2 N is su¢ ciently large then

1Y
n=1

uK(2n�1) � 1� "

2
:

(b) If A � N satis�es

!(A) := lim sup
N!1

1

N
� jA \ f1; : : : ; Ngj > 0

then for any K 2 NY
n2A

uK(n) = 0:
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Proof.
(a) Let " > 0. For any sequence (wn)n2N in [0; 1] we have

1Y
n=1

wn = 1�
�
(1� w1) + w1(1� w2) + w1w2(1� w3) + � � �

�
;

thus
1Y
n=1

uK(2n�1) =

1Y
n=1

K

r
2n�1

2n�1 + 1

= K

vuut 1Y
n=1

2n�1

2n�1 + 1

= K

s
1�

�
1

2
+
1

2

1

3
+
1

2

2

3

1

5
+
1

2

2

3

4

5

1

9
+ � � �

�
:

Let

d := 1�
�
1

2
+
1

2

1

3
+
1

2

2

3

1

5
+
1

2

2

3

4

5

1

9
+ � � �

�
:

Notice that

d > 1�
�
1

2
+
1

2

1

2
+
1

2

1

4
+
1

2

1

8
+ � � �

�
= 0:

Since d is positive, there exists a �K 2 N such that for all K � �K

1Y
n=1

uK(2n�1) =
K
p
d � 1� "

2
;

so the proof of the �rst part is complete.

(b) By the de�nition of !(A), there exists an increasing sequence (nk)k2N in A such
that

1

nk
� jA \ f1; : : : ; nkgj �

1

2
!(A) 8k 2 N: (5.2)

As !(A) > 0, by taking a subsequence we may assume without loss of generality that

1

8
nk+1 � !(A) � nk 8k 2 N. (5.3)

Then (5.2) and (5.3) imply

jA \ fnk + 1; : : : ; nk+1gj � jA \ f1; : : : ; nk+1gj � nk

� 1

2
nk+1 � !(A)� nk

� 1

4
nk+1 � !(A):
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Since the left hand side is a natural number or zero we obtain

jA \ fnk + 1; : : : ; nk+1gj �
�
1

4
nk+1 � !(A)

�
;

where dre denotes min fn 2 Nj r � ng. Using that uK(n) is increasing in n and
applying (5.3) yieldsY

n2A\fnk+1;:::;nk+1g
uK(n) �

nk+1Y
n=nk+1�d 14 nk+1�!(A)e+1

uK(n)

=
K

s
nk+1 �

�
1
4 nk+1 � !(A)

�
+ 1

nk+1 + 1

� K

s
nk+1 � 1

4 nk+1 � !(A) + 1
nk+1

= K

s
1� 1

4
!(A) +

1

nk+1

� K

r
1� 1

8
!(A):

ThereforeY
n2A

uK(n) =
Y

n2A\f1;:::;n1g
uK(n) �

Y
k2N

24 Y
n2(A\fnk+1;:::;nk+1g)

uK(n)

35
�

Y
k2N

K

r
1� 1

8
!(A)

= 0;

so the proof is complete. �

The next lemma says that, for initial states 1 and 2, if player 2 chooses actions L1 and
L2 whenever the play is in state 1 or in state 2, then the strategy fK , with a large
K 2 N, guarantees that the frequency of visits to state 2 rapidly decreases during
the play. At the �rst sight the reason might seem to be absorption in entry (B2; L2),
but as it will turn out in lemma 66, absorption in entry (B2; L2) does not play an
important role here. The very reason is in fact that the lengths of periods when
staying in state 1 increase during the play, which is due to the gradually decreasing
probabilities for playing B1 in state 1.

Lemma 63 Let " > 0; t 2 f1; 2g; and let y = (1; 1) 2 Y . For a history h1 2 H1
t ,

let m(h1) be the number of stages at which the play is in state 2 during h1. Let
M(h1) := fn 2 Njn � m(h1)g: Let (an(h1))n2M(h1) denote the sequence of stages
at which state 2 is visited during h1. Then for large K 2 N

PtfKy
�
an(�1) � 2n�1 8n 2M(�1)

�
� 1� "

2
;

where �1 denotes the random variable for the in�nite history.
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Proof. We only show the statement for initial state 2; for initial state 1 a similar
proof can be given. So suppose that the initial state is state 2. Then notice that
a1(h1) = 1, m(h1) � 1; and M(h1) 6= ; for all h1 2 H1

2 (for initial state 1 we
would have that if M(h1) 6= ; then a1(h1) � 2, which would only slightly modify
the rest of the proof). For all h1 2 H1

2 , wheneverm(h
1) <1, we de�ne inductively

an(h1) := max
�
2n�1; 8an�1(h1)

	
8n = m(h1) + 1;m(h1) + 2; : : : (5.4)

In view of (5.4), we have to show that for large K 2 N

P2fKy
�
an(�1) � 2n�1 8n 2 N

�
� 1� "

2
: (5.5)

Observe that if the play is in state 2 at stage w, then the probability, with respect
to (fK ; y), that the play does not return to state 2 before stage 8w is at least the
probability that the play moves to state 1 and it stays there till stage 8w � 1; so at
least

uK(w) �
8w�2Y
n=w+1

uK(n) =
8w�2Y
n=w

uK(n):

Hence, for any w; k 2 N, if P2fKy(ak(�1) = w; k 2M(�1)) > 0 then

P2fKy
�
ak+1(�1) � 8ak(�1)j ak(�1) = w; k 2M(�1)

�
�
8w�2Y
n=w

uK(n): (5.6)

On the other hand, if P2fKy(ak(�1) = w; k =2M(�1)) > 0 then by (5.4) we have

P2fKy
�
ak+1(�1) � 8ak(�1)j ak(�1) = w; k =2M(�1)

�
= 1: (5.7)

Therefore, for all w 2 N and for all k 2 N satisfying P2fKy(ak(�1) = w) > 0, by (5.6)
and (5.7) we have

P2fKy
�
ak+1(�1) � 8ak(�1)j ak(�1) = w

�
�

8w�2Y
n=w

uK(n) (5.8)

= K

r
w

(8w � 2) + 1

= K

r
w

8w � 1

� K

r
1

8
:

For h1 2 H1
2 ; let �

0(h1) := 0 and for n 2 N let

�n(h1) :=

�
�n�1(h1) + 1 if an+1(h1) � 8an(h1)
�n�1(h1)� 1 otherwise.

We now show that for large K 2 N

P2fKy (�n(�1) � 1 8n 2 N) � 1� "

2
: (5.9)
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For simplicity, let �K := K

q
1
8 . On the set of integers, for any K 2 N, we de�ne a

birth and death process ��nK ; n = 0; 1; 2; : : : ; as follows. Let ��
0
K := 0 and for n 2 N let

��nK :=

�
��n�1K + 1 with probability �K

��n�1K � 1 with probability 1� �K .

Since �K converges to 1 as K tends to in�nity, for the birth and death process ��nK ;
n = 0; 1; 2; : : : ; we clearly have that for large K 2 N

P (��nK � 1 8n 2 N) � 1� "

2
:

Hence by the de�nitions of �n and ��nK for n = 0; 1; 2; : : : ; and by (5.8) we have for
large K 2 N that

P2fKy (�n(�1) � 1 8n 2 N) � P (��nK � 1 8n 2 N) � 1� "

2
;

which completes the proof of (5.9).
For h1 2 H1

2 ; let �
0(h1) := 0 and let �n(h1) denote the number of jumps with +1

in the sequence �0(h1); �1(h1); : : : ; �n(h1). Since for all n 2 N

�n(h1) = (+1) � �n(h1) + (�1) � (n� �n(h1)) = 2�n(h1)� n;

for large K 2 N; inequality (5.9) implies

P2fKy
�
�n(�1) � n+ 1

2
8n 2 N

�
� 1� "

2
: (5.10)

Recall that a1(h1) = 1 for all h1 2 H1
2 and notice that if �n(h1) � n+1

2 for some
n 2 N; h1 2 H1

2 , then

an(h1) � 8�n(h1)�1 � 8
n�1
2 = 2

3
2
(n�1) � 2n�1;

hence (5.10) implies (5.5), which completes the proof. �

In the remainder of this chapter, if h1 is an in�nite history, then hn denotes the
history up to stage n which coincides with h1 up to stage n.
For t 2 S; � 2 �; � 2 �; let

H1
t (�; �) := fh1 2 H1

t j Pt��(hn) > 0 for all n 2 Ng.

Clearly,

Pt��(�1 2 H1
t (�; �)) = 1;

where �1 denotes the random variable for the in�nite history.
Furthermore, if U1t � H1

t for some t 2 S then let

Unt := fhn 2 Hn
t jhn = �hn for some �h1 2 U1t g:

The next lemma, which is not speci�c for this game � at all, provides useful lower
and upper-bounds for the probability that the in�nite history belongs to a set V1t
of in�nite histories, on condition that it belongs to some other set U1t . The proof
involves some technical di¢ culties, therefore it can be found in the appendix of this
chapter.
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Lemma 64 Let t 2 S; � 2 �; � 2 �. Let V1t ; U1t � H1
t (�; �) such that ; 6= V1t �

U1t . Let �
1 denote the random variable for the in�nite history, and for all h1 2 V1t

let

Zt��;V1t jU1t (h
1) :=

1Y
k=0

Pt��
�
�k+1 2 V k+1t j �k = hk; �1 2 U1t

�
:

Then, if

Pt�� (�1 2 U1t ) > 0;

then

inf
h2V1t

Zt��;V1t jU1t (h
1) � Pt�� (�1 2 V1t j �1 2 U1t ) � sup

h2V1t
Zt��;V1t jU1t (h

1) :

Note that, in the game �, the history up to any stage n 2 N already determines the
state at stage n+1, because for each action pair in �; the transition occurs to a certain
state with probability 1. Therefore, in the game �; the mixed actions prescribed by
the strategies at stage n+ 1 are already determined by the history up to stage n.
The following result, which will follow from the previous lemma, intuitively states
that the set of in�nite histories in which absorption should occur with probability 1
but no absorption occurs has probability zero.

Lemma 65 Let t 2 f1; 2g; K 2 N; � 2 �p. Let

~H1
t := fh1 2 H1

t (f
K ; �)jno absorption occurs in h1g;

�H1
t := fh1 2 ~H1

t j
Y

n2C(h1)
uK(n) = 0g;

where C(h1) is the set of stages n when, according to the pure strategy �, player 2
plays actions R1; R2; or L2 after history hn�1. Let �1 denote the random variable
for the in�nite history. Then

PtfK�
�
�1 2 �H1

t

�
= 0:

Proof. Let ZtfK�; �H1
t jH1

t (f
K ;�) be de�ned as in lemma 64. By the de�nition of �H

1
t

we have for all h1 2 �H1
t

ZtfK�; �H1
t jH1

t (f
K ;�)(h

1) =

1Y
k=0

PtfK�
�
�k+1 2 �Hk+1

t j �k = hk
�

�
1Y
k=0

PtfK�
�
�k+1 2 ~Hk+1

s j �k = hk
�

=
Y

n2C(h1)
uK(n)

= 0;
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hence lemma 64 yields

PtfK�
�
�1 2 �H1

t

�
= PtfK�

�
�1 2 �H1

t j �1 2 H1
t (f

K ; �)
�

� sup
h2 �H1

t

ZtfK�; �H1
t jH1

t (f
K ;�)(h

1)

� 0;

which completes the proof. �

It turns out that the strategy fK , with a large K 2 N, keeps the probability of ab-
sorption in entry (B2; L2) small. In fact, the absorption probability in entry (B2; L2)
is maximal when player 2 always chooses actions L1 and L2 whenever the play is in
state 1 or in state 2, but even then, in view of lemma 63, the play does not visit state
2 �frequently enough�, so using that fK assigns less and less probabilities to action
B2, the probability of absorption in entry (B2; L2) turns out to be small indeed.

Lemma 66 Let " > 0. If K 2 N is su¢ ciently large then, for initial states t = 1; 2
in the game �, the probability of absorption in entry (B2; L2) is at most " with respect
to (fK ; �), for any � 2 �.

Proof. It is easy to see that the stationary strategy y which chooses actions L1
and L2 with probability 1 maximizes the probability of absorption in entry (B2; L2)
against fK with any K 2 N. Therefore it is su¢ cient to show the statement for y.
We only show the statement for initial state 2. Then for initial state 1 the statement
becomes immediate, since from the stage on when the play moves to state 2, the
strategy fK assigns even less probabilities to actions B1 and B2 than when starting
from stage 1. So assume that the initial state is state 2.

Let

~H1
2 : = fh1 2 H1

2 (f
K ; y)jno absorption occurs in h1g

Ĥ1
2 : = fh1 2 H1

2 (f
K ; y)j an(h1) � 2n�1 8n 2M(h1)g;

where an(h1) andM(h1) are de�ned as in lemma 63. Observe that, for large K 2 N,
by lemma 63 we have

P2fKy
�
�1 2 Ĥ1

2

�
� 1� "

2
: (5.11)
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Now for h1 2 ~H1
2 \Ĥ1

2 let Z2fKy; ~H1
2 \Ĥ1

2 jĤ1
2
(h1) be de�ned as in lemma 64. Then,

using lemma 62-(a), if K 2 N is su¢ ciently large then for any h1 2 ~H1
2 \ Ĥ1

2

Z2fKy; ~H1
2 \Ĥ1

2 jĤ1
2
(h1) =

1Y
k=0

P2fKy
�
�k+1 2 ~Hk+1

2 \ Ĥk+1
2 j �k = hk; �1 2 Ĥ1

2

�
=

1Y
k=0

P2fKy
�
�k+1 2 ~Hk+1

2 j �k = hk; �1 2 Ĥ1
2

�
=

Y
n2M(h1)

uK(an(h1))

�
Y

n2M(h1)

uK(2n�1)

�
1Y
n=1

uK(2n�1)

� 1� "

2
:

Hence, by applying (5.11) and lemma 64, for large K 2 N we get

P2fKy
�
�1 2 ~H1

2

�
� P2fKy

�
�1 2 ~H1

2 \ Ĥ1
2

�
= P2fKy

�
�1 2 ~H1

2 \ Ĥ1
2 j �1 2 Ĥ1

2

�
� P2fKy

�
�1 2 Ĥ1

2

�
� P2fKy

�
�1 2 ~H2 \ Ĥ1

2 j �1 2 Ĥ1
2

�
�
�
1� "

2

�
� inf

h12 ~H1
2 \Ĥ1

2

Z2fKy; ~H1
2 \Ĥ1

2 jĤ1
2
(h1) �

�
1� "

2

�
�

�
1� "

2

�
�
�
1� "

2

�
� 1� ";

which means that if K 2 N is large then, with respect to (fK ; y) and initial state 2,
the probability of absorption in entry (B2; L2) is at most ". �

Now we show that, when player 1 uses fK with any K 2 N for initial states 1 or 2,
if player 2 chooses actions R1 and R2 �too frequently� then absorption occurs with
probability 1. (Recall again that, in the game �, the history up to any stage n 2 N
already determines the state for stage n+ 1.)

Lemma 67 Let t 2 f1; 2g, K 2 N, � 2 �p. Let

~H1
t := fh1 2 H1

t (f
K ; �)jno absorption occurs in h1g:

For A � N let

!(A) := lim sup
N!1

1

N
� jA \ f1; : : : ; Ngj :
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For a history h1 2 H1
t ; let A(h

1) denote the set of stages n when, according to the
pure strategy �, player 2 chooses actions R1 or R2 after history hn�1. Then, if

PtfK�
�
�1 2 ~H1

t

�
> 0

then

PtfK�
�
!(A(�1)) = 0j �1 2 ~H1

t

�
= 1;

where �1 denotes the random variable for the in�nite history.

Proof. Suppose that !(A(h1)) > 0 for some history h1 2 H1
t . Then, clearly, no

absorption occurs in h1, thus h1 2 ~H1
t . Let

�H1
t := fh1 2 ~H1

t j
Y

n2A(h1)[B(h1)
uK(n) = 0g;

where B(h1) is the set of stages n when, according to the pure strategy �, player 2
plays action L2 after history hn�1: By lemma 62-(b) we haveY

n2A(h1)
uK(n) = 0;

therefore

fh1 2 H1
t (f

K ; �)j!(A(h1)) > 0g � �H1
t :

Now lemma 65 yields

PtfK� (!(A(�1)) > 0) � PtfK�
�
�1 2 �H1

t

�
= 0;

which implies the statement. �

The next result tells us that, when player 1 uses fK with any K 2 N for initial states
1 and 2, then, given that no absorption occurs (and this has a positive probability),
the average of the payo¤s along the in�nite history equals 1 almost surely.

Lemma 68 Let t 2 f1; 2g, K 2 N, � 2 �p. Let

~H1
t := fh1 2 H1

t (f
K ; �)jno absorption occurs in h1g:

Then, if

PtfK�
�
�1 2 ~H1

t

�
> 0

then

PtfK�

 
lim inf
N!1

1

N

NX
n=1

Rn = 1j �1 2 ~H1
t

!
= 1;

where �1 denotes the random variable for the in�nite history and Rn the random
variable for the payo¤ at stage n.
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Proof. Let !(A) for A � N and A(h1) be de�ned as in lemma 67. Let Rn(h1) be
the payo¤ at stage n according to the history h1: Clearly, we have Rn = Rn(�1).
Now for any h1 2 ~H1

t

lim inf
N!1

1

N

NX
n=1

Rn(h
1) = lim

m!1
inf
N�m

NP
n=1

Rn(h
1)

N

= lim
m!1

inf
N�m

jfn 2 f1; : : : ; NgjRn(h1) = 1gj
N

= lim
m!1

inf
N�m

N � jfn 2 f1; : : : ; NgjRn(h1) = 0gj
N

= lim
m!1

inf
N�m

N � jA(h1) \ f1; : : : ; Ngj
N

= 1 + lim
m!1

inf
N�m

� jA(h1) \ f1; : : : ; Ngj
N

= 1� lim
m!1

sup
N�m

jA(h1) \ f1; : : : ; Ngj
N

= 1� !(A(h1));

hence lemma 67 implies the result. �

Now we are ready to prove that Bt = 1 for initial states t = 1; 2 and also that the
Markov strategy fK is "-optimal for large K 2 N. More speci�cally, K can be any
number that satis�es lemma 66.

Lemma 69 For all t = 1; 2, in the game � we have that Bt = vt = 1, and also that,
for any " > 0, if K 2 N is su¢ ciently large then vt(fK) � 1� " .

Proof. Let t 2 f1; 2g and let " > 0. We only need to show that vt
�
fK
�
� 1� " for

large K 2 N, because then Bt = vt = 1 follows from (5.1) and from the fact that the
largest payo¤ in the game is 1. Let �1 denote the random variable for the in�nite
history and Rn the random variable for the payo¤ at stage n. By lemma 68 we have
with respect to (fK ; �); for any K 2 N and for any � 2 �p; and initial state t with
probability 1 that

lim inf
N!1

1

N

NX
n=1

Rn =

�
0 if absorption occurs in entry (B2; L2) in �1

1 otherwise.

Take K 2 N as in lemma 66. Then the probability of absorption in entry (B2; L2) is
at most " with respect to (fK ; �) and initial state t, for any � 2 �p, hence

EtfK�

 
lim inf
N!1

1

N

NX
n=1

Rn

!
� 1� " 8� 2 �p: (5.12)
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By applying Fatou�s lemma (cf. Fatou [1906]) we obtain for all � 2 �p that


t(f
K ; �) = lim inf

N!1

1

N

NX
n=1

EtfK�(Rn)

� EtfK�

 
lim inf
N!1

1

N

NX
n=1

Rn

!
� 1� ":

In view of theorem 16-(a), it su¢ ces to consider pure replies from player 2, thus

vt(f
K) � 1� ";

so the proof is complete. �

5.3 Su¢ cient conditions for A = B
Example 59 in the previous section demonstrated that B may be strictly larger than
A for some initial states. However, this cannot hold for all initial states, as stated in
the next theorem.

Theorem 70 In every zero-sum stochastic game As = Bs (= vs) for all states s 2
Smin := ft 2 Sj vt = minw2S vwg.

Proof. Let s 2 Smin. Then by the results of Thuijsman & Vrieze [1993], for any
" > 0, player 1 has a stationary "-optimal strategy x" for initial state s. Hence
As = vs, thus (5.1) yields As = Bs (= vs): �

We know by now that A may be strictly smaller than B and also that A equals
B for at least one initial state in every zero-sum game. Now the question is what
conditions would guarantee that A equals B for all initial states. We will present
several su¢ cient conditions, however, �rst we would like to recall some of the most
important classes of zero-sum games in which A = B is already known.
Clearly, we have A = B(= v) for any class of games where player 1 has stationary
"-optimal strategies, for all " > 0. The existence of stationary ("-)optimal strategies
is known in several special classes of stochastic games (cf. theorem 30). Moreover,
the condition that the value is constant (vs = vt for all s; t 2 S) is also su¢ cient
for the existence of stationary "-optimal strategies (cf. Thuijsman & Vrieze [1993],
theorem 3.1). (In such games actually both players have Markov optimal strategies
as well.)

5.3.1 Repeated games with absorbing states

Repeated games with absorbing states are stochastic games where there is only one
non-absorbing state. Kohlberg [1974] showed that these games have a value (cf.
theorem 30-(g)). However, to achieve this value history dependent strategies are
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indispensable. We will show for these games that A = B. For the speci�c case of
the Big Match we have already shown this equality (cf. lemma 24-(e)). In fact,
we generalize this proof to all repeated games with absorbing states. We will not
discuss all the technical details in the proof, we only give a brief sketch. We wish
to mention that the same result also follows from Coulomb [1992], who used quite
similar techniques in his proof as well.

Theorem 71 In every zero-sum repeated game with absorbing states A = B.

Proof. Take a zero-sum repeated game with absorbing states. We may suppose
without loss of generality that, in each absorbing state, both players have only one
action (otherwise we may replace the state by another absorbing state containing
only the value of the original state as payo¤). Suppose that the initial state is state
1; the only non-absorbing state. Any action of player 1 or player 2 in state 1 will also
denote the stationary strategy which prescribes this action for each stage.
In view of theorem 16-(b), against any stationary strategy x 2 X there exists a best
reply jx 2 J , hence we have 
(x; jx) � A. This means that, for initial state 1, either
(x; jx) is absorbing (namely it eventually leads to absorption with probability 1, or
equivalently, p1(1jx; jx) < 1) and then the expected absorption payo¤ is at most A1,
or (x; jx) is non-absorbing and then the expected one-shot payo¤ r1(x; jx) is at most
A1.
Take an arbitrary Markov strategy f = (xn)n2N 2 F . Let " > 0: It su¢ ces to show
that there exists a Markov strategy g 2 G such that 
1(f; g) � A1 + ".

Step 1. Let f1 := f and xn1 := x
n for all n 2 N. Let g1 = (jx

n
1 )n2N. Let � denote the

random variable for the stage when absorption occurs, if no absorption occurs at all
then let � = 0. For N 2 N [ f0g let

pN1 := Pf1g1 (� > N) ;

so pN1 is the probability of absorption after stage N with respect to (f1; g1). Let
p1 := p

0
1: Clearly, p1 is the probability of absorption with respect to (f1; g1):We have

p1 = Pf1g1(1 � �)
= lim

N!1
Pf1g1(1 � � � N)

= lim
N!1

[Pf1g1(1 � �)� Pf1g1(� > N)]

= p1 � lim
N!1

pN1 ;

hence pN1 converges to 0. Therefore, for any small � 2 (0; 1), there exists a stage N1
such that pN11 � p� ��, where p� is the smallest positive absorption probability in state
1:

p� := min fp�ij j i 2 I; j 2 J; p�ij := 1� p1(1ji; j) and p�ij > 0g;

(we may assume that there exist an i 2 I and j 2 J such that p1(1ji; j) < 1, otherwise
the game is trivial).
If pN11 = 0 then we have 
1(f; g1) = 
1(f1; g1) � A1, because, with respect to (f1; g1),
the expected absorption payo¤ is at most A1 at each stage n � N1; the probability
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of absorption after stage N1 is zero; and the expected payo¤ in state 1 is at most A1
at each stage n > N1.
Assume now that pN11 > 0. By the de�nition of N1, the probability of absorption after
stage N1 for (f1; g1) is at most p� � �. Now let In1 := fi 2 Ij (i; jx

n
1 ) is non-absorbingg.

Thus the probability that, with respect to (f1; g1), player 1 will ever choose an action
outside In1 at stages n > N1 is at most �.

Step 2. Let xn2 := xn1 for n � N1 and let xn2 be the normalization of x
n
1 on I

n
1 for

n > N1 :

xn2 (i) :=
xn1 (i)P
i2In1

xn1 (i)
for all i 2 In1 , xn2 (i) := 0 for all i 2 I n In1 :

Let f2 := (xn2 )n2N. Intuitively, f2 coincides with f1 up to stage N1, and, after stage
N1, the strategy f2 equals the strategy f1 on condition that no action outside In1 will
ever be chosen at stages n > N1. Let g2 := (jx

n
2 )n2N, so by the de�nitions, g1 and

g2 are the same for the �rst N1 stages. One can show, using the properties of the
construction, that, with respect to (f; g2), the probability of absorption outside In1 at
stages n > N1 is at most �. Similarly to step 1, choose an N2 > N1 such that

pN22 := Pf2g2 (� > N2) � � � p�:

Assume �rst that pN22 = 0. Then we have 
1(f; g2) � A1 + " for small �, because,
with respect to (f; g2), the expected absorption payo¤ at each stage in n � N1 is at
most A1; the probability of absorption outside In1 at stages n = N1 + 1; : : : ; N2 is at
most �; the expected absorption payo¤ in In1 at each stage in n = N1 + 1; : : : ; N2 is
at most A1; the probability of absorption after stage N2 is zero; and the expected
payo¤ in state 1 at each stage in n > N2 is at most A1.
Assume now that pN22 > 0. Let In2 := fi 2 Ij (i; jxn2 ) is non-absorbingg, and repeat
the above steps, in such a way that Nk+1 > Nk for all k, until at some step K we
have pNKK = 0: This results in a strategy gK for player 2. Note that for pNKK = 0
it is su¢ cient that InK = InK�1 holds for all n > NK , hence we only need at most
K � jIj steps because, for any stage n > Nk, either Ink+1 becomes smaller than I

n
k ,

or Ink = Ink+1 and then nothing changes at further steps for stage n. Using similar

arguments as before, one can show now that pNKK = 0 implies that 
1(f; gK) � A1+"
if � > 0 is small enough. �

5.3.2 Games with constant A or B

In this section we show that A = B in games where A or B is constant. We need the
following lemma.

Lemma 72 Let " > 0. For � 2 (0; 1), let x� 2 X� be a �-discounted optimal strategy.
Then for large � 2 (0; 1)

vs(x�) � min
t2S

vt � " 8s 2 S.
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Proof. By theorem 16-(b) and by the �niteness of the state space S and the space
J of pure stationary strategies for player 2, it su¢ ces to show that for any s 2 S and
j 2 J; if � 2 (0; 1) is large, then


s(x�; j) � min
t2S

vt � ":

Let s 2 S and j 2 J . Using theorem 20 we have

(1� �) � r(x�; j) + � � P (x� ; j) � v� � v� 8� 2 (0; 1):

By (2.1), multiplying this inequality with Q(x� ; j) yields

Q(x�; j) � r(x�; j) � Q(x�; j) � v� 8� 2 (0; 1):

Using theorem 9-(a) and theorem 22, we have for large � 2 (0; 1) that


s(x� ; j) =
X
t2S

qs(tjx�; j) rt(x�t; jt)

�
X
t2S

qs(tjx�; j) v�t

�
X
t2S

qs(tjx�; j) (vt � ")

� min
t2S

vt � ";

so the proof is complete. �

With the help of the above lemma we show the following result.

Theorem 73 In every zero-sum stochastic game

min
s2S

As = min
s2S

Bs = min
s2S

vs; max
s2S

As = max
s2S

Bs = max
s2S

vs:

Proof. By lemma 72, for any " > 0 player 1 has a stationary strategy x" satisfying

vt(x
") � min

s2S
vs � " 8t 2 S;

hence

min
s2S

As � min
s2S

vs;

which in view of (5.1) implies the �rst part of the statement.
By the results of Thuijsman & Vrieze [1993], there is always a state t in Smax := fs 2
Sj vs = maxw2S vwg for which player 1 has a stationary optimal strategy x. Hence

max
s2S

As � At � vt(x) = vt = max
s2S

vs;

thus (5.1) yields the second part of the statement. �

The above theorem yields the following corollary.
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Corollary 74 In every zero-sum stochastic game where any of A, B, or v is constant,
A = B(= v) is constant.

The following theorem provides a more relaxed view on constant values.

Theorem 75 In every zero-sum stochastic game where for all s; t 2 S either As = At
or Bs = Bt we have that A = B(= v) is constant.

Proof. Using the inequality A � B and theorem 73, it is clear that if state s has the
property that Bs = minw2S Bw then As = minw2S Aw. Similarly, if state t has the
property that At = maxw2S Aw then Bt = maxw2S Bw. Now by the condition we
have either As = At or Bs = Bt. Therefore by theorem 73 either A or B is constant,
thus corollary 74 completes the proof. �

An interesting equivalent formulation of theorem 75 is the following: if A 6= B then
there must exist two states s and t such that As 6= At and Bs 6= Bt.

5.3.3 Games with optimal strategies or with best-Markov strategies

By a best-Markov strategy we mean a Markov strategy f with the property that
v(f) � v( �f) for all �f 2 F , or equivalently v(f) = B. Optimal strategies and best-
Markov strategies do not necessarily exist, but if they do then their existence surpris-
ingly implies A = B, as stated in the next theorem.

Theorem 76 In every zero-sum stochastic game, if player 1 has an optimal strategy
or a best-Markov strategy then A = B.

Proof. Suppose �rst that player 1 has an optimal strategy. Then by Main Theorem
3, player 1 has stationary "-optimal strategies for all " > 0 and Markov optimal
strategies as well, hence (5.1) yields the result.
Assume now that player 1 has a best-Markov strategy f , so v(f) � v( �f) for all �f 2 F .
Since, for any history h 2 H, the strategy f [h] is also a Markov strategy, we have
v(f) � v(f [h]) for all h 2 H, hence f must be a non-improving strategy (cf. de�nition
46-(b)). Then by Main Theorem 4, for all " > 0, player 1 has stationary strategies
guaranteeing vs(f) � " = Bs � " for all initial states s, hence As � Bs. Now (5.1)
completes the proof. �

Note that in example 59 player 1 has neither optimal strategies nor best-Markov
strategies for initial states 1 and 2. We only show it for initial state 2. One can
argue as follows. Since B2 = v2 = 1 in that game, it su¢ ces to show that player 1
has no strategy guaranteeing 1 for initial state 2. Assume by way of contradiction
that a strategy � guarantees 1 for initial state 2. As the largest payo¤ in the game
is 1, � has to prescribe action T2 with probability 1 whenever the play is in state
2 (otherwise the probability of absorption in entry (B2; L2) with payo¤ 0 would be
positive if player 2 chooses action L2). Thus if player 2 always plays action R2 in
state 2, then the reward is 0, which is a contradiction. Therefore, player 1 has neither
optimal nor best-Markov strategies for initial state 2 indeed.
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5.4 Concluding remarks

By the de�nition of A, for each s 2 S and for any � > 0, player 1 has a stationary
strategy xs� 2 X such that vs(x

s�) � As � �. In this �nite state model it can be
shown however that for any � > 0 we can take xs� independent of the initial state,
so for all � > 0 there exists a x� 2 X such that vs(x

�) � As � � for all s 2 S. This
means that the following equality for stationary strategies makes sense:

A = sup
x2X

v(x):

So we could have used this state independent equality as the de�nition of A as well.
Note that for games with countable state space this equivalence of de�nitions is not
valid. Nowak & Raghavan [1991] presented a game with countable state space, where
even though, for each initial state, player 1 has stationary "-optimal strategies for all
" > 0; he has no stationary strategies that are "-optimal for all initial states if " is
small.
Finally, we wish to remark that it is not known whether or not B can be de�ned state
independently.

5.5 Appendix

Here we provide a proof for lemma 64.

Proof of lemma 64. We prove the statement in steps. First, however, for all
k 2 N [ f0g and hk 2 V kt we introduce two events

Ak :=
�
�k = hk; �1 2 U1t

�
Bk :=

�
�k+1 2 V k+1; �k = hk; �1 2 U1t

�
:

For n 2 N let

Znt��;VtjUt (h
n) : =

n�1Y
k=0

Pt��
�
�k+1 2 V k+1t jAk

�
;

Tnt��;VtjUt (h
n) : =

n�1Y
k=0

Pt��
�
�k+1 = hk+1jBk

�
:

Notice that for all h 2 Vt

Zt��;VtjUt (h) = lim
n!1

Znt��;VtjUt (h
n):

Step 1. First we show that for all n 2 NX
hn2V nt

Tnt��;VtjUt (h
n) = 1: (5.13a)
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We use induction on n. For n = 1 we haveX
h12V 1t

T 1t��;VtjUt (h
1) =

X
h12V 1t

Pt��
�
�1 = h1jB0

�
= Pt��

�
�1 2 V 1t jB0

�
= 1;

thus (5.13a) holds for n = 1.
Now suppose that (5.13a) holds for n = m, where m 2 N: We need to show (5.13a)
for n = m+ 1. We haveX

hm+12Vm+1t

Tm+1t��;VtjUt (h
m+1) =

X
hm2Vmt

X
�hm+12Vm+1t
�hm=hm

Tm+1t��;VtjUt (
�hm+1)

=
X

hm2Vmt

Tmt��;VtjUt (h
m) �

26664 X
�hm+12Vm+1t
�hm=hm

Pt��
�
�m+1 = �hm+1jBm

�
37775

=
X

hm2Vmt

Tmt��;VtjUt (h
m)

= 1;

where the last equality holds by the assumption that (5.13a) is valid for n = m.
Hence (5.13a) holds for all n 2 N.

Step 2. Now we show that

Pt�� (� 2 Vtj � 2 Ut) = lim
n!1

X
hn2V nt

Znt��;VtjUt (h
n) � Tnt��;VtjUt (h

n): (5.14)

For any hk+1 2 V k+1t we have

Pt��
�
�k+1 = hk+1jAk

�
= Pt��

�
�k+1 2 V k+1t jAk

�
� Pt��(�k+1 = hk+1jBk);

hence for any hn 2 V nt we obtain

Pt�� (�n = hnj � 2 Ut) = Pt��
�
�1 = h1jA0

�
� � � Pt��

�
�n = hnjAn�1

�
= Znt��;VtjUt (h

n) � Tnt��;VtjUt (h
n):

Therefore

Pt�� (� 2 Vtj � 2 Ut) = lim
n!1

Pt�� (�n 2 V nt j � 2 Ut)

= lim
n!1

X
hn2V nt

Pt�� (�n = hnj � 2 Ut)

= lim
n!1

X
hn2V nt

Znt��;VtjUt (h
n) � Tnt��;VtjUt (h

n);
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so the proof of (5.14) is complete.

Step 3. We show the validity of the lower-bound in the lemma. Using

Znt��;VtjUt(h
n) � Zt��;VtjUt(h) 8n 2 N; 8h 2 Vt; (5.15)

equality (5.14) yields

Pt�� (� 2 Vtj � 2 Ut) = lim
n!1

X
hn2V nt

Znt��;VtjUt (h
n) � Tnt��;VtjUt (h

n)

� lim inf
n!1

24� inf
hn2V nt

Znt��;VtjUt(h
n)

�
�
X
hn2V nt

Tnt��;VtjUt (h
n)

35
� lim inf

n!1

24� inf
h2Vt

Zt��;VtjUt(h)

�
�
X
hn2V nt

Tnt��;VtjUt (h
n)

35
= inf

h2Vt
Zt��;VtjUt(h);

where the last equality follows from (5.13a).

Step 4. We show that

lim
n!1

sup
hn2V nt

Znt��;VtjUt(h
n) = sup

h2Vt
Zt��;VtjUt(h): (5.16)

Let

� := sup
h2Vt

Zt��;VtjUt(h):

Then in view of (5.15) it su¢ ces to show that

lim
n!1

sup
hn2V nt

Znt��;VtjUt(h
n) � �: (5.17)

Suppose by way of contradiction that there exists a d > 0 such that

lim
n!1

sup
hn2V nt

Znt��;VtjUt(h
n) � �+ d: (5.18)

Let

Wn
t : = fhn 2 V nt jZnt��;VtjUt(h

n) � �+ dg 8n 2 N
Wn
t [h

m] : = f�hn 2Wn
t j �hm = hmg 8hm 2 V mt ; 8m � n:

It is clear that for all h 2 Vt

Zmt��;VtjUt(h
m) � Znt��;VtjUt(h

n) 8m � n. (5.19)

Therefore

sup
hm2Vmt

Zmt��;VtjUt(h
m) � sup

hn2V nt
Znt��;VtjUt(h

n) 8m � n. (5.20)
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Notice that (5.19) implies

(a) hn 2Wn
t implies h

m 2Wm
t for all m � n

and also that (5.20) and (5.18) yield

(b) Wn
t 6= ; for all n 2 N:

Based on properties (a) and (b) we are going to construct a history ~h 2 Vt with the
property that

~hn 2Wn
t for all n 2 N: (5.21)

By property (b), the �niteness of W 1
t implies that there exists a ~h

1 2W 1
t such that

jfn � 1jWn
t [
~h1] 6= ;gj =1:

Then using property (a) we obtain

(a0) hn 2Wn
t [
~h1] implies hm 2Wm

t [
~h1] for all m � n;

hence

(b0) Wn
t [
~h1] 6= ; for all n � 1:

This means that the sets Wn
t [
~h1], n 2 N, have similar properties as the sets Wn

t ,
n 2 N. Applying the same arguments for the sets Wn

t [
~h1], n 2 N, there exists a

history ~h2 2 W 2
t [
~h1] such that Wn

t [
~h2] 6= ; for all n � 2. Repeating the steps above

we �nd an in�nite history ~h with the property that ~hn 2 Wn
t [
~hn�1] � Wn

t for all
n 2 N, thus the in�nite history ~h satis�es (5.21).
By (5.21) we have for all n 2 N that

Znt��;VtjUt(
~hn) � �+ d:

Now taking the limit yields

Zt��;VtjUt(
~h) � �+ d = sup

h2Vt
Zt��;VtjUt(h) + d;

which is a contradiction. Therefore (5.17) must hold, which completes the proof of
(5.16).

Step 5. Finally, we show the validity of the upper-bound in the lemma. Using (5.14)
we obtain

Pt�� (� 2 Vtj � 2 Ut) = lim
n!1

X
hn2V nt

Znt��;VtjUt (h
n) � Tnt��;VtjUt (h

n)

� lim sup
n!1

24 sup
hn2V nt

Znt��;VtjUt(h
n)

!
�
X
hn2V nt

Tnt��;VtjUt (h
n)

35
= sup

h2Vt
Zt��;VtjUt(h);

where the last equality follows from (5.13a) and (5.16). �



Chapter 6

Almost stationary "-equilibria

6.1 Introduction

So far in the literature of stochastic games, existence of (")-equilibria has been fre-
quently established in terms of almost stationary strategy pairs (see for example
Vrieze & Thuijsman [1989], Vieille [1993]?? or, in a more general fashion, Thuijsman
& Vrieze [1996]). Intuitively, a pair of strategies is called almost stationary if, with
probablity almost 1, the players always use the same mixed actions in any state of the
game; so the strategies behave as if they were simple stationary strategies. Formally,
the concept of almost stationary "-equilibria is de�ned as follows.

De�nition 77 An "-equilibrium (�; �) is an almost stationary "-equilibrium, " � 0,
if there exists a pair of stationary strategies (x�; y�) such that

Ps��
�
�sn(�

n�1) = x�sn ; �sn(�
n�1) = y�sn 8n 2 N

�
� 1� " 8s 2 S;

where �n denotes the random variable for the history up to stage n and sn the random
variable for the state at stage n:

Note that although " has two di¤erent roles in this de�nition, it will lead to no
confusion.
The main reason for dealing with almost stationary "-equilibria is the fact that they
can usually be treated easier than general "-equilibria due to the simple structure of
stationary strategies. However, they are also more appealing, as the players settle
on playing simple stationary strategies and only need to switch to other strategies
probablities close to zero.
It is an interesting fact that, in zero-sum stochastic games, on the one hand "-
equilibria are known to exist for all " > 0 (as we have mentioned in section 2.6,
any pair of "-optimal strategies yields a 2"-equilibrium), but on the other hand the
existence of almost stationary "-equilibria has remained an open problem. In this
chapter, which is based on Flesch et al. [1998,II], we will answer this question in the
a¤armative, namely we will construct almost stationary "-equilibria, for all " > 0, in
all zero-sum stochastic games.

75
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Main Theorem 6 In every zero-sum stochastic game, for any " > 0, there exists an
almost stationary "-equilibrium.

In view of lemma 24-(d),(e), it is clear that, in zero-sum stochastic games, 0-equilibria
do not necessarily exist and also that history dependent strategies are indispensable
for obtaining "-equilibria, " > 0, so the result is sharp in this sense.
The proof will be based on a construction for speci�c stationary strategy pairs with
rewards equal to the value. It is clear that the value is acceptable for both players,
as neither player is able to guarantee a better reward in his favour. However, in
order to force the players to play these stationary strategies, as a standard tool, the
players will use statistical tests on the past action frequencies of their opponents to
detect deviations with probability almost 1. If a deviation is detected then a history
dependent �-optimal strategy has to be played in the future, where � > 0 is su¢ ciently
small. The role of these �-optimal strategies is to rule out the pro�tability of possible
deviations of the players. To illustrate the issue, we now brie�y discuss the Big Match.

Example 78

T

B

L R

0 1

1

*

0

*
1

This game is the Big Match (cf. example 23). In lemma 24-(b),(c) we showed an
"-optimal strategy �" for player 1 and a stationary optimal strategy y = (1=2; 1=2)
for player 2. This pair of strategies (�"; y) would be an "-equilibrium that yields
precisely 1=2 to player 1. Instead of achieving this 1=2 through this complicated
strategy �"; the players could play the almost stationary "-equilibrium (�"; y); where
�" is the strategy de�ned, roughly speaking, by: play action T unless at some stage
in the far future you notice that player 2�s action frequencies are not su¢ ciently close
to (1=2; 1=2); in that case immediately start playing �": Notice that if player 2 truly
plays y then the probability that player 2�s action frequencies are not close enough to
(1=2; 1=2) in the far future is very small (by the law of large numbers). Hence, with
probability almost 1, the players play stationary strategies forever.

6.2 Preliminaries

For s 2 S, xs 2 Xs, ys 2 Ys let Ls(xs; ys) be the probability that, after transition
from state s with respect to (xs; ys), the new value vt is di¤erent from vs, so

Ls(xs; ys) :=
X

t2S; vt 6=vs

ps(tjxs; ys)

(if vt = vs for all t 2 S then Ls(xs; ys) is de�ned to equal 0). Obviously, Vs(xs; ys) 6= vs
implies Ls(xs; ys) > 0 (recall de�nition 34). The next lemma states that if, with
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respect to (x; y), the value does not change in expectation under transitions then the
value is a constant on each set of states that is ergodic with respect to (x; y).

Lemma 79 Let (x; y) 2 X �Y satisfy V (x; y) = v. Suppose that E is an ergodic set
with respect to (x; y). Then vs = vt for all s; t 2 E, and therefore Ls(xs; ys) = 0 for
all s 2 E.

Proof. Let �E := fs 2 Ej vs = maxt2E vtg. Using V (x; y) = v and the fact that E is
an ergodic set for (x; y) we obtain

vs = Vs(xs; ys) =
X
t2S

ps(tjxs; ys) vt =
X
t2E

ps(tjxs; ys) vt 8s 2 �E;

thus �E � E is a closed set of states for (x; y). Therefore �E = E, which implies
vs = vt for all s; t 2 E. Now Ls(xs; ys) = 0 for all s 2 E follows from the de�nition
of Ls(xs; ys). �

For s 2 S let

X 0
s := fxs 2 XsjVs(xs; ys) � vs 8ys 2 Ysg; X 0 := �s2S X 0

s;

Y 0s := fys 2 YsjVs(xs; ys) � vs 8xs 2 Xsg; Y 0 := �s2S Y 0s ;

�Xs := fxs 2 XsjVs(xs; ys) = vs 8ys 2 Y 0sg; �X := �s2S �Xs;

�Ys := fys 2 YsjVs(xs; ys) = vs 8xs 2 X 0
sg; �Y := �s2S �Ys:

By lemmas 35 and 33, the above sets are nonempty polytopes. Let �Is and �Js denote
the sets of extreme points of �Xs and �Ys, respectively. Recall that the relative interior
of the polytope Z; denoted by Relint(Z); is de�ned as the set of points in Z which can
be written as a convex combination of all the extreme points of Z with only strictly
positive coe¢ cients. Due to lemma 33 again, for all s 2 S; xs 2 Relint(X 0

s); ys 2
Relint(Y 0s ); we have

�Is = fis 2 Isjxs(is) > 0g ; �Js = fjs 2 Jsj ys(js) > 0g : (6.1)

The next lemma provides su¢ cient conditions for �Xs = X 0
s and for �Ys = Y

0
s in some

state s 2 S.

Lemma 80 Let s 2 S. If Ls(xs; js) > 0 implies Vs(xs; js) > vs for all (xs; js) 2
X 0
s � Js, then �Xs = X 0

s. Similarly, if Ls(is; ys) > 0 implies Vs(is; ys) < vs for all
(is; ys) 2 Is � Y 0s , then �Ys = Y 0s .

Proof. We only show the �rst part; the proof of the second part is similar. By
(6.1) we have �Xs � X 0

s. It remains to verify that �Xs � X 0
s. Since X

0
s is convex, it is

su¢ cient to show that is 2 X 0
s for all is 2 �Is. Take an arbitrary is 2 �Is. Using the

compactness of X 0
s, there exists an x̂s 2 X 0

s satisfying x̂s(is) � xs(is) for all xs 2 X 0
s.

By the condition we have that Ls(x̂s; js) > 0 implies Vs(x̂s; js) > vs for all js 2 Js,
therefore, by using x̂s 2 X 0

s, we obtain that ((1��) � x̂s+� � is) 2 X 0
s for small � > 0.
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By the choice of x̂s we must have x̂s = is, thus is 2 X 0
s. �

Thuijsman & Vrieze [1993] showed that in every zero-sum game there exists an initial
state s1 in Smax := fs 2 Sj vs = maxt2S vtg for which player 1 has a stationary
optimal strategy x1, and similarly, there exists an initial state s2 in Smin := fs 2
Sj vs = mint2S vtg for which player 2 has a stationary optimal strategy y2. Obviously,
the strategy x1 must keep the play in Smax with probability 1 when starting in s1,
and y2 must keep the play in Smin with probability 1 when starting in s2. Hence if
we take stationary best replies y1 against x1 and x2 against y2 then we obtain the
following result.

Lemma 81 There exist stationary strategy pairs (x1; y1); (x2; y2) and corresponding
ergodic sets E1; E2 such that

E1 � Smax := fs 2 Sj vs = max
t2S

vtg; 
s(x
1; y1) = vs 8s 2 E1;

E2 � Smin := fs 2 Sj vs = min
t2S

vtg; 
s(x
2; y2) = vs 8s 2 E2:

Suppose that E � S is an ergodic set with respect to (x0; y0) 2 Relint(X 0)�Relint(Y 0)
and also that �Xs = X 0

s;
�Ys = Y

0
s for all s 2 E. Then we may de�ne a restricted game

��E ; as in chapter 3, where the state space is E and the players are restricted to
use strategies that only prescribe actions in �Is and �Js, if the play is in state s 2 E.
Obviously, this restricted game ��E is a well-de�ned stochastic game as well. Let �v
denote the value of the restricted game ��E . Observe that for the original value, by
lemma 79, we have vs = vt =: vE for all s; t 2 E. It follows from the �rst concluding
remark in chapter 3 that if either �vs � vE for all s 2 E or �vs � vE for all s 2 E then
there exists a state s 2 E such that �vs = vE . Recall that the value of the restricted
game �vs; s 2 E, does not need to be equal to the original value vE in all states in E,
not even under the above condition.

6.3 The construction

Fix arbitrary x0 2 Relint(X 0) and y0 2 Relint(Y 0). We keep x0 and y0 �xed for the
rest of this section. Let T denote the set of transient states and R the set of ergodic
sets with respect to (x0; y0). Since any stationary strategy pair induces at least one
ergodic set, we have R 6= ;. Now we divide R into three parts. Let

R1 :=
�
E 2 Rj 9s 2 E; 9(is; ys) 2 Is � Y 0s : Vs(is; ys) = vs; Ls(is; ys) > 0

	
R2 :=

�
E 2 R n R1j 9s 2 E; 9(xs; js) 2 X 0

s � Js : Vs(xs; js) = vs; Ls(xs; js) > 0
	

R3 := R n (R1 [R2):

Note that all the sets T; R1, R2, R3 are independent of the particular choices of
x0 2 Relint(X 0) and y0 2 Relint(Y 0). Here R1 is the set of ergodic sets E with respect
to (x0; y0) for which there exists a pair of mixed actions in some state s 2 E such that
player 1 plays a �pure�action, player 2 plays a mixed action in Y 0s , and the expected
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value after transition equals the original value, but with a positive probability a
transition occurs to a state where the value is di¤erent. The intuition behind R2 is
analogous. The partition of R naturally induces the following partition of S n T :

S1 := [E2R1E; S2 := [E2R2E; S3 := [E2R3E:

If R1 [ R2 6= ;, then by the de�nitions of R1 and R2 there exists a nonempty set
S� � S1[S2, which contains precisely one state from each ergodic set inR1[R2, such
that, for all s 2 S� \ S1; there exists a pair (i�s; y�s) 2 Is � Y 0s satisfying Vs(i

�
s; y

�
s) =

vs; Ls(i
�
s; y

�
s) > 0 and, for all s 2 S� \ S2; there exists a pair (x�s; j�s ) 2 X 0

s � Js
satisfying Vs(x�s; j

�
s ) = vs; Ls(x

�
s; j

�
s ) > 0. In fact, these states and pairs of mixed

actions provide the possibility to leave all the ergodic sets belonging to R1 and R2
in such a way that the value does not change in expectation.
We will now turn our attention to R3. By using S3\ (S1[S2) = ;, in light of lemma
80, we have �Xs = X 0

s and �Ys = Y
0
s for all s 2 S3. Assume that E 2 R3 (in fact, later

we will show that R3 is always nonempty). Consider the restricted game ��E . Clearly,
in this restricted game the respective stationary strategy spaces are �XE := �s2E �Xs
and �YE := �s2E �Ys. We use �vs, s 2 E, for the value of the restricted game ��E . Recall
that for the original value we have vs = vt =: vE for all s; t 2 E. In the restricted
game ��E , in order to avoid confusion, we use �q and �
 instead of q and 
: In the
next important lemma, we show the existence of stationary strategy pairs in ��E with
rewards equal to the original value vE .

Lemma 82 Let E 2 R3. There exists a stationary strategy pair (�x; �y) 2 �XE � �YE
such that �
s(�x; �y) = vE for all s 2 E.

Proof. We distinguish two essentially di¤erent cases.

Part 1: Assume that �vs � vE for all s 2 E (if �vs � vE for all s 2 E, then an
analogous proof can be applied).
As mentioned in section 6.2, there must exist a state s 2 E such that �vs = vE . Let
Emin := ft 2 Ej �vt = vEg. Let (x2; y2) 2 �XE � �YE and let E2 � Emin in ��E as in
Lemma 81. So we have �
s(x

2; y2) = vE for all s 2 E2. For s 2 E let

�xs :=

�
x2s if s 2 E2
x0s if s 2 E n E2 ; �ys :=

�
y2s if s 2 E2
y0s if s 2 E n E2:

The only ergodic set for (�x; �y) 2 �XE � �YE in the restricted game ��E is clearly E2,
hence for any s; t 2 E we have that �qs(tj�x; �y) > 0 only holds if t 2 E2, thus lemma
9-(c) yields �
s(�x; �y) = vE for all s 2 E. �
Part 2: Assume that mins2E �vs < vE < maxs2E �vs.
Take (x1; y1) 2 �XE � �YE ; E

1 � Emax := fs 2 Ej �vs = maxt2E �vtg and (x2; y2) 2
�XE � �YE ; E

2 � Emin := fs 2 Ej �vs = mint2E �vtg in ��E as in lemma 81. By the
assumption we have E1 \ E2 = ;. For a; b 2 (0; 1) and s 2 E let

(xabs ; y
ab
s ) :=

8<:
(a � x1s + (1� a) � x0s; a � y1s + (1� a) � y0s) if s 2 E1
(b � x2s + (1� b) � x0s; b � y2s + (1� b) � y0s) if s 2 E2
(x0s; y

0
s) if s 2 E n (E1 [ E2):
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(Recall that we have �xed x0 2 Relint(X 0) and y0 2 Relint(Y 0), and also that �Xs =
X 0
s;
�Ys = Y

0
s for all s 2 E.) Notice that xabs 2 Relint( �Xs) and yabs 2 Relint( �Ys) for all

s 2 E and a; b 2 (0; 1), hence the set E is ergodic for (xab; yab) for all a; b 2 (0; 1).
Notice also that a and b control the respective expected lengths of periods when
staying in E1 and E2. Since E is ergodic for (xab; yab) for all a; b 2 (0; 1), lemma
9-(d) implies that �
s(x

ab; yab) = �
t(x
ab; yab) := �
abE for all s; t 2 E; a; b 2 (0; 1).

We show that there are a; b 2 (0; 1) such that �
abE = vE . Take arbitrary a0; b0 2 (0; 1).
If �
a

0b0
E = vE then we are done. So assume without loss of generality that �
a

0b0
E > vE

and consider (xa
0b; ya

0b). Observe that the larger b we take, the more time the play
spends in E2. Thus one can show that

lim
b"1

�
a
0b
E = min

t2E
�vt < vE :

By lemma 10, we have that ~
a
0b
E is continuous in b 2 (0; 1); hence there is a b such

that �
a
0b
E = vE . �

Now we are ready to complete the construction based on the previously derived
results. Recall that we have already �xed a pair of stationary strategies (x0; y0) 2
Relint(X 0)�Relint(Y 0). For all ergodic sets E 2 R3 let (�xs; �ys) 2 �Xs� �Ys, s 2 E, be
as in lemma 82. We de�ne a stationary strategy pair for all � 2 (0; 1):

(x�s ; y
�
s ) :=

8>><>>:
(� � x0s + (1� �) � i�s; y�s) if s 2 S� \ S1
(x�s; � � y0s + (1� �) � j�s ) if s 2 S� \ S2
(�xs; �ys) if s 2 S3
(x0s; y

0
s) otherwise.

The next lemma shows that for these stationary strategy pairs the recurrent states
all belong to S3 and the reward equals the value for all initial states.

Lemma 83 For all � 2 (0; 1); we have 
(x� ; y� ) = v and, if U is an ergodic set with
respect to (x� ; y� ), then U � S3.

Proof. Let � 2 (0; 1). By the de�nitions, we have Vs(x�s ; y�s ) = vs for all s. In view of
lemma 79, the value is a constant on each ergodic set for (x� ; y� ). By the construction
of (x� ; y� ), in each state in S�; a transition occurs to a state with a di¤erent value
with a positive probability, so all recurrent states must belong to S3:
The equality V (x� ; y� ) = v implies P (x� ; y� )v = v. By using induction, we have for
all n 2 N that Pn(x� ; y� )v = v; hence the de�nition of Q(x� ; y� ) yields

Q(x� ; y� ) v = v:

For any s 2 S, if qs(tjx� ; y� ) > 0 then t belongs to an ergodic set with respect to
(x� ; y� ), so we have t 2 S3. Now the choice of (�xz; �yz); z 2 S3; implies by Lemma 82
that 
t(x

� ; y� ) = vt for all t 2 S3, so applying lemma 9-(c) gives


s(x
� ; y� ) =

X
t2S

qs(tjx� ; y� ) � 
t(x� ; y� )

=
X
t2S3

qs(tjx� ; y� ) � vt

= vs 8s 2 S;
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which completes the proof. �

Finally, we turn to the proof of Main Theorem 6. We show that, for any " > 0, the
stationary strategy pair (x� ; y� ); for su¢ ciently large � 2 (0; 1), can be supplemented
with history dependent �-optimal strategies, for small � > 0, in order to obtain an
almost stationary "-equilibrium.

Proof of Main Theorem 6:
We only give an outline of the proof, since the tools used are standard (see for
example Vrieze & Thuijsman [1989], Vieille [1993] or, in a more general fashion,
Thuijsman & Vrieze [1996]). Let " > 0. We will de�ne strategy pairs (�� ; �� ) for all
� 2 (0; 1) so that (�� ; �� ) is an almost stationary "-equilibrium for su¢ ciently large
� 2 (0; 1). These strategy pairs will be constructed in such a way that if neither player
deviates then the mixed actions according to the stationary strategy pair (x� ; y� ) are
played forever with probability at least � . In view of lemma 83, this means that the
corresponding rewards are converging to the value v as � tends to 1. Hence, when
verifying the "-equilibrium conditions, it su¢ ces to show that, for any initial state
s 2 S, player 1 cannot get more than vs+ "

2 and player 2 cannot decrease the reward
below vs � "

2 by unilateral deviations. The strategies �
� and �� will be analogously

de�ned, so we only focus on player 1�s strategy �� and on the possible deviations of
player 2.
Let � 2 (0; 1) be close to 1. Player 1�s strategy �� will use the mixed actions according
to x� unless, on condition that player 2 should play the mixed actions according to y� ,
player 1 detects with probablity almost 1 that player 2 has deviated from y� : If player 1
detects such a deviation then player 1 starts playing a (1��)-optimal strategy. Player
2�s possible deviations are detected by means of employing statistical tests on player
2�s behavior during the past history. Such a statistical test, with respect to some
arbitrary stationary strategy pair (~x; ~y); is based on the observations that, if player 2
truly uses his stationary strategy ~y, then: (1) player 2 never chooses an action which
has probability zero with regard to ~y; (2) if the play remains in the same ergodic
set (ergodic with respect to (~x; ~y)), then the empirical action frequencies of player 2
should converge to the weights of the mixed actions corresponding to ~y (by the law
of large numbers); (3) from any transient state (transient with respect to (~x; ~y)), the
probability of remaining in the transient states longer than n stages, converges to
zero as n tends to in�nity. So, if player 2 chooses an action with probability zero
according to ~y, then player 1 knows for sure that player 2 has deviated; if after some
speci�ed number of stages within an ergodic set, player 2�s action frequencies are not
within some speci�ed range from the theoretical ones, then player 2 has deviated with
probability close to 1; if the play remains in the set of transient states for longer than
some speci�ed number of stages, then player 2 has deviated with probability close to
1. Note that all these probabilities are conditioned on the initially given stationary
strategies.

First we consider the case when player 2 chooses an action js 2 Js in state s 2 S with
y�s (js) = 0 (see observation (1) above). Then, clearly, player 1 immediately notices
the deviation, so the inequalities lim�"1 Vs(x�s ; js) � vs for all js 2 Js; s 2 S; assure
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that by choosing any action js 2 Js in any state s 2 S with y�s (js) = 0, the reward is
at least Vs(x�s ; js)� (1� �) � vs � "

2 if � is large enough, using that �
� prescribes a

(1� �)-optimal strategy afterwards.

Now we assume the other case, namely that player 2 only prescribes actions which
have positive probabilities with respect to y� : We divide the set of stages up to the
current stage into blocks Bk of consecutive stages as follows: a new block starts at
each stage the play enters T; or a set E 2 R; or an ergodic set U with respect to
(x� ; y� ) (we must have U � S3 in view of lemma 83). In block Bk the probability
that player 1 detects a deviation of player 2 although player 2 truly used y� will be at
most dk, where dk 2 (0; 1) for all k 2 N and

P1
k=1 d

k � 1 � � . The latter inequality
will guarantee that the total probability of making this mistake is at most 1� � .
Assume that the play enters some ergodic set U � S3 (with respect to (x� ; y� )) and
the new block is Bk: In this ergodic set, player 1 checks the action frequencies of player
2, and if the empirical action frequencies are not close enough to the theoretical ones
then player 1 detects a deviation (see observation (2) above with (~x; ~y) = (x� ; y� ))
and starts playing a (1��)-optimal strategy. If the number of stages in this block Bk
is large enough, then the probability that player 1 detects a deviation although player
2 used y� is at most dk. If the empirical action frequencies are close to the theoretical
ones, then the corresponding reward is close to the value. Notice that the play never
leaves U if the players only use actions which are chosen with positive probabilities
with respect to the pair (x� ; y� ).

Assume that the play enters T; or a set E2 2 R2; or a set E3 2 R3 but not an ergodic
set U � S3 (ergodic with respect to (x� ; y� )), and that the new block is Bk: Then, by
lemma 83, if player 2 uses y� ; the play should leave T; or E2; or enter an ergodic set
U � E3 � S3; U 6= E2 (ergodic with respect to (x� ; y� )) within Nk stages, for large
Nk, with probability at least 1�dk (see observation (3) above with (~x; ~y) = (x� ; y� )).
If the play does not leave T or E within Nk stages then player 1 detects a deviation
of player 2, with probability at least 1 � dk, so he starts playing a (1 � �)-optimal
strategy afterwards. Notice that x�s 2 X 0

s for all s 2 T [ S2 [ S3, hence the play can
only leave in such a way that the value does not decrease in expectation.

Finally, assume that the play enters some E 2 R1 and the new block is Bk: Notice
that, if � is large, then x� almost equals x0 in all states in E; thus the set E is
�almost� ergodic for (x� ; y� ). Therefore, player 1 has enough time to check the
action frequencies of player 2 in E (see observation (2) above with (~x; ~y) = (x0; y� )).
This way player 1 can make sure that the unique state s in S�\E is visited frequently
enough and also that the play leaves E via i�s and the new value does not di¤er �much�
from vs (recall that Vs(i�s; y

�
s) = vs). If player 2 truly uses y

� then player 1 detects no
deviation with probability at least 1� dk.
We have described how player 1 makes sure that the reward is not much less than the
value once the play reaches an ergodic set U � S3 (ergodic with respect to (x� ; y� )),
and also that the play eventually reaches such an ergodic set in such a way that the
value does not drop �much�in expectation, so, by taking a su¢ ciently large � 2 (0; 1),
the proof is complete. �
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6.4 Examples

We provide two examples to illustrate the construction of almost stationary "-equilibria.

Example 84
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L R
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1

1

1
1

2

0

3
1

1

2
2

0

3
3

We reexamine the Big Match (cf. example 78). This example shows how the ergodic
sets in R1 and R2 can be left in such a way that the value does not change �much�
in expectation. In view of lemma 24-(a), the value is known to be v = (1=2; 1; 0).
Following the construction above, we have

X 0
1 = f(1; 0)g; X 0

2 = X
0
3 = f(1)g;

Y 01 = conv f(1=2; 1=2); (0; 1)g; Y 02 = Y
0
3 = f(1)g;

R1 = ff1gg; S1 = f1g; R2 = ;; S2 = ;; R3 = ff2g; f3gg; S3 = f2; 3g;

where conv stands for the convex hull of a set. To see that S1 = f1g take S� = f1g;
i�1 = B; y�1 = (1=2; 1=2). As X 0 is a singleton and states 2 and 3 are trivial, for
� 2 (0; 1) we have

x� = ((� ; 1� �); (1); (1)); y� = ((1=2; 1=2); (1); (1)):

Clearly, 
(x� ; y� ) = v for all � 2 (0; 1). Note that player 1 has no incentive to deviate
from x� when playing against y� , because any strategy of player 1 would give reward
1=2 against y� , � 2 (0; 1). On the other hand, if � is large then player 1 is able to check
the action frequencies of player 2 in state 1 with a high precision, thus if the initial
state is state 1 then player 1 can make sure that the eventual transitions to state
2 and state 3 will have almost equal probabilities, so, by the choice of a su¢ ciently
large � , player 2 cannot gain more than an arbitrarily small " by any deviation from
y� .

Example 85
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This example clari�es how stationary strategy pairs with rewards equal to the value
can be constructed in ergodic sets in R3 (cf. Lemma 82). Notice that states 3 and
4 are trivial. The value of the game is v = (0; 0; 0; 1). To see that v1 = v2 = 0, take
the stationary strategy y� = ((1 � �; �); (0; 1); (1); (1)) for player 2, where � 2 (0; 1).
One can easily check that 
1(i; y

�) � � and 
2(i; y
�) = 0 for all i 2 I, so using

that against a stationary strategy there always exists a pure stationary best reply
(cf. lemma 16-(b)) and the fact that the smallest payo¤ in the game is zero we have
v1 = v2 = 0 indeed. Note that the strategy y� is �-optimal for player 2. Following
the construction above, we have

X 0 = X; Y 01 = f(1; 0)g; Y 0s = Ys 8s = 2; 3; 4;

R1 = ;; S1 = ;; R2 = ;; S2 = ;;

R3 = ff1; 2g; f3g; f4gg; S3 = f1; 2; 3; 4g:

We only focus on the ergodic set E = f1; 2g, as states 3 and 4 are trivial. Consider
the restricted game ��E : Let �vs; s = 1; 2; denote the value of ��E . Clearly,

�v1 = 1 > 0 = v1; �v2 = 0 = v2:

Note that �vs � vs for all s 2 E, thus, as mentioned in section 6.2, we have that �vt = vt
for some t 2 E (take t = 2 here). Now the strategies

�x = ((1=2; 1=2); (1)) 2 �XE ; �y = ((1; 0); (0; 1)) 2 �YE
satisfy 
s(�x; �y) = vs for all s 2 E (cf. part 1 of the proof of Lemma 82). Now for all
� 2 (0; 1) we have

x� = ((1=2; 1=2); (1); (1); (1)); y� = ((1; 0); (0; 1); (1); (1))):

Clearly, 
(x� ; y� ) = v for all � 2 (0; 1). Note that player 2 has no incentive to deviate
from y� when playing against x� . On the other hand, player 2 can check the action
frequencies of player 1 in state 1. So if player decides to play action T at each stage,
which is the only way for player 1 to get a reward higher than 0 when playing against
y� from initial state 1, then after �nitely many stages player 2 detects the deviation
of player 1 with probability almost 1 and starts using the �-optimal strategy y�;
where � is small. This assures that player 1 cannot improve more than an arbitrary
small " > 0. Note that the probability that player 1 truly uses x� ; � 2 (0; 1), but
accidentally chooses action T for a very long time is small.
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General-sum stochastic games
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Chapter 7

Recursive repeated games with
absorbing states

7.1 Introduction

In this chapter, which is based on Flesch et al. [1996], we deal with stochastic
games where all the states but one are absorbing, and in the non-absorbing state
all the payo¤s are equal to zero. Since these games are precisely those games which
belong to the classes of recursive games and repeated games with absorbing states (cf.
de�nition 29-(g),(h)), we call them recursive repeated games with absorbing states.

The main result, which will follow from theorem 91, is the following one.

Main Theorem 7 In every recursive repeated game with absorbing states, for any
" > 0; there exists a stationary "-equilibrium.

Several examples prove the sharpness of the result. Examples 94 and 28 demonstrate
that stationary "-equilibria, for small " > 0, do not necessarily exist in recursive
games and in repeated games with absorbing states. Moreover, example 93 shows
that recursive repeated games with absorbing states do not always have stationary
equilibria. Finally, example 102 clari�es why the above result fails to extend to games
of this kind with more than two players.

7.2 Preliminaries

Without loss of generality we may assume that the absorbing states are of size 1� 1
(clearly, in any absorbing state stationary equilibria exist, hence we may replace any
absorbing state by another absorbing state with only one cell in which the payo¤s
equal to the rewards of such a stationary equlibrium of the original state). Suppose
that non-absorbing state is state 1 and has size m� n: Thus state 1 is the only non-
trivial state with action spaces I := f1; : : : ;mg and J := f1; : : : ; ng. Therefore the

87
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stationary strategy spaces X and Y have the form:

X =

(
x = x(i)i2I j

X
i2I
x(i) = 1; x(i) � 0 8i 2 I

)
;

Y =

8<:y = y(j)j2J jX
j2J

y(j) = 1; y(j) � 0 8j 2 J

9=; :
Assume that the initial state is state 1. For the sake of simplicity, we suppress state
1 in the notations, so we write 
 and p instead of 
1 and p1. We also assume that
there is at least one absorbing state, otherwise the analysis becomes trivial.
If entry (i; j) of state 1 is chosen, then with probability

p�ij :=
X

s2Snf1g
p(sji; j) = 1� p(1ji; j)

absorption occurs in the set of absorbing states with expected absorption payo¤ akij
for player k 2 f1; 2g, and with probability 1 � p�ij the play stays in the initial state
with payo¤s zero. For completeness we de�ne akij := 0 if p

�
ij = 0.

De�nition 86 Let x 2 X and y 2 Y . Let

p�xy :=
X
i2I

X
j2J

x(i) y(j) p�ij ;

T 1(y) := fi 2 I j p�iy > 0g;

B1(y) := fi 2 I j 
(i; y) � 
(�; y) 8� 2 �g:

The sets T 2(x) and B2(x) are analogously de�ned. For the strategy pair (x; y) we have
that p�xy is the one step absorption probability. If p

�
xy > 0 then (x; y) eventually leads

to absorption, thus we say that (x; y) is absorbing. If p�xy = 0 then absorption never
occurs with regard to (x; y); in this case we call (x; y) non-absorbing. Now T 1(y)
consists of the pure stationary strategies (or actions) that are absorbing against y
and B1(y) is the set of pure stationary best replies against y. Similar de�nitions and
interpretations apply for T 2(x) and B2(x). In view of theorem 16-(b), the sets B1(y)
and B2(x) are always non-empty.
The next lemma provides explicit expressions for the reward when stationary strate-
gies x and y are used. If (x; y) is non-absorbing then the reward is 0, while if (x; y)
is absorbing then the reward equals a convex combination of the rewards for (i; y),
i 2 I, where the coe¢ cients are precisely the probabilities that the absorption occurs
when player 1 plays action i; i 2 I.

Lemma 87 Let (x; y) 2 X � Y: Let k 2 f1; 2g: If p�xy = 0 then 
k(x; y) = 0, while if
p�xy > 0


k(x; y) =

P
i2I
P
j2J x(i) y(j) a

k
ij

p�xy
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and


k(x; y) =

P
i2I x(i) p

�
iy 


k(i; y)P
i2I x(i) p

�
iy

=

P
i2T 1(y) x(i) p

�
iy 


k(i; y)P
i2T 1(y) x(i) p

�
iy

:

Proof. Let (x; y) 2 X � Y and k 2 f1; 2g: If p�xy = 0 then the play remains in state
1 forever with probability 1, so by using that all the payo¤s in state 1 equal zero, we
obtain 
k(x; y) = 0.
Assume now that p�xy > 0. As p�xy > 0, the pair (x; y) is absorbing, thus 
k(x; y)
equals the expected absorption payo¤:


k(x; y) =

P
i2I
P
j2J x(i) y(j) p

�
ij a

k
ij

p�xy

(one can also show it with the help of lemma 9-(c)). Similarly, if p�iy > 0 for some
i 2 I then


k(i; y) =

P
j2J y(j) p

�
ij a

k
ij

p�iy
:

HenceP
i2I x(i) p

�
iy 


k(i; y)P
i2I x(i) p

�
iy

=

P
i2I x(i)

P
j2J y(j) p

�
ij a

k
ijP

i2I x(i)
P
j2J y(j) p

�
ij

=

P
i2I
P
j2J x(i) y(j) p

�
ij a

k
ij

p�xy

= 
k(x; y):

Since p�xy > 0; we must have T
1(y) 6= ;: The de�nition of T 1(y) implies


k(x; y) =

P
i2T 1(y) x(i) p

�
iy 


k(i; y)P
i2T 1(y) x(i) p

�
iy

;

so the proof is complete. �

For our main result we introduce proper and �-proper strategy pairs, where � 2 (0; 1).

De�nition 88 A pair of strategies (x�; y�) 2 X � Y is called �-proper for � > 0, if

(a) (x�; y�) is completely mixed, namely x�(i) > 0 for all i 2 I and y�(j) > 0 for all
j 2 J;

(b) 
1(i; y�) > 
1(i0; y�) implies � � x�(i) � x�(i0) for all i; i0 2 I,

(c) 
2(x�; j) > 
2(x�; j0) implies � � y�(j) � y�(j0) for all j; j0 2 J .

A pair of strategies (x; y) is called proper, if (x; y) = limn!1 (xn; yn) for some se-
quence of �n-proper strategy pairs (xn; yn); where �n is a positive and monotonously
decreasing sequence converging to 0.
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The notions of proper and �-proper strategy pairs are very similar to those of so-called
proper and �-proper equilibria in normal form games (cf. Myerson [1978] and van
Damme [1991]). However, here proper and �-proper strategy pairs do not necessarily
correspond to ("-)equilibria, for small " > 0, as shown in the following example.

Example 89

T

B

L R

0,0 2,�2
*

1,�1
*

0,0

*
1

In this game, entry (T;L) is non-absorbing and all other entries are absorbing with
probability 1, indicated by �; giving the corresponding absorption payo¤s to players
1 and 2 respectively (although, formally, all the payo¤s in state 1 should equal to 0,
it makes no di¤erence for the average reward whether the payo¤s in the absorbing
cells di¤er from 0). Here ((1 � �2; �2); (1 � �2; �2)) is �-proper for small � > 0, so
((1; 0); (1; 0)) is proper, but neither one is an "-equilibrium for small " > 0. Indeed,
((1; 0); (1; 0)) is no "-equilibrium for " 2 [0; 1), since player 1 can improve his reward
by 1 if he chooses action B, while ((1 � �2; �2); (1 � �2; �2)) is no "-equilibrium for
" 2 [0; 1=2], because using lemma 87


1((1� �2; �2); (1� �2; �2)) =
(1� �2)�2 � 2 + �2

�
(1� �2) � 1 + �2 � 0

�
(1� �2)�2 + �2

=
3(1� �2)
2� �2

<
3

2
;

while action T gives 2 against (1� �2; �2). C

Theorem 90 In any recursive repeated game with absorbing states, there exists a
proper strategy pair.

Proof. As X � Y is compact, any sequence in X � Y must have a convergent
subsequence. Therefore it su¢ ces to show that, for � > 0 su¢ ciently small, there
exists a �-proper pair. For � > 0 let

X� := fx 2 X j x(i) � �m 8i 2 Ig ; Y� := fy 2 Y j y(j) � �n 8j 2 Jg

(recall that jIj = m and jjj = n). Consider the following correspondence 	 from
X� � Y� to the set of all subsets of X� � Y�: 	(x; y) = (X�(y); Y�(x)), where

X�(y) := fx 2 X�j 
1(i; y) > 
1(i0; y) implies � � x(i) � x(i0) 8i; i0 2 Ig;

Y�(x) := fy 2 Y�j 
2(x; j) > 
2(x; j0) implies � � y(j) � y(j0) 8j; j0 2 Jg:
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Note that, for small � > 0, the sets X�; Y�, and X�(y); Y�(x) are nonempty. Now
	 has a �xed point, since all the conditions of Kakutani�s �xed point theorem (cf.
Kakutani [1941]) are satis�ed. Because every �xed point is a �-proper pair, the proof
is complete. �

7.3 The construction

Whenever we deal with a set of strategy pairs (x�; y�); � > 0; inX�Y; by the �niteness
of the action spaces I and J; there must exist a countable subset of D of positive real
numbers such that 0 is a limit point of D; the sets T 1(y�); T 2(x�), B1(y�); and B2(x�)
are independent of � 2 D; and the following sequences have limits as � tends to zero in
D : (i) x�(i1)=x�(i2) for all i1; i2 2 I; (ii) y�(j1)=y�(j2) for all j1; j2 2 J; (iii) (x�; y�).
In the sequel each time that we are dealing with limits when � converges to zero, we
will have such a subset D in mind.
The following theorem provides a construction for stationary "-equilibria for all " > 0
in recursive repeated games with absorbing states.

Theorem 91 In a recursive repeated game with absorbing states, let (~x; ~y) be a proper
pair, where

(~x; ~y) = lim
�#0;�2D

(x�; y�);

where (x�; y�) is �-proper for all � 2 D. Then for any " > 0

(a) if (~x; ~y) is absorbing, then (x�; y�) is an "-equilibrium for small � 2 D,

(b) if (~x; ~y) is non-absorbing, then (~x; ~y); or (x�; ~y); or (~x; y�) is an "-equilibrium for
small � 2 D.

The following example provides an illustration for the above construction.

Example 92
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0,0 4,�3
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*

1,�4
*
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1

Here entry (T;L) is non-absorbing while all the other entries lead to absorption with
probability 1 (recall that, although formally all the payo¤s in state 1 should equal to
0, it makes no di¤erence for the average reward whether the payo¤s in the absorbing
cells di¤er from 0).
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We will now illustrate the above construction for stationary "-equilibria, where " > 0.
Notice that the stationary strategy pair

(x�; y�) = ((1� �2 � �4; �4; �2); (�2; 1� �2))

is �-proper for small � > 0, hence

(~x; ~y) = ((1; 0; 0); (0; 1))

is proper. Here (~x; ~y) is absorbing, and one can easily check that, for any " > 0, the
stationary strategy pair (x�; y�) is an "-equilibrium for small � > 0. Note that (~x; ~y)
is not an "-equilibrium in this game for small " > 0, because player two would be
better o¤ by choosing action L with probability 1.
The pair

(x�; y�) = ((1� �2 � �4; �2; �4); (1� �2; �2))

is also �-proper for small � > 0, so

(~x; ~y) = ((1; 0; 0); (1; 0))

is proper. Here (~x; ~y) is non-absorbing, and action M of player 1 is a pro�table best
reply against ~y and leads to absorption in entry (M;L). In order to make player
1 satis�ed, we let player 1 play x� with a su¢ ciently small � > 0. Observe that,
for small � > 0, the pair (x�; ~y) also leads to absorption in entry (M;L) with prob-
ability close to 1, so for any " > 0, the strategy x� is an "-best reply against ~y if
� > 0 is small. On the other hand, ~y is obviously a best reply against x�, so for any
" > 0, the stationary strategy pair (x�; ~y) is an "-equilibrium for small � > 0 indeed. C

The next example demonstrates that stationary equilibria need not necessarily exist
in recursive repeated games with absorbing states.

Example 93

T

B

L R

0,0 1,�1
*

1,�1
*

0,0

*
1

We show that there are no stationary equilibria in this game. Assume by way of con-
tradiction that (x; y) 2 X�Y is an equilibrium. Then if y puts a positive probability
on action R then x has to choose action T with probability 1, which contradicts the
fact that y does not play action L with probability 1. On the other hand, if y takes
action L with probability 1, then x must choose action B with a positive probability,
which is in ontradiction with the fact that y does not choose action R with probability
1. So we may conclude that no stationary equilibrium exists in this game. C

With the help of the following example, we illustrate that Main Theorem 7 does not
extend to recursive games (cf. de�nition 29-(h)).
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Example 94

T

B

3,�1
*

0,0

(2,3)
1

L R

0,0

1

0,0

2
2

2,1

3
3

Here (2; 3) stands for the transition vector which brings the play to state 2 with
probability 1

2 and to state 3 with probability
1
2 : Note that we may assume that, if

player 1 chooses action T; then the players receive payo¤s zero in state 1 and payo¤s
3;�1 after absorption; so this game may be viewed as a recursive game without loss of
generality. We will now prove that there are no stationary equilibria; one can similary
show that this game does not posess stationary "-equilibria for small " > 0 either. We
represent stationary strategies of the players by the probabilities on actions T and L,
respectively. Suppose by way of contradiction that (x; y) is an equilibrium. If y > 0
then x = 0 must hold, which contradicts y > 0; while if y = 0 then we must have
x = 1; which is in contradiction with y = 0: C

7.4 The proof

The �rst lemma deals with stationary "-best replies, " > 0, of the players against
stationary strategies of the opponent.

Lemma 95 Let " > 0: Let (x�; y�) 2 X �Y for all � 2 D; and let ~y := lim�#0;�2D y�.
Suppose that there exists an action i� 2 B1(y�) \ T 1(~y) such that x�(i�) > 0. If

lim
�#0;�2D

x�(i)

x�(i�)
= 0 8i 2 T 1(y�) nB1(y�);

then, for su¢ ciently small � 2 D; the strategy x� is an "-best reply against y�: A
similar statement holds for player 2 as well.
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Proof. We only show the statement for player 1. Notice that i� 2 T 1(~y) implies
i� 2 T 1(y�): Lemma 87 yields that for su¢ ciently small � 2 D we have


1(x�; y�) =

P
i2T 1(y�)

x�(i) p
�
iy�

1(i; y�)P

i2T 1(y�)
x�(i) p

�
iy�

=

P
i2T 1(y�)\B1(y�)

x�(i) p
�
iy�

1(i; y�) +

P
i2T 1(y�)nB1(y�)

x�(i) p
�
iy�

1(i; y�)P

i2T 1(y�)\B1(y�)
x�(i) p

�
iy�
+

P
i2T 1(y�)nB1(y�)

x�(i) p
�
iy�

=

P
i2T 1(y�)\B1(y�)

x�(i)
x�(i�)

p�iy� 

1(i; y�) +

P
i2T 1(y�)nB1(y�)

x�(i)
x�(i�)

p�iy� 

1(i; y�)P

i2T 1(y�)\B1(y�)

x�(i)
x�(i�)

p�iy� +
P

i2T 1(y�)nB1(y�)

x�(i)
x�(i�)

p�iy�

�

P
i2T 1(y�)\B1(y�)

x�(i)
x�(i�)

p�iy� 

1(i; y�)P

i2T 1(y�)\B1(y�)

x�(i)
x�(i�)

p�iy�

� "

= 
1(i�; y�)� ":

As i� 2 B1(y�); the proof is complete. �

Now we are ready to prove theorem 91.

Proof of theorem 91.
(a) Let " > 0. Since (~x; ~y) is absorbing, the �-properness of (x�; y�) implies the
existence of i� 2 B1(y�) \ T 1(~y). By the �-properness of (x�; y�)

lim
�#0;�2D

x�(i)

x�(i�)
= 0 8i 2 T 1(y�) nB1(y�);

so the conditions of lemma 95 are ful�lled and therefore x� is an "-best reply against
y� for su¢ ciently small � 2 D. One can similarly show that y� is also an "-best
reply against x� for su¢ ciently small � 2 D. Therefore (x�; y�) is an "-equilibrium on
condition that � 2 D is su¢ ciently small.

(b) Let " > 0 and assume that (~x; ~y) is non-absorbing. If (~x; ~y) is an equilibrium, then
we are done. Otherwise, at least one of the players has a pro�table deviation with
respect to (~x; ~y). Without loss of generality suppose that player 1 has a pro�table
deviation. Then we show that (x�; ~y) must be an "-equilibrium for su¢ ciently small
� 2 D:
Let i� 2 B1(~y) be a pro�table best reply of player 1 against ~y: Then, since (~x; ~y)
is non-absorbing and i� is a pro�table deviation, we must have i� 2 T 1(~y). Since
i� 2 T 1(~y); we also have i� 2 T 1(y�): Assume i 2 T 1(~y) n B1(~y). Then i 2 T 1(y�) as
well and by lemma 10 (or by lemma 87)

lim
�#0;�2D


1(i�; y�) = 

1(i�; ~y) > 
1(i; ~y) = lim

�#0;�2D

1(i; y�):
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Hence 
1(i�; y�) > 
1(i; y�) for su¢ ciently small � 2 D. By the �-properness of (x�; y�)
we now have

lim
�#0;�2D

x�(i)

x�(i�)
= 0

and, by lemma 95 with (x�; ~y) instead of (x�; y�), we obtain that x� is an "-best reply
against ~y for small � 2 D:
On the other hand, ~y is a best reply against x�. One can argue as follows. Let j� 2 J
satisfy ~y(j�) > 0: Then

lim
�#0;�2D

y�(j
�)

y�(j)
> 0 for all j 2 J , (7.1)

so, by the �-properness of (x�; y�), we must have 
2(x�; j�) � 
2(x�; j) for all j 2 J
and for small � 2 D: Hence j� 2 B2(x�) for all j� 2 J with ~y(j�) > 0: This yields in
view of lemma 87 that the stationary strategy ~y is also a best reply against x�.
Therefore we may conclude that (x�; ~y) is an "-equilibrium, whenever � 2 D is su¢ -
ciently small.�

7.5 Concluding remarks

There is another way to establish equilibria having similar properties as �-proper pairs
by de�ning the following restricted strategy spaces for � > 0

�X� :=

(
x 2 X j

X
i2U

x(i) � �m�jU j 8 ; 6= U � I
)
;

�Y� :=

8<:y 2 Y j X
j2V

y(j) � �n�jV j 8 ; 6= V � J

9=; ;
and by de�ning �linearized�rewards

�
1(x; y) :=
X
i2I

x(i) 
1(i; y); �
2(x; y) :=
X
j2J

y(j) 
2(x; j):

By applying Kakutani�s �xed point theorem, one can show the existence of stationary
equilibria (�x�; �y�) in �X�� �Y� with respect to the rewards (�
1; �
2). Such equilibria have
similar properties as �-proper pairs, and the existence of average "-equilibria can be
established analogously.
Notice that a stationary equilibrium (z�; w�) would also exist in �X� � �Y� with respect
to the original rewards (
1; 
2), but for such an equilibrium 
1(i; w�) > 
1(i0; w�)
would not necessarily imply � � z�(i) � z�(i0). This causes a discontinuity in the best
reply structures when approaching X � Y by �X� � �Y�.



96 CHAPTER 7. RECURSIVE REPEATED GAMES



Chapter 8

Average-discounted equilibria

8.1 Introduction

In this chapter, which is based on Flesch et al. [1998,III], we investigate existence of
equilibria in stochastic games where the players use di¤erent evaluations. We assume
that player 1 uses the average reward, while player 2 is interested in his �-discounted
reward, � 2 (0; 1):We will call these games average-discounted games. By the nature
of these rewards, the players are interested in di¤erent time periods of the play, which
may lead to a natural cooperation between them. First we de�ne what we mean by
equilibria in these games.

De�nition 96 A strategy pair (�; �) is called an average-�-discounted "-equilibrium,
where " � 0 and � 2 (0; 1), if for all s 2 S, �� 2 �; �� 2 �; we have


1s(��; �) � 
1s (�; �) + " and 
2�s(�; ��) � 
2�s (�; �) + ":

The main results of this chapter, which will follow from theorems 99 and 100, can be
summarized as follows.
Main Theorem 8

(a) In any stochastic game, for any " > 0 and � 2 (0; 1), there exists a stationary
average-�-discounted "-equilibrium.

(b) In any stochastic game, for any " > 0 and � 2 (0; 1), there exist average-�-
discounted "-equilibria such that up to some stage N the players play Markov
strategies, from stage N + 1 they play stationary strategies, and if the play is
at stage N + 1 in state s, then player 1 receives �s := sup�2�; �2� 
1s(�; �).

In view of (a), stationary strategies are su¢ cient for establishing "-equilibria, " > 0,
in these average-discounted games; recall that, in classical discounted games, station-
ary strategies are even su¢ cient to obtain 0-equilibria, as stated in theorem 26. The
existence of "-equilibria in terms of stationary strategies is appealing, since stationary
strategies are rather simple strategies. On the other hand, however, these stationary
"-equilibria have the draw-back that they do not make use of the special nature of
these games, namely, they do not use that di¤erent time periods interest the players.

97
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Therefore, in (b), we also prove the existence of "-equilibria, where, after a large stage
when the discounted game is not interesting any longer, the players cooperate to guar-
antee the highest feasible reward to player 1. These "-equilibria are formed by only
slightly more complex Markov strategies, which we will call �ultimately stationary�
(after �nitely many stages stationary strategies are played forever).
Example 101 will demonstrate that average-�-discounted 0-equilibria do not always
exist, not even in terms of history dependent strategies, so the result is sharp. Finally,
we examine the existence of average-discounted "-equilibria, " > 0, in special classes
of stochastic games.
We now brie�y discuss the following game to clarify the issues.

Example 97

T

B

L R

0,0

*

1,2

2,1

*

0,0

*
1

Take an arbitrary discount factor � 2 (0; 1). There are two really simple stationary
average-�-discounted equilibria. One of them is playing entry (B;L) at stage 1,
yielding absorption in state 2 and reward (2; 1), while the other one is playing entry
(T;R) at each stage, which gives reward (1; 2). These stationary equilibria, however,
are not really in the spirit of the game. The players could also decide to play entry
(T;R) su¢ ciently long so that player 2�s reward, which is rather determined by the
near future payo¤s, becomes almost 2, and then, when the rest of the play does not
really interest player 2 any longer, to play entry (B;L) so as to give player 1 his
highest feasible payo¤ (namely payo¤ 2) at each further stages. This plan, yielding a
reward close to (2; 2), can be realized by ultimately stationary strategies (after �nitely
many stages stationary strategies are played forever). Note that rewards close to (2; 2)
cannot be guaranteed by stationary "-equilibria, with small " � 0.

8.2 Stationary "-equilibria

This section is devoted to the analysis of the existence of stationary "-equilibria,
" > 0, in these average-discounted games. First we introduce a restricted strategy
space for player 2. Let

�� := min
s2S

1

jJsj
.

For � 2 [0; ��] let

Y (�) := fy 2 Y j ys(js) � � 8s 2 S; 8js 2 Jsg;

in words, Y (�) is the set of stationary strategies of player 2 which use each action
in each state with probability at least �. Obviously, Y (�) is a polytope, and by the
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choice of �� it is nonempty. The following lemma summarizes some properties of the
rewards and sets of best replies.

Lemma 98

(a) The function 
1s(x; �) is continuous on Y (�) for any s 2 S; x 2 X; � 2 (0; ��]:

(b) Let �y 2 Y . Then the set

B1(�y) := fx 2 Xj 
1s(x; �y) � 
1s(x̂; �y) 8s 2 S; 8x̂ 2 Xg

is nonempty and convex.

(c) The function 
2�s(�; �) is continuous on X � Y for any s 2 S; � 2 (0; 1):

(d) Let � 2 (0; 1), �x 2 X; � 2 [0; ��]. Then the set

B2�(�; �x) := fy 2 Y (�)j 
2�s(�x; y) � 
2�s(�x; ŷ) 8s 2 S; 8ŷ 2 Y (�)g

is nonempty, convex, and closed.

Proof. Property (a) follows from lemma 10, (c) is the same as lemma 13 #. �

Notice that the set B1(�y) is not necessarily closed, which was clari�ed for instance by
example 11.

The main result of this section is the following theorem.

Theorem 99 In any stochastic game, for any " > 0 and � 2 (0; 1), there exists a
stationary average-�-discounted "-equilibrium.

Proof. Take arbitrary " > 0 and � 2 (0; 1). For a strategy y 2 Y let B1(y) denote the
closure of B1(y). By lemma 98-(c), the function 
2�s(�; �) is continuous on the compact
space X �Y , for any s 2 S, hence it is uniformly continuous as well. Therefore there
exists a � 2 (0; ��] such that for all s 2 S we have

sup
x2X

"
sup
y2Y


2�s(x; y)� sup
y2Y (�)


2�s(x; y)

#
� "

2
: (8.1)

Now consider the following set-valued map:

	 : (x; y) 2 X � Y (�) 7�! B1(y)� B2�(�; x) � X � Y (�):

In view of lemma 98, this correspondence 	 satis�es the conditions of Kakutani�s
�xed point theorem (cf. Kakutani [1941]). Therefore 	 has a �xed point, namely,
there exists a pair (x; y) 2 X � Y (�) such that (x; y) 2 (B1(y);B2�(�; x)):
By using this �xed point (x; y); we construct a stationary average-�-discounted "-
equilibrium in the game. Since x 2 B1(y) and y 2 B2�(�; x), by the uniform continuity
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of 
2�s(�; �) on X � Y for all s 2 S, there exists an x0 2 B1(y) such that, for all s 2 S;
all the following inequalities (and equality) hold:


2�s(x
0; y) +

"

2
� 
2�s(x; y) +

"

4
= sup

�y2Y (�)

2�s(x; �y) +

"

4
� sup

�y2Y (�)

2�s(x

0; �y): (8.2)

We show that (x0; y) is an average-�-discounted "-equilibrium. Using theorem 16-(b)
and x0 2 B1(y); we have for all s 2 S that


1s(�; y) � sup
�x2X


1s(�x; y) = 

1
s(x

0; y) 8� 2 �:

For player 2, applying (8.1) and (8.2), we obtain for all s 2 S that


2�s(x
0; �) � sup

�y2Y

2�s(x

0; �y) � sup
�y2Y (�)


2�s(x
0; �y) +

"

2
� 
2�s(x0; y) + " 8� 2 �:

Therefore (x0; y) is an average-�-discounted "-equilibrium indeed. �

8.3 Ultimately stationary "-equilibria

In the previous section we showed the existence of stationary average-�-discounted
"-equilibria for all " > 0 and � 2 (0; 1): These stationary "-equilibria are appealing,
because simple strategies are used. In this section, however, we also prove the exis-
tence of "-equilibria in terms of ultimately stationary strategies (after �nitely many
stages stationary strategies are played forever), where the players naturally cooperate,
by making use of the di¤erent nature of their rewards. The idea is that, after a large
stage N; player 2 becomes uninterested in the game due to the large powers of the
discount factor �, so after stage N the players can cooperate to guarantee the highest
feasible reward for player 1 in the future. During the �rst N stages, obviously, player
1 has to be careful not to ruin his future perspectives after stage N .

Theorem 100 In any stochastic game, for any " > 0 and � 2 (0; 1), there ex-
ist average-�-discounted "-equilibria such that up to some stage N the players play
Markov strategies, from stage N +1 they play stationary strategies, and if the play is
at stage N + 1 in state s, then player 1 receives �s := sup�2�; �2� 
1s(�; �).

Proof. Consider a stochastic game �. Take arbitrary " > 0 and � 2 (0; 1). Let
N 2 N be so large that

�N �
�
max
s;is;js

r2s(is; js)� min
s;is;js

r2s(is; js)

�
� ";

so after stage N player 2 can only improve his �-discounted reward by at most ". It
is known that there exists a pure stationary strategy pair (i�; j�) 2 I � J such that
for �s; as de�ned in the theorem, it holds that

�s = 

1
s(i

�; j�) 8s 2 S:

(The existence of such a pure stationary strategy pair (i�; j�) 2 I � J stems from the
theory of Markov decision processes. In fact, such pairs (i�; j�) 2 I � J are exactly
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the pure optimal solutions of the Markov decision process which is derived from the
stochastic game by assuming that there is only one player with action space Is � Js;
payo¤ function r1s ; and transition map ps ain states s 2 S:)
Consider the game �N which is played up to stage N and in which player 1 maximizes
the expected value of �sN+1 on condition the play up to stageN (here sN+1 denotes the
random variable for the state at stage N +1) and player 2 maximizes his N -stage �-
discounted reward. Using backwards induction, one can construct an N -stage Markov
average-�-discounted 0-equilibrium (fN ; gN ) in the game �N .
Let f denote the Markov strategy which coincides with fN for the �rst N stages
and which prescribes the pure stationary strategy i� afterwards. The de�nition of
g is analogous. Thus by their de�nitions, f and g satisfy the requirements of the
theorem. We only have to show that (f; g) is an "-equilibrium. Observe that player
1�s average reward 
1 is completely determined by the value of � in the state at stage
N + 1, which is exactly what he maximizes during the �rst N stages, so player 1
cannot improve at all. Player 2 can only improve his reward by " after stage N ,
because of the choice of N ; while during the �rst N stages, by his reward function
in the game �N , he cannot improve it at all. So (f; g) is an average-�-discounted
"-equilibrium indeed. �

8.4 A game without average-discounted 0-equilibria

In the previous two sections we showed the existence of "-equilibria, for all " > 0,
in terms of stationary and ultimately stationary strategies. The following interesting
example will demonstrate that, in these average-discounted games, 0-equilibria do not
always exist, not even in history dependent strategies. So as it might be expected,
the solutions of average-discounted games are on the one hand more complex than
that of discounted games, where stationary 0-equilibria always exist as mentioned
above , but on the other hand simpler than that of average games, where stationary
"-equilibria do not generally exist for small " � 0.

Example 101
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We show that in the above game there are no 0-equilibria for initial state 1 with
respect to (
1; 
2�) for any � 2 (0; 1).
Notice that strategies only need to be de�ned for histories where the initial state is
1 and no absorption has occurred. As the only information carried by these histories
is the current stage, all history dependent strategies are simply Markov strategies.
Since any mixed action in state 1 can be represented by the probability assigned to
the �rst action, any Markov strategy for any player is an element of the set �1n=1[0; 1].
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Suppose by way of contradiction that (f; g) = (f(n); g(n))1n=1 is a Markov 0-equilibrium
with respect to (
1; 
2�), where � 2 (0; 1); here f(n) and g(n) denote the probabil-
ities of playing action T and L, respectively, at stage n. Let fk := (f(n))1n=k and
gk := (g(n))1n=k for any k 2 N, so fk and gk are the Markov strategies f and g
starting from stage k. Let �k denote player 1�s limiting average reward when using
(fk; gk) for initial state 1.
Based on the assumption that (f; g) is a 0-equilibrium, we subsequently derive that
we should have

(1) �1 > �1;

(2) 0 < f(1) < 1 and 0 < g(1) < 1;

(3) (fn; gn) is a 0-equilibrium, 0 < f(n) < 1; and 0 < g(n) < 1 for all n 2 N;

(4) �n < �n+1 and g(n) < g(n+ 1) for all n 2 N:

Next we show that these properties lead to a contradiction.

Proof of (1). Since (f; g) is a 0-equilibrium, it su¢ ces to de�ne a strategy �f for
player 1 which guarantees a reward larger than �1 when playing against g. For n 2 N
let

�f(n) :=

�
1 if g(n) > 0
0 if g(n) = 0:

Now with respect to ( �f; g), whenever the play is in state 1, either the cell (B;R) is
played with probability 1 or the cell (T;L) is played with a positive probability, hence

1(1; �f; g) > �1.
Proof of (2). If f(1) = 1 then g(1) = 0, since it yields absorption in entry (T;R)
giving the highest possible reward 1 for player 2. However, this contradicts �1 > �1
(cf. (1)), hence f(1) < 1 must hold. If f(1) = 0 then g (1) = 1, which also contradicts
�1 > �1; hence f(1) > 0.
If g(1) = 1 then f(1) = 1 has to hold because f is a best reply against g, which
contradicts 0 < f(1) < 1. Hence g(1) < 1. Now suppose that g(1) = 0. Using (1) we
have

�1 < �1 = f(1) � (�1) + (1� f(1)) � �2;

thus by f(1) > 0 we obtain �2 > �1, which means that player 1 would be better o¤
by playing action B at stage 1 and playing f2 from stage 2 on assuring reward �2.
This is in contradiction with the fact that f(1) > 0. Hence g(1) > 0 must hold.

Proof of (3). By (2), the probability of no absorption at stage 1 has a positive
probability, therefore, clearly, (f2; g2) must be a 0-equilibrium as well. Using that
(f2; g2) is a 0-equilibrium, one can show similarly that 0 < f(2) < 1 and 0 < g(2) < 1.
Now repeating this argument yields the statement.

Proof of (4). The strategy f1 is a best reply against g1 and player 1 plays action
B with a positive probability at stage 1 (cf. (3)), hence

�1 = g(1) � (�1) + (1� g(1)) � �2:
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Now using (1) and g(1) > 0 (cf. (3)), we have �1 < �2 indeed. Repeating this
argument leads to �n < �n+1 for all n 2 N.
At stages n and n+1, in view of (3), player 1 plays action T with positive probabilities,
thus

�n = g(n) � 1 + (1� g(n)) � (�1); �n+1 = g(n+ 1) � 1 + (1� g(n+ 1)) � (�1):

Now from �n < �n+1 it follows that g(n) < g(n+ 1).

Deriving a contradiction. Consider the strategy �fK , K � 2, which prescribes
action B up to stage K� 1 and the strategy fK from stage K on. Then with respect
to ( �fK ; g), player 1�s reward is �1 if absorption occurs during the �rst K � 1 stages
and equals �K otherwise. Thus we have for all K � 2 that


1( �fK ; g) =

"
1�

K�1Y
n=1

(1� g(n))
#
� (�1) +

"
K�1Y
n=1

(1� g(n))
#
� �K

=

"
1�

K�2Y
n=1

(1� g(n))
#
� (�1) +

"
K�2Y
n=1

(1� g(n))
#
�
�
g(K � 1) � (�1) + (1� g(K � 1)) � �K

�
=

"
1�

K�2Y
n=1

(1� g(n))
#
� (�1) +

"
K�2Y
n=1

(1� g(n))
#
� �K�1

= � � �
= g(1) � (�1) + (1� g(1)) � �2

= �1:

However, by properties 2 and 4 we have that g(n) > g(1) > 0 for all n 2 N. Therefore,
if player 1 uses �fK with a large K then absorption occurs in entry (B;L) during the
�rst K � 1 stages with probability almost 1. Formally,

lim
K!1

"
1�

K�1Y
n=1

(1� g(n))
#
= 1;

thus

�1 = lim
K!1


1( �fK ; g) = �1;

which contradicts (1). Hence the basic assumption that (f; g) is a 0-equilibrium is
false. �

8.5 Special classes of stochastic games

This section is devoted to the study of average-discounted equilibria in special classes
of games. We brie�y treat several classes of games in which ("-)equilibria can be
achieved by using other techniques. Recall de�nition 29.

Unichain games. In unichain stochastic games there is just one ergodic set of states.
This condition assures that the average reward 
1s(�; �) is also continuous on X�Y for
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all s 2 S and that the best reply sets B1(�y); �y 2 Y; are closed (cf. lemma 98-(a),(b)).
In these games one can establish stationary average-�-discounted 0-equilibria, for any
� 2 (0; 1); by simply applying Kakutani�s �xed point theorem on X � Y (cf. Kaku-
tani [1941]).

Perfect information, switching control and ARAT games. In perfect information
games and ARAT games one can establish average-discounted 0-equilibria, almost
analogously as in the proof for the existence of average 0-equilibria for these games in
Thuijsman & Raghavan [1997]. The idea is that player 1 has to play a pure stationary
average optimal strategy i, namely inf�2� 
1s(i; �) = sup�2� inf�2� 


1
s(�; �) for all

s 2 S (cf. theorem 30-(b),(d)), and player 2 has to play a stationary �-discounted
best reply y against the strategy i. This already implies that player 2 does not have
a pro�table deviation against i. Notice that, since the strategy i prescribes one pure
action for each state, player 2 can immediately detect any deviation of player 1. Now
in order to eliminate the pro�tability of deviations of player 1, if player 2 detects a
deviation from i then he has to punish player 1 by switching to a strategy � satisfying

1s(�; �) � 
1s(i; y) + � for all s and �, where � > 0 is su¢ ciently small. Note that
these punishments are e¤ective due to the transition structure of these games.
In switching control stochastic games, the proof is somewhat more complicated, be-
cause player 1 does not need to have pure stationary average optimal strategies.
Nevertheless, by lemma 30-(c) there exist stationary average optimal strategies for
player 1. Now the main di¤erence is that player 2 cannot immediately detect de-
viations of player 1, but, as shown in Thuijsman & Raghavan [1997], player 2 can
conduct statistical tests on the action frequencies of player 1, and by doing so he
can detect deviations in the long run with probability almost 1. This way we obtain
average-�-discounted "-equilibria, for all " > 0 and � 2 (0; 1), for switching control
games as well.

Repeated games with absorbing states. Here one can establish average-�-discounted
"-equilibria, for all " > 0 and � 2 (0; 1), as follows. As stated in theorem 26,
for any � 2 (0; 1), there exists a stationary equilibrium (x�� ; y��) with respect to
(
1�; 


2
�). Using techniques as in Vrieze & Thuijsman [1989] one can show that either

(x1�; y1�) or (x1� ; y��) with a large � can be supplemented with history dependent
�punishment� strategies to establish an "-equilibrium with respect to (
1; 
2�); here
(x1�; y1�) is the limit strategy pair of some sequence (x�n�; y�n�); n 2 N, with �n " 1.

8.6 Concluding remarks

We wish to remark that, in the literature of stochastic games and Markov decision
processes, games have already been studied where, instead of using the discounted
or the average evaluation, the players (or the player) use convex combinations of
several discounted rewards with di¤erent discount factors and the average reward (cf.
for example Filar & Vrieze [1992], Feinberg & Shwartz [1994], Feinberg & Shwartz
[1995]). Although the ideas have something in common, the arising problems require
a di¤erent analysis.



Chapter 9

More than two players

9.1 Introduction

The model and the solution concepts of two-person general-sum stochastic games
naturally extend to stochastic games with more than two players. In two-person
stochastic games, many of the usual techniques for establishing equilibria are based on
sequences of stationary equilibria in auxiliary games, where either the strategy spaces
are speci�cally restricted or the reward functions are approximated by continuous
functions (for example discounted rewards), that approach the original game in a
certain sense. However, the analysis of K-person stochastic games, K � 3, involves
several di¢ culties which do not appear in the case of only two players.
In this chapter, which is based on Flesch et al. [1997,I], we demonstrate thatK-person
stochastic games, with K � 3, require an analysis that is substantially di¤erent from
any analysis used for two-person games. This is done by examining a speci�c three-
person stochastic game.

Main Theorem 9 Consider the following three-person game �:

T

B

L R

N

0,0,0 0,1,3

�
1,3,0

�
1,0,1

�

F

3,0,1

�
1,1,0

�
0,1,1

�
0,0,0

�

In this cubic three-person game each player has two actions. The actions of the
players are denoted as follows: player 1: T (top), B (bottom); player 2: L (left), R
(right); player 3: N (near), F (far). The game is represented by taking separately the
two layers of the cube that belong to the two actions of player 3 (N and F). Absorbing
entries are indicated by �0s as usual.
This game has the following properties:

105
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(a) Let the Markov strategies �; �; � for player 1,2,3 be respectively given by

� =

�
1

2
; 0; 0;

1

2
; 0; 0;

1

2
; : : :

�

� =

�
0;
1

2
; 0; 0;

1

2
; 0; 0; : : :

�

� =

�
0; 0;

1

2
; 0; 0;

1

2
; 0; : : :

�
;

where the n-th coordinates of the above strategies are the probabilities for the
second actions of the players at stage n: Then (�; �; �) is a Markov equilibrium
with equilibrium rewards 
(�; �; �) = (1; 2; 1):

(b) Let (�; �; �) be an equilibrium with the property that, at any stage, at least one
of the players plays his second action with a positive probability. Then, at each
stage, exactly one of the players plays his second action with a positive proba-
bility, and these players appear cyclically in the order 1,2,3.

(c) The set of equilibrium rewards is the triangle

	 :=
�
(u; v; w) 2 R3ju; v; w � 1; u+ v + w = 4; u = 1 or v = 1 or w = 1

	
:

The above theorem will follow from theorems 106, 108, and 109.
To our knowledge, this is the �rst three-person stochastic game studied in detail. In
fact, this game is a three-person recursive repeated game with absorbing states (as
we discussed in chapter 7, it makes no di¤erence for the average reward whether or
not the payo¤s in the absorbing cells di¤er from 0). In chapter 7, for two-person
recursive repeated games with absorbing states we showed the existence of stationary
"-equilibria for all " > 0. The above example demonstrates that the two-person result
does not extend to stochastic games of this kind with more than two players.
In this game, the gap between two-person and three-person stochastic games also
appears in the nature of equilibria. As far as we know, this is the �rst stochastic game
where (cyclic) Markov strategies are indispensable, so the class of almost stationary
strategy pairs (cf. de�nition 77) is too narrow to tackle the equilibrium existence
problem for stochastic games with more than two players. A thorough study of the
potential possibilities of the use of (cyclic or non-cyclic) Markov strategies is needed.

9.2 A cyclic three-person game

We consider the game � :

Example 102
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T

B

L R

N

0,0,0 0,1,3

�
1,3,0

�
1,0,1

�

F

3,0,1

�
1,1,0

�
0,1,1

�
0,0,0

�

In this cubic three-person game each player has two actions. The actions of the
players are denoted as follows: player 1: T (top), B (bottom); player 2: L (left), R
(right); player 3: N (near), F (far). The game is represented by taking separately the
two layers of the cube that belong to the two actions of player 3 (N and F). Absorbing
entries are indicated by �0s as usual.
Note that all entries but one are absorbing, so the play absorbs as soon as one of
the players chooses his second action, and also that the payo¤s and the absorbing
entries are cyclically symmetric (r1(i1; i2; i3) = r2(i2; i3; i1) = r3(i3; i1; i2) for any
entry (i1; i2; i3) 2 f1; 2g3). However we wish to emphasize that we have only intro-
duced this cyclic symmetry to make the analysis of this game clearer. Similar results
on the existence of cyclic Markov equilibria and on the non-existence of stationary
"-equilibria, " > 0, can also be obtained in non-symmetric games with the very same
absorption structure.
In the game �, each mixed action can be represented by the probability assigned to
the second action, which lets the stationary strategy spaces equal [0; 1] for each player.
For stationary strategies of the players we use the notations x, y and z respectively.
The spaces of Markov strategies equal [0; 1]1 for each player. Markov strategies are
denoted by � for player 1, by � for player 2, and by � for player 3.
For this game the only history up to stage n 2 N, if no absorption has occurred, is
the trivial one where all the players have chosen their �rst action at all stages up to
stage n. Therefore all history dependent strategies are only Markov strategies.
Now we investigate the game � in detail.

Lemma 103 There is no stationary equilibrium in �.

Proof. Suppose by way of contradiction that (x; y; z) is a stationary equilibrium.
First we prove that 0 < x; y; z < 1: Recall that x; y; z are the probabilities on actions
B;R and F respectively. If x = 0 then, because of a best reply argument, y = 1
and therefore z = 0; which contradicts x = 0: On the other hand x = 1 would imply
y = 0; hence z = 1; which contradicts x = 1: So 0 < x < 1; and by symmetry we also
have 0 < y; z < 1:
Since 0 < x < 1 we have (by applying similar expressions as in lemma 87) that

3(1� y)z + yz
1� (1� y)(1� z) = 


1(0; y; z) = 
1(1; y; z) = 1� z;

thus

y =
z2 + 2z

z2 + 1
> z:
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By symmetry z > x and x > y: Hence y > z > x > y; contradiction. �

We call a triple (x; y; z) of stationary strategies in the game � absorbing, if x > 0
or y > 0 or z > 0. Such an absorbing triple eventually leads to absorption with
probability 1. On the other hand, a triple (x; y; z) in the game � is called non-
absorbing, if x = y = z = 0; in this case entry (T;L;N) is played forever with
probability 1.

Lemma 104 Let (xn; yn; zn) be a sequence of stationary strategy triples in the game
� with (~x; ~y; ~z) := limn!1(xn; yn; zn).

(a) Assume that (~x; ~y; ~z) is absorbing. Then


(~x; ~y; ~z) := lim
n!1


(xn; yn; zn):

(b) Assume that (~x; ~y; ~z) is non-absorbing, (xn; yn; zn) are absorbing for all n 2 N;
and the limits of the sequences

w(xn;yn;zn)(T;L; F ) :=
(1� xn) (1� yn) zn

1� (1� xn) (1� yn) (1� zn)

w(xn;yn;zn)(T;R;N) :=
(1� xn) yn (1� zn)

1� (1� xn) (1� yn) (1� zn)

w(xn;yn;zn)(B;L;N) :=
xn (1� yn) (1� zn)

1� (1� xn) (1� yn) (1� zn)

exist as n tends to in�nity. ThenX
(i1;i2;i3)2f(T;L;F );
(T;R;N);(B;L;N)g

h
lim
n!1

w(xn;yn;zn)(i1; i2; i3)
i
= 1

and

lim
n!1


(xn; yn; zn) =
X

(i1;i2;i3)2f(T;L;F );
(T;R;N);(B;L;N)g

h
lim
n!1

w(xn;yn;zn)(i1; i2; i3)
i
� r(i1; i2; i3):

Proof. Part (a) follows from lemma 10, so it remains to verify part (b). Notice
that w(xn;yn;zn)(T;L; F ) expresses the probability that, with respect to (xn; yn; zn);
the absorption occurs in entry (T;L; F ); in fact w(xn;yn;zn)(T;L; F ) equals entry
q1(tjxn; yn; zn) of the matrix Q(xn; yn; zn); where t is the absorbing state that en-
try (T;L; F ) leads to. Similar interpretations hold for the other two expressions
w(xn;yn;zn)(T;R;N) and w(xn;yn;zn)(B;L;N) as well. It is clear that, with respect to
(xn; yn; zn), the probability that the eventual absorption occurs in one of the entries
(T;L; F ); (T;R;N); and (B;L;N) converges to 1 as n tends to in�nity. Now the
condition that the above limits exist guarantee that Q(xn; yn; zn) has a limit as well,
so the statement follows from lemma 9-(c). �
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Theorem 105 There is no stationary "-equilibrium in � for small " > 0.

Proof. Suppose by way of contradiction that (xn; yn; zn) is a stationary "n-equilibrium
for some positive decreasing sequence "n converging to 0. Then by taking subse-
quences, we may assume without loss of generality that (xn; yn; zn) is absorbing for
all n 2 N (as stationary "-equilibria must be absorbing for small " > 0 due to pos-
itive payo¤s in entries (T;L; F ); (T;R;N); and (B;L;N)), (xn; yn; zn) is convergent
in the compact space [0; 1]3; and the expressions in lemma 104-(b) have limits. Let
(~x; ~y; ~z) := limn!1(xn; yn; zn): We distinguish two cases.

Case 1: (~x; ~y; ~z) is absorbing, namely either ~x > 0 or ~y > 0 or ~z > 0.

Suppose without loss of generality that ~z > 0: Then (~x; ~y; ~z) and (x; ~y; ~z), for all
x 2 X, are absorbing; hence by lemma 104-(a)


1(~x; ~y; ~z) = lim
n!1


1(xn; yn; zn)


1(x; ~y; ~z) = lim
n!1


1(x; yn; zn) 8x 2 X:

Since (xn; yn; zn) is an "n-equilibrium, for any n 2 N, we have for all x 2 X


1(x; yn; zn) � 
1(xn; yn; zn) + "n;

thus we obtain for all x 2 X that


1(~x; ~y; ~z) = lim
n!1


1(xn; yn; zn)

� lim
n!1

�

1(x; yn; zn)� "n

�
= 
1(x; ~y; ~z):

For player 2, we have by using analogous arguments that for all y 2 Y


2(~x; ~y; ~z) � 
2(~x; y; ~z):

If ~x > 0 or ~y > 0 then, similarly for player 3 as well, for all z 2 Z


3(~x; ~y; ~z) � 
3(~x; ~y; z);

otherwise for all z 2 Z


3(~x; ~y; ~z) = 1 � 
3(~x; ~y; z):

Hence (~x; ~y; ~z) is a stationary equilibrium, which contradicts lemma 103.

Case 2: (~x; ~y; ~z) is non-absorbing, namely ~x = ~y = ~z = 0.

By taking a subsequence, due to the symmetrical structure of the game, we may
further assume without loss of generality that for all n 2 N

w(xn;yn;zn)(T;L; F ) � max
�
w(xn;yn;zn)(T;R;N); w(xn;yn;zn)(B;L;N)

	
(9.1)

and w(0;yn;zn)(T;L; F ) has a limit as n tends to in�nity. By lemma 104-(b), we have

w(xn;yn;zn)(T;L; F ) �
1

3
:
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As

3a+ b <
3a

1� b 8a 2 [1
3
; 1]; 8b 2 (0; 1);

if limn!1w(xn;yn;zn)(B;L;N) > 0 then we obtain

3 lim
n!1

w(xn;yn;zn)(T;L; F ) + lim
n!1

w(xn;yn;zn)(B;L;N) (9.2)

< 3
limn!1w(xn;yn;zn)(T;L; F )

1� limn!1w(xn;yn;zn)(B;L;N)
:

We have

w(xn;yn;zn)(T;L; F ) =
(1� xn)(1� yn)zn

1� (1� xn)(1� yn)(1� zn)
;

w(xn;yn;zn)(B;L;N) =
xn(1� yn)(1� zn)

1� (1� xn)(1� yn)(1� zn)
;

w(0;yn;zn)(T;L; F ) =
(1� yn)zn

1� (1� yn)(1� zn)
:

We now show that

lim
n!1

w(xn;yn;zn)(B;L;N) = 0

The opposite

lim
n!1

w(xn;yn;zn)(B;L;N) > 0

would imply, using lemma 104-(b) and (9.2), that

lim
n!1


1(xn; yn; zn) = lim
n!1

�
3w(xn;yn;zn)(T;L; F ) + w(xn;yn;zn)(B;L;N)

�
< lim

n!1

�
3

w(xn;yn;zn)(T;L; F )

1� w(xn;yn;zn)(B;L;N)

�
= lim

n!1

�
3

1

1� xn
w(0;yn;zn)(T;L; F )

�
= lim

n!1

1(0; yn; zn);

so (xn; yn; zn) would not be an "n-equilibrium for large n 2 N. Hence,

lim
n!1

w(xn;yn;zn)(B;L;N) = 0

must hold indeed. But then lemma 104 and (9.1) yield

lim
n!1


2(xn; yn; zn) = lim
n!1

w(xn;yn;zn)(T;R;N) < 1 = lim
n!1


2(xn; 1; zn);

which contradicts the fact that (xn; yn; zn) is an "n-equilibrium for large n 2 N. �

Now we turn to the class of Markov strategies. First we present a Markov equilibrium,
which has a cyclic nature.
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Theorem 106 In the game �, let the Markov strategies �; �; � for players 1,2,3 be
respectively given by

� =

�
1

2
; 0; 0;

1

2
; 0; 0;

1

2
; : : :

�

� =

�
0;
1

2
; 0; 0;

1

2
; 0; 0; : : :

�

� =

�
0; 0;

1

2
; 0; 0;

1

2
; 0; : : :

�
:

Then (�; �; �) is a Markov equilibrium in � with equilibrium reward


(�; �; �) = (1; 2; 1):

Proof. First notice that


(�; �; �) =
1

2
� (1; 3; 0) +

�
1

2

�2
� (0; 1; 3) +

�
1

2

�3
� (3; 0; 1)

+

�
1

2

�4
� (1; 3; 0) +

�
1

2

�5
� (0; 1; 3) + � � �

= (1; 2; 1):

We prove that � is a best reply of player 1 against (�; �). Similar proofs can be given
to show that the other two players have no pro�table deviations either, so the proof
will then be complete.
First we clarify why player 1 must have a cyclic Markov best reply against (�; �). We
may represent the cyclic strategies � and � as stationary strategies y and z on three
non-absorbing states where each of these non-absorbing states is idemtical with the
non-absorbing state of the original game � except for entries (T;L;N) which make
the play visit these three states cyclically. Then the cyclic strategies � and � become
stationary strategies, so the proof of theorem 16-(b) extends to this game with three
players. Therefore, player 1 has a stationary best reply x against y and z , which,
due to the representation, corresponds to a cyclic Markov best reply ~� against (�; �)
in the original game �.
By way of contradiction suppose now that a cyclic best reply ~� = (~xn)1n=1 of player
1 against (�; �) is pro�table, namely 
1(~�; �; �) > 
1(�; �; �) and 
1(~�; �; �) �

1(��; �; �) for all ��. We show that we need to have ~� = (0; 0; 0; : : :): Let ~�l := (~xn)1n=l;
and let �l := (xn)1n=l for all l 2 N: Let �l; �l be de�ned analogously. We have


1(~�; �; �) > 
1(�; �; �) = 1:

So ~x1 = 0; which implies


1(~�2; �2; �2) = 

1(~�; �; �) > 1 = 
1(�2; �2; �2);

therefore ~x2 = 0: Using the equality


1(~�2; �2; �2) =
1

2

1(~�3; �3; �3)
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we obtain


1(~�2; �2; �2) > 2 = 

1(�3; �3; �3);

so ~x3 = 0: Now using the cyclicity of ~�; we have ~� = (0; 0; 0; : : :) indeed.
But then


1(~�; �; �) =
1

2
� (0; 1; 3) +

�
1

2

�2
� (3; 0; 1) +

�
1

2

�3
� (0; 1; 3) + � � �

= 1

= 
1(�; �; �);

contradiction. �

Observe that for all l 2 N the strategies �l := (xn)
1
n=l; �l := (yn)

1
n=l; �l := (zn)

1
n=l

form cyclic Markov equilibria as well, where �; �; and � are de�ned as in theorem
106. Also, if for x 2 [0; 1] and n 2 N the notation x(n) represents playing x for n
subsequent stages, then the strategies

� = (�(n); 0(n); 0(n); �(n); 0(n); 0(n); �(n); : : :)

� = (0(n); �(n); 0(n); 0(n); �(n); 0(n); 0(n); : : :)

� = (0(n); 0(n); �(n); 0(n); 0(n); �(n); 0(n); : : :)

form an equilibrium for each n, if (1� �)n = 1
2 . The equality (1� �)

n = 1=2 makes
that in any period n of stages the play absorbs with probability 1=2.

Notice that, in an equilibrium, any stage where all the players choose their �rst
actions may be skipped without loosing the equilibrium property. The following
lemma considers equilibria in terms of strategies where, at any stage, at least one of
the players plays his second action with a positive probability.

Lemma 107 Let (�; �; �) be an equilibrium in � with the property that, at any stage,
at least one of the players plays his second action with a positive probability. Then

(a) xn; yn; zn < 1 and (�n; �n; �n) is an equilibrium for all n 2 N;

(b) there exists an n 2 N for which xn = 0 or yn = 0 or zn = 0;

(c) for any n 2 N, if zn = 0 then either xn = 0 or yn = 0;

(d) if xn > 0; yn = zn = 0 then either xn+1 > 0; yn+1 = zn+1 = 0 or yn+1 >
0; xn+1 = zn+1 = 0;

(e) if xn > 0 and yn = zn = 0 then min fun; vn; wng = 1;

(f) x1 = 0 or y1 = 0 or z1 = 0:



9.2. A CYCLIC THREE-PERSON GAME 113

Proof. Let

� = (xn)
1
n=1; � := (yn)

1
n=1; �l := (zn)

1
n=1:

For all l 2 N let

�l := (xn)
1
n=l; �l := (yn)

1
n=l; �l := (zn)

1
n=l

(ul; vl; wl) := 
(�l; �l; �l):

Proof of (a): xn; yn; zn < 1 and (�n; �n; �n) is an equilibrium for all n 2 N.

B If x1 = 1 or y1 = 1 or z1 = 1, then (x1; y1; z1) would be a stationary equilibrium,
which would contradict lemma 103. Hence x1; y1; z1 < 1; which means that stage 2 is
reached with a positive probability, so (�2; �2; �2) must be an equilibrium. Therefore
x2; y2; z2 < 1 must hold as well. Now repeating this argument implies the statement.

Proof of (b): there exists an n 2 N for which xn = 0 or yn = 0 or zn = 0.

B Suppose by way of contradiction that 0 < xn; yn; zn for all n 2 N: Then by (a) we
have 0 < xn; yn; zn < 1 for all n 2 N: Now for stage 1 we have

u1 = 

1 ((0; x2; x3; : : :); �; �) = 


1 ((1; x2; x3; : : :); �; �) ;

hence

u1 = 3(1� y1)z1 + y1z1 + (1� y1)(1� z1)u2 = 1� z1:

By expressing u2

u2 =
1� 4z1 + 2y1z1
(1� y1)(1� z1)

:

Similar equations hold concerning the other two players. Due to symmetry we may
assume for stage 1 that u1 � minfv1; w1g: Then by the equations u1 = 1� z1; v1 =
1� x1; w1 = 1� y1 we obtain z1 � maxfx1; y1g: This implies

u2 � 1�
z1

1� z1
;

and then

u1 � u2 �
z1

1� z1
� z1 > z21 :

So we have

minfu2; v2; w2g � u2

< u1 � z21
= minfu1; v1; w1g � (maxfx1; y1; z1g)2

< min fu1; v1; w1g:

For stage 2 we have u2 = 1� z2; v2 = 1� x2; w2 = 1� y2; which yields

maxfx2; y2; z2g > maxfx1; y1; z1g:
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Then analogously

minfu3; v3; w3g < minfu2; v2; w2g � (maxfx2; y2; z2g)2

< minfu1; v1; w1g �
�
(maxfx1; y1; z1g)2 + (maxfx2; y2; z2g)2

�
;

and

maxfx3; y3; z3g > maxfx2; y2; z2g:

By using this inductively, we �nd that as n increases the number minfun; vn; wng
goes below zero, which is a contradiction.

Proof of (c): For any n 2 N, if zn = 0 then either xn = 0 or yn = 0.
B Assume by way of contradiction that 0 < xn; yn: By (a) we have 0 < xn; yn < 1:
Then

un = 1; un+1 =
un

1� yn
> 1

vn = 1� xn; vn+1 =
vn � 3xn
1� xn

< 1:

Since un+1 > 1 we obtain xn+1 = 0: But then vn+1 � 1; contradiction.
Proof of (d): If xn > 0; yn = zn = 0 then either xn+1 > 0; yn+1 = zn+1 = 0 or
yn+1 > 0; xn+1 = zn+1 = 0.

B Since 1 � wn = (1� xn)wn+1 we have wn+1 > 1: The second action of any player
cannot give himself more than 1, so zn+1 = 0; and by (c) either xn+1 = 0 or yn+1 = 0:

Proof of (e): If xn > 0 and yn = zn = 0 then min fun; vn; wng = 1.
B Obviously, we have un = 1 and wn � 1: Suppose �n is the �rst stage after stage
n with y�n > 0 (there must be such a stage, otherwise by (d) we would obtain
zn = zn+1 = � � � = 0, and hence 
3(�n; �n; �n) = 0 < 1 = 
3(�n; �n; 1) would
hold contradicting the fact that (�; �; �) is an equilibrium). Thus 
2(��n; ��n; ��n) = 1:
By (d) we have zn = � � � = z�n�1 = 0: Therefore

vn = 3 (xn + (1� xn)xn+1 + � � �+ (1� xn) � � � (1� x�n�2)x�n�1)

+ (1� xn) � � � (1� x�n�1) 
2(��n; ��n; ��n);

and by (a) we obtain (1� xn) � � � (1� x�n�1) > 0; so vn > 1:
Proof of (f): x1 = 0 or y1 = 0 or z1 = 0:

B Suppose that n is the �rst stage when xn = 0 or yn = 0 or zn = 0: If n = 1
then we are done. Otherwise assume by way of contradiction that n > 1: Then
0 < x1; y1; z1; : : : ; xn�1; yn�1; zn�1 < 1; and u1 = 1 � z1 < 1; and therefore just like
above we have minfun; vn; wng < minfu1; v1; w1g � u1 < 1; which contradicts (e). �

The next theorem says that all Markov equilibria are of the same type as presented
in theorem 106.
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Theorem 108 Let (�; �; �) be an equilibrium in � with the property that, at any
stage, at least one of the players plays his second action with a positive probability.
Then, at each stage exactly one of the players plays his second action with a positive
probability, and these players appear cyclically in the order 1,2,3.

Proof. Due to symmetry and lemma 107-(f), we may suppose without loss of gener-
ality that z1 = 0. Then by lemma 107-(c) we have x1 = 0 or y1 = 0. Assume y1 = 0,
so x1 > 0. By lemma 107-(d) either x2 > 0; y2 = z2 = 0 or y2 > 0; x2 = z2 = 0.
Now using lemma 107-(d) inductively we obtain that at any stage exactly one of
the players plays his second action with positive probability. And �nally, the second
statement of the theorem is an immediate consequence of lemma 107-(d), so the proof
is complete. �

Theorem 109 The set of feasible equilibrium rewards for � is the triangle

	 :=
�
(u; v; w) 2 R3ju; v; w � 1; u+ v + w = 4; u = 1 or v = 1 or w = 1

	
:

Proof. Let the strategy triple (�; �; �) be a Markov equilibrium for � with rewards
(u; v; w) = 
(�; �; �): We show that (u; v; w) 2 	: Suppose x1 > 0: Then by theorem
108 we have y1 = z1 = 0: Hence u = 1; w � 1: Let n be the �rst stage when yn > 0:
This implies that 
2(�n; �n; �n) = 1 and z1 = � � � = zn�1 = 0: Thus

v = 3 (x1 + (1� x1)x2 + � � �+ (1� x1) � � � (1� xn�2)xn�1)

+(1� x1) � � � (1� xn�1) 
2(�n; �n; �n);

and since x1; : : : ; xn�1 < 1 (cf. lemma 107-(a)) we have (1 � x1) � � � (1 � xn�1) > 0;
so v � 1: The equality u+ v + w = 4 is trivial.
Now we show that if (u; v; w) 2 	 then there exists a Markov equilibrium (�; �; �)
with rewards (u; v; w): By symmetry it su¢ ces to �nd a Markov equilibrium with
rewards (1; 1 + �; 2� �); where � 2 [0; 1]: Let

� =

�
�

2
; 0; 0;

1

2
; 0; 0;

1

2
; 0; : : :

�

� =

�
0;
1

2
; 0; 0;

1

2
; 0; 0;

1

2
; : : :

�

� =

�
0; 0;

1

2
; 0; 0;

1

2
; 0; 0; : : :

�
:

These are almost the strategies de�ned in theorem 106, but the mixed action of player
1 for the �rst stage is modi�ed. Now 
(�; �; �) = (1; 1+�; 2��); and it can be veri�ed
similarly to the proof of theorem 106 that (�; �; �) is a Markov equilibrium indeed.
�
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9.3 Concluding remarks

Recently, Solan [1998] proved the existence of "-equilibria, for all " > 0; in three-
person repeated games with absorbing states. He showed that, in each three-person
repeated games with absorbing states, at least one of three di¤erent types of "-
equilibria must occur. One of these types is exactly the class of cyclic "-equilibria,
with further interesting results concerning them.
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Appendix: uniform optimality
and equilibria

We wish to mention that there are several alternative rewards, which, just like the
average reward (cf. de�nition 7), are frequently used in stochastic game theory for
an evaluation of the long-term average payo¤s. Some of the most important ones, for
player k 2 f1; 2g and with respect to a strategy pair (�; �) 2 �� � and initial state
s 2 S; are the following :

�1;ks (�; �) := Es��

 
lim inf
N!1

1

N

NX
n=1

Rkn

!
;

�2;ks (�; �) := lim sup
N!1

1

N

NX
n=1

Es��
�
Rkn

�
;

�3;ks (�; �) := Es��

 
lim sup
N!1

1

N

NX
n=1

Rkn

!
;

where Rkn denotes the random variable for the payo¤ of player k at stage n.
We now brie�y discuss the relationship between the average reward 
 and these above
mentioned alternative rewards. First of all, it always holds for any player k 2 f1; 2g
that for any s 2 S; (�; �) 2 �� � we have

�1;ks (�; �) � 
ks(�; �) � �2;ks (�; �) � �3;ks (�; �): (10.1)

Here the �rst inequality is a simple consequence of Fatou�s lemma (cf. Fatou [1906]),
the second inequality follows from the fact the limit inferior is always smaller than or
equal to the limit superior of any real sequence, �nally the last inequality is an implica-
tion of Fatou�s lemma together with the fact that lim supn!1 an = � lim infn!1(�an)
holds for any bounded real sequence (an)n2N; note that the boundedness of the payo¤s
from below is crucial when applying Fatou�s lemma above.
We wish to stress that equalities in (10.1) do not hold in general. Nevertheless, it
is fortunate to know that all these four rewards are equal when both players use
stationary strategies, duely to the fact that stationary strategy pairs induce Markov

117
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processes on the set of states, as discussed in section 2.2.3. In fact, for any of the
alternative rewards �m; m = 1; 2; 3, the properties in lemmas 9 and 10 remain valid
just as theorem 16-(b) on the best replies against a �xed stationary strategy (since
lemma 9 still holds, a stationary strategy is a best reply with respect to any of these
rewards if and only if it is a best reply with respect to all of them). Moreover,
stationary strategies guarantee the same rewards (cf. de�nition 22) irrespective of
the choice of these alternative rewards (cf. Bewley & Kohlberg [1978]).

Zero-sum stochastic games
Naturally, with respect to any of the rewards �m; m = 1; 2; 3, we can speak of zero-sum
stochastic games, values, and optimality, as in section 2.5 with respect to the average
reward 
. Before turning to these issues, we wish to de�ne the very appealing concept
of uniform ("-)optimality in zero-sum stochastic games. The idea here is, intuitively,
to �nd strategies that are ("-)optimal in the �nite game up to stageN on the condition
that N is su¢ ciently large, and at the same time ("-)optimal in the in�nite game.

De�nition 110 In a zero-sum stochastic game, for a strategy � 2 � and initial state
s 2 S; let ws(�) be the supremum of all the real numbers as with the properties that

(a) for all � > 0 there exists a stage N � such that for all � 2 �

Es��

 
1

N

NX
n=1

Rn

!
� as � � 8N � N �;

(b) for all � 2 �

Es��

 
lim inf
N!1

1

N

NX
n=1

Rn

!
� as;

where Rn denotes the random variable for the payo¤ at stage n.

We say that strategy � uniformly guarantees reward cs for initial state s, if ws(�) � cs:
Uniformly guaranteed rewards ws(�) for strategies � of player 2 are similarly de�ned.
If there exists a real valued vector w = (ws)s2S such that

ws = sup
�2�

ws(�) = inf
�2�

ws(�) 8s 2 S;

then w is called the uniform value of the zero-sum stochastic game.
Whenever the uniform value w exists, we can de�ne uniform optimality and uniform
"-optimality, " > 0; as in the case of the average reward in de�nition 22.

In light of the de�nition, uniformly ("-)optimal strategies can be applied whenever
the zero-sum stochastic game is to be played su¢ ciently long (even over in�nitely
many stages). As mentioned in Mertens & Neyman [1981], uniformly ("-)optimal
strategies are also ("-)optimal with respect to the �-discounted reward if the discount
factor � 2 (0; 1) is su¢ ciently close to 1. So the main motivation for using uniformly
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("-)optimal strategies is that their structure is independent of the exact duration of
the game or of the exact discount factor (on condition that the game is su¢ ciently
long or the discount factor is large enough).
Mertens & Neyman [1981] showed that, in every zero-sum stochastic game, the values
for the alternative rewards �m; m = 1; 2; 3 and the uniform value exist and equal to
the average value v (so particularly vs = ws for all s 2 S); and the players have
strategies, for any " > 0; that are "-optimal with regard to the rewards 
 and �m;
m = 1; 2; 3; and at the same time uniformly "-optimal.
Note that, using (10.1) and that the values are equal, average ("-)optimality implies
("-)optimality for �m; m = 2; 3 as well as uniform ("-)optimality yields ("-)optimality
for any of the rewards 
 and �m; m = 1; 2; 3:
Bewley & Kohlberg [1978] showed that stationary strategies guarantee the same re-
wards in the uniform sense as for all the rewards 
 and �m; m = 1; 2; 3; so particularly
vs(x) = ws(x) for all initial states s 2 S and x 2 X, and similarly for player 2.
Now we would like to discuss how the results in chapters 3,4, and 5, extend to guaran-
teed rewards and ("-)optimality with respect to the rewards �m; m = 1; 2; 3; as well as
to uniformly guaranteed rewards and uniform ("-)optimality. Based on the previous
discussion, the extensions to the rewards �m; m = 2; 3, are immediate. Hence we
only focus on reward �1; uniformly guaranteed rewards, and uniform ("-)optimality.
As, in the light of the observations above, the extensions of the results concerning
stationary strategies are straightforward, we only need to examine the results in these
chapters where no stationary strategies are involved.
First of all, in chapter 3, the Markov strategy f in the second part of Main Theorem 3
is unfortunately not necessarily optimal for �1 nor uniformly optimal. Note, however,
that its construction in the proof of theorem 36-(b) guarantees that for all � > 0 there
exists a stage N � such that for all � 2 �

Esf�

 
1

N

NX
n=1

Rn

!
� vs � � 8N � N �: (10.2)

In order to achieve optimality for �1; which would now also be su¢ cient for uniform
optimality by (10.2), a somewhat more subtle but rather technical construction can
be given. As the techniques in chapter 4 are very similar to those in chapter 3, the
same can be said about the Markov strategy in Main Theorem 4.
In chapter 5, for any " > 0; if K 2 N is su¢ ciently large then the Markov strategies
fK constructed for theorem 60 is also "-optimal for reward �1 (see inequalities (5.12)
in the proof of lemma 69), hence, by using (10.1) and that the values are equal, fK is
necessarily "-optimal for �m; m = 2; 3. Although the proofs suggest that fK should
be uniformly "-optimal as well, it does not immidiately follow from the proven results.

General-sum stochastic games
With respect to the rewards �m; m = 1; 2; 3; we can investigate general-sum stochastic
games and we may de�ne ("-)equilibria, as in section 2.6 for the average reward 
. But
�rst we de�ne uniform ("-)equilibria, which, intuitively, are strategy pairs with the
property that they form ("-)equilibria in the �nite game up to stage N on condition
that N is su¢ ciently large, and at the same time they are ("-)equilibria in the in�nite
game.



120 CHAPTER 10. APPENDIX: UNIFORM OPTIMALITY AND EQUILIBRIA

De�nition 111 In a general-sum stochastic game, for initial state s 2 S; a pair
of strategies (�; �) 2 � � � is called a uniform "-equilibrium, " � 0, with reward
a = (a1; a2); if for all � > 0 there exists a stage N � with the following properties

(a) for both players k = 1; 2

aks � � � Es��

 
1

N

NX
n=1

Rkn

!
� aks + � 8N � N �;

Es��

 
lim inf
N!1

1

N

NX
n=1

Rkn

!
= Es��

 
lim sup
N!1

1

N

NX
n=1

Rkn

!
= aks ;

(b) for all �� 2 �

Es���

 
1

N

NX
n=1

R1n

!
� a1s + "+ � 8N � N �;

Es���

 
lim sup
N!1

1

N

NX
n=1

R1n

!
� a1s + ";

(c) for all �� 2 �

Es���

 
1

N

NX
n=1

R2n

!
� a2s + "+ � 8N � N �;

Es���

 
lim sup
N!1

1

N

NX
n=1

R2n

!
� a2s + ";

where Rkn denotes the random variable for the payo¤ of player k at stage n:
The strategy pair (�; �) is a uniform "-equilibrium, if it is a uniform "-equilibrium
for all initial states s 2 S. Uniform 0-equilibria are simply called uniform equilibria.

The motivation for applying uniform ("-)equilibria is quite the same as for uniformly
("-)optimal strategies. Uniform ("-)equilibria can thus be used whenever the stochas-
tic game is to be played su¢ ciently long (even over in�nitely many stages). Moreover,
uniform ("-)equilibria are also ("-)optimal with respect to the discounted rewards on
condition that the discount factors are su¢ ciently close to 1.
Note that, using (10.1), uniform ("-)equilibria are necessarily ("-)equilibria for any of
the rewards 
 and �m; m = 1; 2; 3:
We will now brie�y discuss how the results in chapters 6,7,8, and 9 extend to uniform
("-)equilibria, and therefore to ("-)equilibria for the rewards �m; m = 1; 2; 3: Based
on the discussion above on the similarities between the rewards 
 and �m; m = 1; 2; 3,
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when stationary strategies are used, it is easy to see the validity of Main Theorems 6
and 7 for uniform "-equilibria (in chapter 6, by almost stationary uniform "-equilibria
we obviously mean uniform "-equilibria which have the almost stationary property
speci�ed in de�nition 77); note that the existence of uniformly "-optimal strategies,
" > 0, in zero-sum games plays a crucial role in the extension to almost stationary
uniform "-equilibria.
We may de�ne average-discounted uniform ("-)equilibria as average-discounted ("-
)equilibria (cf. de�nition 96) where uniformity is expected on the side of player
1 (recall that player 1 uses the average reward, whle player 2 is interested in his
discounted reward). It is not hard to verify that Main Theorem 8 generalizes to the
uniform case, based on the structure of the strategies constructed there.
In chapter 9, it is not hard to check that the results of Main Theorem 9 hold in the
uniform sense as well, which is due to the transition structure of the game presented
there.
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