
CHAPTER 9

Strong Belief in the Opponents�Rationality

9.1. Strong Belief in the Opponents�Rationality

In the previous chapter we have introduced the idea of common belief
in future rationality for dynamic games, which means that you always
believe that your opponents choose rationally now and in the future, you
always believe that your opponents always believe that their opponents
choose rationally now and in the future, and so on. This concept thus
puts no restrictions on what you think about opponents� choices that
have been made in the past �in fact you are free to conclude anything
you want from what your opponents have done so far, as long as you
still believe that these opponents will choose rationally now and in the
future, that you still believe that these opponents also reason in this way
about their opponents, and so on. So, the idea of common belief in future
rationality makes a very sharp distinction between reasoning about the
past and reasoning about the future: Anything goes for reasoning about
the past, but very severe conditions are being imposed on how you reason
about the future.
In many dynamic situations, this may not be the only plausible way

to reason about your opponents. It often makes intuitive sense to also
think critically about what your opponent has done so far, and to use his
past behavior to draw some conclusions about how he may act now and
in the future. To illustrate this, let us go back to the example �Painting
Chris�house�.

Example 9.1. Painting Chris�house.

Recall the story from Example 8.1 in the previous chapter. For conve-
nience, we have reproduced the graphical representation of the game in
Figure 9.1. Let us �rst repeat how the concept of common belief in fu-
ture rationality argues in this game. Suppose you observe that Barbara
has rejected her colleague�s o¤er. If you believe that Barbara chooses
rationally afterwards, then you believe that she will certainly not choose
a price of 500, as it is strictly dominated for her by the randomized choice
in which she choose the prices 200 and 400 with probability 0.5. How-
ever, if you believe that Barbara does not choose a price of 500, then
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572 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY
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Figure 9.1: Painting Chris�house

400 and 500 can no longer be optimal prices for you. Hence, if Barbara
believes that you choose rationally, and that you believe in Barbara�s fu-
ture rationality, then Barbara believes that you will not choose prices 400
and 500. But then, only a price of 200 can be optimal for Barbara after
rejecting the colleague�s o¤er. That is, if you believe in Barbara�s future
rationality, believe that Barbara believes in your rationality, and believe
that Barbara believes that you believe in her future rationality, then you
believe, upon observing that Barbara has rejected her colleague�s o¤er,
that Barbara will choose a price of 200. Therefore, you will choose a
price of 200 as well. As such, your only rational strategy under common
belief in future rationality is to choose a price of 200.
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9.1. STRONG BELIEF IN THE OPPONENTS�RATIONALITY 573

Consequently, under common belief in future rationality you are led
to conclude that Barbara has made an irrational choice upon observing
that she has rejected her colleague�s o¤er! Under common belief in future
rationality, namely, you believe that Barbara believes that you will choose
a price of 200. But then, you believe that Barbara would do best by
accepting her colleague�s o¤er, so if you observe that she has rejected the
o¤er you conclude that she must have made a mistake.

You could also have reasoned di¤erently here. Upon observing that
Barbara has rejected the colleague�s o¤er, you could alternatively ask
whether this decision can be part of a rational strategy for Barbara, that
is, a strategy that is also optimal at the beginning of the game for some
belief about your price choice. If so, then you believe, upon observing
that she has rejected the o¤er, that she is indeed using such a rational
strategy that includes rejecting the colleague�s o¤er as a rational choice.
We say that you strongly believe in Barbara�s rationality.
Let us investigate the consequences of strong belief in Barbara�s ra-

tionality for you. For Barbara, rejecting the colleague�s o¤er can only be
part of a rational strategy if she chooses a price of 400 afterwards. Only
then, namely, will she have the chance of receiving more than the 350 eu-
ros she gets by accepting the colleague�s o¤er. So, if you strongly believe
in Barbara�s rationality, then you conclude, after observing that Barbara
has rejected the o¤er, that she will continue by choosing a price of 400, as
this is the only way to turn it into a rational strategy. But then, you will
choose a price of 300, and not 200 as you would do under common belief
in future rationality! So, under strong belief in Barbara�s rationality you
would choose di¤erently than under common belief in future rationality.
Again, it is di¢ cult to say which of these two lines of reasoning is more

appealing �they are simply di¤erent, and in our opinion both make a
lot of intuitive sense. So, we present both patterns of reasoning next to
each other in this book, and it is up to the reader to decide to which line
of reasoning he or she feels more attracted. �

In the example above we have described the idea of strongly believing
in Barbara�s rationality �it states that if it is possible for you to believe
that rejecting the colleague�s o¤er is part of a rational strategy for Bar-
bara, then upon observing that she did reject the o¤er, you must believe
that Barbara is choosing a rational strategy that includes rejecting the
o¤er as a rational choice. We can generalize this idea to arbitrary dy-
namic games in the following way: Suppose that player i �nds himself
at an information set h 2 Hi; and that he reasons about the opponents�
strategy choices. We say that player i strongly believes in the opponents�
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574 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

rationality at information set h if, whenever there is a combination of
opponents�strategies that leads to h and that is optimal at every oppo-
nents�information set, player i must at h only assign positive probability
to such optimal opponents�strategies. That is, if it is possible for player
i to believe at h that each of his opponents chooses a rational strategy,
he must believe at h that every opponent is choosing a rational strategy.
Note that it may not always be possible for a player to believe, at a

given information set, that his opponents are using rational strategies.
Consider, for instance, the example �Painting Chris�house�, and sup-
pose that Barbara could earn 450 euros (instead of 350) by accepting
the colleague�s o¤er. Then, upon observing that Barbara has rejected
the colleague�s o¤er, it is no longer possible for you to believe that Bar-
bara is using a rational strategy. In that case, strong belief in Barbara�s
rationality would not impose any restrictions on what you believe after
observing that Barbara has rejected the o¤er. In general, if it is not
possible for player i to believe at information set h 2 Hi that each of
his opponents is using a rational strategy, then the concept of strong
belief in the opponents�rationality does not restrict player i�s belief at
information set h at all.

Let us now see how we can formalize the idea of strong belief in the
opponents� rationality, which we have described somewhat informally
above. So, let us model the players�conditional belief hierarchies for-
mally by means of an epistemic model M , in which Ti is the set of types
for player i; and bi(ti; h) speci�es ti�s conditional belief at information
set h 2 Hi about the opponents�strategy-type combinations. How can
we formalize within the epistemic model M the requirement that, if it
is possible for player i to believe at h that every opponent chooses a ra-
tional strategy, then player i must at h only assign positive probability
to rational opponents�strategies? As a �rst attempt, we could try the
following condition: Fix a type ti within the epistemic model M; and
�x an information set h 2 Hi: Say that type ti strongly believes in the
opponents�rationality at h if

� whenever there is an opponents� strategy-type combination in
M where (a) the opponents� strategy combination leads to h;
and (b) for every opponent j, the strategy is optimal for the
type at every h0 2 Hj that the strategy leads to, then
� type ti must at h only assign positive probability to strategy-
type combinations in M that satisfy conditions (a) and (b)
above.

However, this condition is not enough to correctly model the idea of
strong belief in the opponents�rationality. Let us return, namely, to the
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9.1. STRONG BELIEF IN THE OPPONENTS�RATIONALITY 575

Types T1 = ft1g; T2 = ft2g

Beliefs for
Barbara

b1(t1; ;) = (200; t2)
b1(t1; h1) = (200; t2)

Beliefs for
you b2(t2; h1) = ((reject; 200); t1)

Table 9.1: An epistemic model for �Painting Chris�house�

example �Painting Chris�house�with the game in Figure 9.1, and con-
sider the epistemic modelM in Table 9.1. Here, h1 is the information set
after Barbara rejects the colleague�s o¤er. Barbara is player 1, whereas
you are player 2. Within the epistemic model M; there is no type for
Barbara for which rejecting the o¤er is part of an optimal strategy. The
only type t1 for Barbara in M; namely, believes that you will choose a
price of 200, and hence rejecting the o¤er is not optimal for t1: So, the
condition we attempt above would not restrict your belief at information
h1 within the epistemic model M:

However, it is clear that there is a type for Barbara, outside M; for
which rejecting the o¤er is part of an optimal strategy � namely any
type for Barbara that assigns a large enough probability to you choosing
a price of 500. So, strong belief in the opponents�rationality concludes
in this case that you must believe at h1 that Barbara is of such a type
for which rejecting the o¤er is part of an optimal strategy. The problem,
however, is that such a type for Barbara is not included in the epistemic
model we consider, and this prevents us from correctly implementing the
idea of strong belief in the opponents�rationality here.
In order to solve this problem we must require, in addition, that the

epistemic model contains �su¢ ciently many types�for the players. That
is, we must add the following condition to the one above:

� If at information set h 2 Hi we can �nd a combination of oppo-
nents�types, possibly outside M; for which there is a combina-
tion of optimal strategies leading to h; then M must contain at
least one such combination of opponents�types.

Together with the condition above, we arrive at the following formal
de�nition of strong belief in the opponents�rationality.

Definition 9.1.1. (Strong belief in the opponents�rationality)

Consider an epistemic model M; a type ti for player i within M , and an
information set h 2 Hi: Type ti strongly believes in the opponents�
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576 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

rationality at h if, whenever we can �nd a combination of opponents�
types, possibly outside M; for which there is a combination of optimal
strategies leading to h; then

(1) the epistemic model M must contain at least one such combination
of opponents�types, and

(2) type ti must at h only assign positive probability to opponents�
strategy-type combinations where the strategy combination leads to h;
and the strategies are optimal for the types.

Finally, type ti is said to strongly believe in the opponents�rationality if
he does so at every information set h 2 Hi:

Here, whenever we say that a strategy sj is optimal for a type tj; we
precisely mean that sj is optimal for tj at every information set h 2 Hj
that sj leads to. Note that there is a remarkable similarity between this
de�nition and the one we gave for assuming the opponent�s rationality in
Chapter 7. In both de�nitions we require the epistemic model to contain
su¢ ciently many types � condition (1) in both de�nitions �otherwise
the de�nitions �do not work�as we have seen.
With this formal de�nition at hand it can now easily be veri�ed that in

the epistemic model of Table 9.1, your type t2 does not strongly believe in
Barbara�s rationality. We have seen that for Barbara we can �nd a belief
hierarchy for which there is an optimal strategy leading to h1; namely
any belief hierarchy that assigns large enough probability to you choosing
a price of 500. However, the epistemic model M does not contain any
type for Barbara for which there is an optimal strategy leading to h1; and
hence condition (1) in the de�nition of strong belief in the opponents�
rationality is violated.
Consider now the new epistemic model for �Painting Chris�house�

in Table 9.2. We will verify that within this new epistemic model M;
your type t2 strongly believes in Barbara�s rationality. Note that for
Barbara�s type tr1 there is an optimal strategy leading to h1; namely the
strategy (reject; 400): Since this type tr1 is contained in M; condition
(1) in the de�nition of strong belief in Barbara�s rationality is satis�ed.
Your type t2 assigns at h1 probability 1 to Barbara�s strategy-type pair
((reject; 400); tr1); where the strategy (reject; 400) leads to h1; and is
optimal for type tr1: Hence, your type t2 also satis�es condition (2) in
the de�nition, and therefore we may conclude that your type t2 strongly
believes in Barbara�s rationality.
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9.2. COMMON STRONG BELIEF IN RATIONALITY 577

Types T1 = fta1; tr1g; T2 = ft2g

Beliefs for
Barbara

b1(t
a
1; ;) = (300; t2)

b1(t
a
1; h1) = (300; t2)

b1(t
r
1; ;) = (500; t2)

b1(t
r
1; h1) = (500; t2)

Beliefs for
you b2(t2; h1) = ((reject; 400); tr1)

Table 9.2: A new epistemic model for �Painting Chris�house�

9.2. Common Strong Belief in Rationality

So far we have introduced the idea of strongly believing in the oppo-
nents�rationality, which means that, whenever possible, you believe that
your opponents are implementing rational strategies. We can carry this
argument one step further, however. Consider a dynamic game with two
players, say i and j: Suppose that player i is at information set h 2 Hi;
and he is considering two strategies, sj and s0j; for opponent j that both
lead to h: Assume that both strategies are optimal for some types of
player j: However, sj is also optimal for a player j type that strongly
believes in i�s rationality, whereas s0j is only optimal for player j types
that do not strongly believe in i�s rationality. Then, intuitively, sj is a
�more plausible� strategy for player j than s0j; as it can be supported
by a �more plausible�belief hierarchy. Consequently, player i must at
information set h assign probability 0 to the �less plausible�strategy s0j
as there is a �more plausible�strategy for player j leading to h as well.
We say that player i expresses 2-fold strong belief in rationality. Before
attempting to formalize this requirement, let us �rst apply this idea to
the following example.

Example 9.2. Watching TV with Barbara.

It is Wednesday evening, and Barbara and you must decide which TV
program to watch this evening. The only interesting programs on TV
tonight are Blackadder and Dallas. The problem is that you clearly
prefer Blackadder, whereas Barbara wants to see Dallas. More precisely,
watching Blackadder gives you a utility of 6 and Barbara a utility of 3,
whereas for Dallas it is the other way around. As a possible resolution to
this problem, you both simultaneously write down a program on a piece
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578 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY
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Figure 9.2: Watching TV with Barbara

of paper, and compare these. If you both write down the same program,
you will watch it together. If you write down di¤erent programs, then
the TV will remain switched o¤, and you will both play a game of cards.
In that case, the utility will be only 2 for both. However, before writing
down the program on a piece of paper, you have the option to start a �ght
with Barbara in order to convince her to watch your favorite program �
something that you have done repeatedly in the past, so Barbara is well
aware of this option. If you start a �ght, then this would reduce both
your utility and Barbara�s utility by 2. This situation can be modeled
by the dynamic game in Figure 9.2. Here, B stands for Blackadder and
D stands for Dallas.
Suppose that the game reaches h1; that is, you have chosen to start a

�ght with Barbara. Among the two strategies for you that reach h1; which
are (fight; B) and (fight;D); only strategy (fight; B) can be optimal
at the beginning of the game, since (fight;D) is always worse than not
starting a �ght at the beginning of the game. So, if Barbara strongly
believes in your rationality, then at h1 she must believe that you have
chosen the strategy (fight; B):Hence, if Barbara strongly believes in your
rationality, then she can only rationally choose B at h1: Consequently,
under strong belief in your rationality, Barbara can only rationally choose
the strategies (B;B) and (B;D); where (B;D) means that she chooses
B at h1 and D at h2:
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9.2. COMMON STRONG BELIEF IN RATIONALITY 579

Now, what would you believe about Barbara�s strategy choice in this
game? Notice �rst that each of Barbara�s strategies is optimal for some
conditional belief hierarchy. That is, if you are only required to strongly
believe in Barbara�s rationality, then you are free to hold any belief about
Barbara�s strategy choice. However, we have just seen that Barbara�s
strategies (B;B) and (B;D) can both be supported by types for Barbara
that strongly believe in your rationality, whereas her strategies (D;B)
and (D;D) cannot. So, in a sense, her strategies (B;B) and (B;D) are
�more plausible� than (D;B) and (D;D): But then, if you express 2-
fold strong belief in rationality, you can only assign positive probability
to Barbara�s strategies (B;B) and (B;D): That is, under 2-fold strong
belief in rationality you believe that Barbara will write down Blackadder
after starting a �ght with her. As a consequence, you expect a utility
of 4 by starting a �ght with her, and choosing Blackadder afterwards.
Hence, under 2-fold strong belief in rationality it is no longer optimal to
choose strategy (don0t;D); as it would yield you at most a utility of 3.
Summarizing, we see that under 2-fold strong belief in rationality you
can only rationally choose the strategies (fight; B) and (don0t; B): �

Let us now try to formalize the notion of 2-fold strong belief in ratio-
nality within an epistemic model. Consider an arbitrary dynamic game,
and suppose player i �nds himself at information set h 2 Hi: The idea
is that player i; if possible, only assigns positive probability to those op-
ponents�strategy combinations that lead to h; and where every strategy
can be supported by a type that strongly believes in his opponents�ra-
tionality. In order to formalize this idea correctly, we must again make
sure that the epistemic model contains su¢ ciently many types. More
precisely, if at information set h we can indeed �nd some combination
of opponents� strategies and types, possibly outside the model, where
(a) the strategy combination leads to h; (b) every strategy is optimal
for the corresponding type, and (c) every type strongly believes in the
opponents� rationality, then the epistemic model must contain such a
combination of opponents�types.

Definition 9.2.1. (2-fold strong belief in rationality)

Consider an epistemic model M; a type ti for player i within M , and
an information set h 2 Hi: Type ti expresses 2-fold strong belief in
rationality at h if, whenever we can �nd a combination of opponents�
types, possibly outsideM; that strongly believe in their opponents�ratio-
nality, and for which there is a combination of optimal strategies leading
to h; then

(1) the epistemic model M must contain at least one such combination
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580 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Types T1 = ftfB1 ; tdB1 ; tdD1 g; T2 = ftBB2 ; tBD2 ; tDD2 g

Beliefs for
you

b1(t
fB
1 ) = ((B;D); tBD2 )

b1(t
dB
1 ) = ((B;B); tBB2 )

b1(t
dD
1 ) = ((D;D); tDD2 )

Beliefs for
Barbara

b2(t
BB
2 ; h1) = ((fight; B); tfB1 )

b2(t
BB
2 ; h2) = ((don0t; B); tdB1 )

b2(t
BD
2 ; h1) = ((fight; B); tfB1 )

b2(t
BD
2 ; h2) = ((don0t;D); tdD1 )

b2(t
DD
2 ; h1) = ((fight;D); tfB1 )

b2(t
DD
2 ; h2) = ((don0t;D); tdD1 )

Table 9.3: An epistemic model for �Watching TV with Barbara�

of opponents�types, and

(2) type ti must at h only assign positive probability to opponents�
strategy-type combinations where the strategy combination leads to h;
the types strongly believe in their opponents�rationality, and the strate-
gies are optimal for the types.

Finally, type ti is said to express 2-fold strong belief in rationality if he
does so at every information set h 2 Hi:

To illustrate this de�nition, let us return to the example �Watching
TV with Barbara�, and consider the epistemic model in Table 9.3. In
that epistemic model we have not explicitly speci�ed the information set
at which your types hold the conditional belief. We have done so because
we assume that your types hold the same conditional belief at ;; h1 and
h2: Indeed, there is no reason for you to change your initial belief when
the game reaches h1 or h2; because Barbara does not choose before h1
and h2:
We will show that your types tfB1 and tdB1 both express 2-fold strong

belief in rationality. To do so, we �rst verify that Barbara�s types tBB2
and tBD2 strongly believe in your rationality. Barbara�s types tBB2 and
tBD2 assign, at h1 and h2; probability one to a strategy-type pair for you

Clic
k t

o buy N
OW!

PDF-XChange

w
ww.docu-track.comClic

k t
o buy N

OW!
PDF-XChange

w
ww.docu-track.com

http://www.docu-track.com/buy/
http://www.docu-track.com/buy/


9.2. COMMON STRONG BELIEF IN RATIONALITY 581

where the strategy is optimal for the type. Therefore, we can immedi-
ately conclude that Barbara�s types tBB2 and tBD2 strongly believe in your
rationality.
Your type tfB1 assigns probability 1 to Barbara�s strategy-type pair

((B;D); tBD2 ): Since, as we have seen, Barbara�s type tBD2 strongly be-
lieves in your rationality, and strategy (B;D) is optimal (at h1 and h2)
for type tBD2 , it follows that your type tfB1 expresses 2-fold strong belief
in rationality. In a similar fashion, you may verify that also your type
tdB1 expresses 2-fold strong belief in rationality.
However, your type tdD1 does not express 2-fold strong belief in ra-

tionality. To show this, we �rst verify that Barbara�s type tDD2 does
not strongly believe in your rationality. At h1; there is a strategy-type
pair for you where the strategy leads to h1 and the strategy is optimal for
the type, namely the strategy-type pair ((fight; B); tfB1 ): Hence, for Bar-
bara�s type tDD2 to strongly believe in your rationality, it must at h1 assign
positive probability only to strategy-type pairs for you where the strategy
is optimal for the type. But this is not what tDD2 does. At h1; type tDD2
assigns probability 1 to your strategy-type pair ((fight;D); tfB1 ); where
(fight;D) is not optimal for tfB1 at the beginning of the game. Hence,
Barbara�s type tDD2 does not strongly believe in your rationality.
Your type tdD1 always assigns probability 1 to Barbara�s type tDD2

which, as we have seen, does not strongly believe in your rationality.
This means, however, that your type tdD1 does not express 2-fold strong
belief in rationality.
Hence, the only types for you in the epistemic model that express

2-fold strong belief in rationality are tfB1 and tdB1 : The optimal strategies
for these two types are (fight; B) and (don0t; B) which, as we have seen
above, are the only strategies that you can rationally choose under 2-fold
strong belief in rationality.

At �rst sight, one might be tempted to conclude that if a type ex-
presses 2-fold strong belief rationality, then it also automatically strongly
believes in the opponent�s rationality. This, however, is wrong! There
are types that express 2-fold strong belief in rationality, but that do not
strongly believe in the opponents�rationality! As an illustration, let us go
back to the example �Painting Chris�house�with the epistemic model
in Table 9.1. We have already seen above that your type t2 does not
strongly believe in Barbara�s rationality. We will show, however, that
this same type t2 of yours expresses 2-fold strong belief in rationality.
Notice �rst that there is no type for Barbara that strongly believes

in your rationality, and for which rejecting the colleague�s o¤er is opti-
mal. Namely, if Barbara strongly believes in your rationality, then she
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582 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

believes that you will not choose a price of 500; and hence she would
never reject the colleague�s o¤er. So, in the de�nition of 2-fold strong
belief in rationality, there is no type for Barbara that strongly believes
in your rationality, and for which there is an optimal strategy leading to
information set h1: But then, 2-fold strong belief in rationality does not
impose any restrictions on the beliefs you may hold at information set
h1; which means in particular that your type t2 expresses 2-fold strong
belief in rationality. That is, your type t2 expresses 2-fold strong belief
in rationality, but does not strongly believe in Barbara�s rationality.

Now that we have established a formal de�nition for 2-fold strong
belief in rationality, we can easily extend this idea to formally de�ne k-
fold strong belief in rationality for every k � 3: The way we build up this
de�nition is very similar to how we have de�ned k-fold assumption of
rationality for lexicographic beliefs in Chapter 7. Namely, we �rst de�ne
1-fold strong belief in rationality �which will simply be strong belief in
the opponents�rationality �and will then inductively de�ne k-fold strong
belief in rationality for every k � 2: Here, for de�ning k-fold strong belief
in rationality we will always use the de�nitions already obtained for 1-
fold until (k � 1)-fold strong belief in rationality �like we did for k-fold
assumption of rationality.

Definition 9.2.2. (k-fold strong belief in rationality)

Consider an epistemic model M and a type ti for player i within M:
Type ti is said to express 1-fold strong belief in rationality if ti strongly
believes in the opponents�rationality.

Now, �x a k � 2 and an information set h 2 Hi: Say that type ti ex-
presses k-fold strong belief in rationality at h if, whenever we can
�nd a combination of opponents�types, possibly outsideM; that express
up to (k � 1)-fold strong belief in rationality, and for which there is a
combination of optimal strategies leading to h; then

(1) the epistemic model M must contain at least one such combination
of opponents�types, and

(2) type ti must at h only assign positive probability to opponents�
strategy-type combinations where the strategy combination leads to h;
the types express up to (k � 1)-fold strong belief in rationality, and the
strategies are optimal for the types.

Finally, type ti is said to express k-fold strong belief in rationality if he
does so at every information set h 2 Hi:

Here, whenever we say that a type expresses �up to (k � 1)-fold
strong belief in rationality�, we mean that it expresses 1-fold strong belief
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9.2. COMMON STRONG BELIEF IN RATIONALITY 583

in rationality, 2-fold strong belief in rationality, ... , until (k � 1)-fold
strong belief in rationality. Note that if we choose k = 2; then we obtain
precisely the de�nition of 2-fold strong belief in rationality as provided
before.
We have seen above that a type that expresses 2-fold strong belief in

rationality need not express 1-fold strong belief in rationality. Hence, in
general, a type that expresses k-fold strong belief in rationality need not
express (k � 1)-fold strong belief in rationality �a phenomenon we have
already seen for k-fold assumption of rationality in Chapter 7.
With the de�nition of k-fold strong belief in rationality at our dis-

posal, it is now easy to de�ne common strong belief in rationality �it
simply means that the type expresses k-fold strong belief in rationality
for every k:

Definition 9.2.3. (Common strong belief in rationality)

Consider an epistemic model M and a type ti for player i within M:
Type ti is said to express common strong belief in rationality if ti
expresses k-fold strong belief in rationality for every k:

Player i can rationally choose strategy si under common strong belief in
rationality if there is some epistemic model M and some type ti within
M such that

(1) type ti expresses common strong belief in rationality, and

(2) strategy si is optimal for type ti at every information set h 2 Hi that
si leads to.

Let us illustrate this de�nition by means of the example �Watching
TV with Barbara�.

Example 9.3. Watching TV with Barbara.

Consider the graphical representation in Figure 9.2 and the epistemic
model in Table 9.3. We have seen above that your types tfB1 and tdB1
express 2-fold strong belief in rationality but that your type tdD1 does not.
Your type tdD1 does express 1-fold strong belief in rationality, however.
Moreover, we have seen that Barbara�s types tBB2 and tBD2 express 1-fold
strong belief in rationality, but that her type tDD2 does not. We will
now show that your types tfB1 and tdB1 also express 1-fold strong belief
in rationality, and that Barbara�s types tBB2 and tBD2 also express 2-fold
strong belief in rationality.
Your types tfB1 and tdB1 both assign, at each information set, proba-

bility 1 to a strategy-type pair for Barbara where the strategy is optimal
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584 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

for the type. This is enough to conclude that these two types express
1-fold strong belief in rationality.
Let us now turn to Barbara�s type tBB2 : At information set h1 (if

you decide to �ght) there is a type for you that expresses 1-fold strong
belief in rationality, and an optimal strategy for that type leading to h1;
namely your type tfB1 with optimal strategy (fight; B): So, in order for
tBB2 to express 2-fold strong belief in rationality at h1; it must at h1 assign
positive probability only to strategy-type pairs for you where the type
expresses 1-fold strong belief in rationality, and the strategy is optimal
for the type. But that is what tBB2 does as h1. Namely, type tBB2 assigns
at h1 probability 1 to the strategy-type pair ((fight; B); t

fB
1 ); where t

fB
1

expresses 1-fold strong belief in rationality, and (fight; B) is optimal for
tfB1 :

At information set h2 (if you decide not to �ght) there is also a type
for you that expresses 1-fold strong belief in rationality, and an optimal
strategy for that type leading to h2; namely your type tdB1 with optimal
strategy (don0t; B); or your type tdD1 with optimal strategy (don0t;D): So,
in order for tBB2 to express 2-fold strong belief in rationality at h2; it must
at h2 assign positive probability only to strategy-type pairs for you where
the type expresses 1-fold strong belief in rationality, and the strategy is
optimal for the type. But that is what tBB2 does at h2. Namely, type
tBB2 assigns at h2 probability 1 to the strategy-type pair ((don0t; B); tdB1 );
where tdB1 expresses 1-fold strong belief in rationality, and (don0t; B) is op-
timal for tdB1 : Hence, we may conclude that Barbara�s type t

BB
2 expresses

2-fold strong belief in rationality at h1 and h2; and therefore expresses
2-fold strong belief in rationality overall.
In the same way, it can be veri�ed that also Barbara�s type tBD2

expresses 2-fold strong belief in rationality.
So, overall we see that your types tfB1 and tdB1 ; and Barbara�s types

tBB2 and tBD2 express up to 2-fold strong belief in rationality, whereas the
other types tdD1 and tDD2 do not.

We will now show that your types tfB1 and tdB1 also express 3-fold
strong belief in rationality.
Let us �rst turn to your type tfB1 : At every information set, your type

tfB1 assigns probability 1 to Barbara�s strategy-type pair ((B;D); tBD2 );
where tBD2 expresses up to 2-fold strong belief in rationality, and (B;D) is
optimal for tBD2 : This is enough to conclude that your type tfB1 expresses
3-fold strong belief in rationality. In a similar way, it can be checked that
also your type tdB1 expresses 3-fold strong belief in rationality.

Next, we show that Barbara�s type tBB2 also expresses 3-fold strong
belief in rationality. By de�nition, Barbara�s type tBB2 assigns at h1
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9.2. COMMON STRONG BELIEF IN RATIONALITY 585

probability 1 to your strategy-type pair ((fight; B); tfB1 ); and assigns at
h2 probability 1 to your strategy-type pair ((don0t; B); tdB1 ): Since t

fB
1 and

tdB1 express up to 2-fold strong belief in rationality, strategy (fight; B)
is optimal for tfB1 ; and strategy (don

0t; B) is optimal for tdB1 ; we may
immediately conclude that Barbara�s type tBB2 expresses 3-fold strong
belief in rationality.
We show, however, that Barbara�s type tBD2 does not express 3-fold

strong belief in rationality. At h2 there is a strategy-type pair for you
where the strategy leads to h2, the type expresses up to 2-fold strong
belief in rationality, and the strategy is optimal for the type, namely the
strategy-type pair ((don0t; B); tdB1 ): So, for t

BD
2 to express 3-fold strong

belief in rationality, it must assign at h2 only positive probability to
strategy-type pairs for you where the strategy is optimal for the type
and the type expresses up to 2-fold strong belief in rationality. This,
however, is not what tBD2 does. At h2; type tBD2 assigns probability 1 to
your strategy-type pair ((don0t;D); tdD1 ); but we have seen that t

dD
1 does

not express up to 2-fold strong belief in rationality. Hence, Barbara�s
type tBD2 does not express 3-fold strong belief in rationality.
Summarizing so far, we see that your types tfB1 and tdB1 ; and Barbara�s

type tBB2 , express up to 3-fold strong belief in rationality, whereas the
other types do not.

We now prove that your type tdB1 and Barbara�s type tBB2 also express
4-fold strong belief in rationality, but that your type tfB1 does not.

For your type tdB1 this is easily seen, as tdB1 always assigns probability
1 to Barbara�s strategy-type pair ((B;B); tBB2 ); where tBB2 expresses up
to 3-fold strong belief in rationality, and strategy (B;B) is optimal for
type tBB2 : This is enough to conclude that your type tdB1 expresses 4-fold
strong belief in rationality.
Consider now your type tfB1 : Clearly, at each of your information sets

there is a strategy-type pair for Barbara where the strategy leads to that
information set, the strategy is optimal for the type, and the type ex-
presses up to 3-fold strong belief in rationality, namely the strategy-type
pair ((B;B); tBB2 ): So, in order for tfB1 to express 4-fold strong belief in
rationality, it must at every information set only assign positive proba-
bility to strategy-type pairs for Barbara where the strategy is optimal
for the type and the type expresses up to 3-fold strong belief in ratio-
nality. But this is not what tfB1 does. Type tfB1 assigns probability 1 to
Barbara�s type tBD2 which, as we have seen, does not express up to 3-fold
strong belief in rationality. Hence, your type tfB1 does not express 4-fold
strong belief in rationality.
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586 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

We will now show that Barbara�s type tBB2 does express 4-fold strong
belief in rationality. Note that type tBB2 assigns at h1 probability 1 to
your strategy-type pair ((fight; B); tfB1 ) and assigns at h2 probability 1
to your strategy-type pair ((don0t; B); tdB1 ): We know, from before, that
(fight; B) is optimal for tfB1 ; that (don

0t; B) is optimal for tdB1 ; and that
the types tfB1 and tdB1 both express up to 3-fold strong belief in rational-
ity. This is enough to conclude that Barbara�s type tBB2 expresses 4-fold
strong belief in rationality.
Summarizing, we see that your type tdB1 and Barbara�s type tBB2 ex-

press up to 4-fold strong belief in rationality, and that the other types
do not.

We �nally show that your type tdB1 and Barbara�s type tBB2 also ex-
press 5-fold strong belief in rationality and further.
Let us start with your type tdB1 and see why it expresses 5-fold strong

belief in rationality. This is easily seen, in fact, as tdB1 always assigns
probability 1 to Barbara�s strategy-type pair ((B;B); tBB2 ); where (B;B)
is optimal for tBB2 and, as we have seen, type tBB2 expresses up to 4-fold
strong belief in rationality.
To verify the same for Barbara�s type tBB2 is more di¢ cult, however.

Consider the information set h1; where you have decided to start a �ght
with Barbara. We show that there is no type for you which expresses
up to 4-fold strong belief in rationality, and that has an optimal strategy
leading to h1:
We have seen that only your strategies (fight; B); (don0t; B) and

(don0t;D) are optimal at the beginning for some belief about Barbara�s
strategy choice. Hence, under 1-fold strong belief in rationality Barbara
must conclude at h1 that you are choosing (fight; B): So, the only op-
timal strategies for Barbara under 1-fold strong belief in rationality are
(B;B) and (B;D):

Consequently, under 2-fold strong belief in rationality you must be-
lieve, throughout the game, that Barbara either chooses (B;B) or (B;D):
As such, the only optimal strategies for you under expressing up to 2-fold
strong belief in rationality are (fight; B) and (don0t; B):

But then, under 3-fold strong belief in rationality Barbara must con-
clude at h1 that you are choosing (fight; B); and must conclude at h2 that
you are choosing (don0t; B): Hence, the only optimal strategy for Barbara
if she expresses up to 3-fold strong belief in rationality is (B;B):

So, under 4-fold strong belief in rationality you must believe that
Barbara chooses (B;B): This means that there is only one strategy you
can rationally choose under expressing up to 4-fold strong belief in ra-
tionality, namely (don0t; B): Hence, indeed, there is no type for you that
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9.2. COMMON STRONG BELIEF IN RATIONALITY 587

expresses up to 4-fold strong belief in rationality, and that has an optimal
strategy leading to h1:
But then, 5-fold strong belief in rationality does not impose any re-

strictions on Barbara�s belief at h1: In particular, Barbara�s type tBB2
expresses 5-fold strong belief in rationality at h1: At information set
h2; Barbara�s type tBB2 assigns probability 1 to your strategy-type pair
((don0t; B); tdB1 ): Since type t

dB
1 expresses up to 4-fold strong belief in

rationality, as we have seen, and strategy (don0t; B) is optimal for type
tdB1 ; it follows that Barbara�s type t

BB
2 expresses 5-fold strong belief in ra-

tionality at h2: Hence, we may conclude that tBB2 expresses 5-fold strong
belief in rationality overall.
Summarizing, we see that your type tdB1 and Barbara�s type tBB2 ex-

press up to 5-fold strong belief in rationality.

In a similar fashion, it can be veri�ed that both types also express
6-fold strong belief in rationality and further. That is, both your type
tdB1 and Barbara�s type tBB2 express common strong belief in rationality.
Since your strategy (don0t; B) is optimal for your type tdB1 ; we see that
you can rationally choose strategy (don0t; B) under common strong belief
in rationality.

We can actually show a little more: Under common strong belief in
rationality, your only optimal strategy is (don0t; B)! Above we have ar-
gued, namely, that if you express up to 4-fold strong belief in rationality,
then your only optimal strategy is (don0t; B): But then, it will certainly
be the only optimal strategy under common strong belief in rationality.
Moreover, we have also seen that if you express up to 4-fold strong belief
in rationality, then you believe that Barbara will choose (B;B); that is,
that Barbara will always write down Blackadder. But then, under com-
mon strong belief in rationality, your only possible belief is that Barbara
will always write down Blackadder, which means that you expect to ob-
tain the maximum utility of 6 by not starting a �ght, and writing down
Blackadder subsequently. Hence, we see that under common strong be-
lief in rationality you expect to end up with the best possible scenario �
namely that you will watch your favorite program Blackadder together,
without having to start a �ght with Barbara about this! �

Let us �nally go back to the example �Painting Chris�house� and
apply the idea of common strong belief in rationality there.

Example 9.4. Painting Chris�house.

Reconsider the dynamic game in Figure 9.1 and the epistemic model in
Table 9.2. We have already seen that your type t2 expresses 1-fold strong
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588 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

belief in rationality. We will show that your type t2 and Barbara�s type
ta1 both express common strong belief in rationality, but Barbara�s type
tr1 not.

In fact, Barbara�s type tr1 does not even express 1-fold strong belief
in rationality. Her type tr1; namely, assigns at the beginning of the game
probability 1 to your strategy-type pair (500; t2): But strategy 500 is not
optimal for your type t2; and hence Barbara�s type tr1 does not strongly
believe in your rationality, that is, does not express 1-fold strong belief
in rationality.
We next show that Barbara�s type ta1 expresses 1-fold strong belief in

rationality. This is easily seen, as ta1 always assigns probability 1 to your
strategy-type pair (300; t2); and strategy 300 is optimal for your type t2:
So, both your type t2 and Barbara�s type ta1 express 1-fold strong belief
in rationality.
Subsequently, we prove that your type t2 and Barbara�s type ta1 also

express 2-fold strong belief in rationality. Let us start with your type
t2: Is there a strategy-type pair for Barbara where the type expresses
1-fold strong belief in rationality, the strategy is optimal for the type,
and the strategy leads to h1? The answer is �no�. Namely, if Barbara
expresses 1-fold strong belief in rationality �that is, strongly believes in
your rationality �then she believes that you will not choose a price of
500. But then, it cannot be optimal for Barbara to reject the colleague�s
o¤er. So, there is no type for Barbara that expresses 1-fold strong belief
in rationality, and which has an optimal strategy leading to h1: But then,
2-fold strong belief in rationality does not impose any restrictions on your
beliefs at h1: In particular, your type t2 expresses 2-fold strong belief in
rationality.
It is easily veri�ed that Barbara�s type ta1 expresses 2-fold strong belief

in rationality: Her type ta1 always assigns probability 1 to your strategy-
type pair (300; t2); where t2 expresses 1-fold strong belief in rationality,
and strategy 300 is optimal for t2: So, we conclude that both your type
t2 and Barbara�s type ta1 express up to 2-fold strong belief in rationality.

In a similar fashion it can be veri�ed that the types t2 for you and
ta1 for Barbara also express 3-fold strong belief in rationality and further.
That is, t2 and ta1 both express common strong belief in rationality. As
strategy 300 is optimal for your type t2; we conclude that you can ratio-
nally choose a price of 300 under common strong belief in rationality.
In fact, 300 is the only price you can rationally choose under com-

mon strong belief in rationality. Namely, if you strongly believe in Bar-
bara�s rationality, then you must believe, after observing that Barbara
has rejected the colleague�s o¤er, that Barbara will choose a price of 400
afterwards, as this is the only price by which she can get more than 350
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9.3. ALGORITHM 589

�the amount she could have obtained by accepting the colleague�s o¤er.
But then, the only optimal price for you would be to choose 300.
So, if Barbara expresses common strong belief in rationality, then she

must believe that you will choose a price of 300 in case she rejects the
colleague�s o¤er. Therefore, under common strong belief in rationality
there is only one optimal strategy for Barbara, namely to accept the
colleague�s o¤er at the beginning of the game. �

9.3. Algorithm

Up to this stage we have introduced and formalized the idea of com-
mon strong belief in rationality. We now investigate whether there is an
easy algorithm that generates precisely those strategies you can ratio-
nally choose under common strong belief in rationality. It turns out that
we can indeed �nd such an algorithm, and in fact it will be very similar
to the backward dominance procedure we presented for common belief in
future rationality. On the road towards this algorithm we start by char-
acterizing those strategies you can rationally choose under 1-fold strong
belief in rationality, then we characterize the strategies you can rationally
choose under expressing up to 2-fold strong belief in rationality, and so
on.

Step 1: 1-fold strong belief in rationality. We start by asking
the following question: Which strategies can you rationally choose under
1-fold strong belief in rationality, that is, if you strongly believe in the
opponents�rationality? Remember that 1-fold strong belief in rationality
means the following: If player i �nds himself at information set h 2 Hi,
and if there is some opponents�strategy combination that leads to h and
where every strategy is optimal, then player i should at h only assign
positive probability to such optimal opponents�strategy combinations.
If there is no such optimal opponents�strategy combination leading to
h, then no conditions are being imposed on player i�s beliefs at h:
Here, by an �optimal strategy�we mean a strategy sj that is optimal,

at every information set h0 2 Hj it leads to, for some conditional belief
there. We can rephrase the de�nition of 1-fold strong belief in rationality
as follows: Player i should at information set h assign probability 0 to
every opponent�s strategy that is not optimal, unless there is no optimal
strategy combination that leads to h: In the latter case, no conditions
are imposed on player i�s beliefs at h:
From Chapter 8 we know that an opponent�s strategy sj is optimal

at an information set h0 2 Hj for some conditional belief there, precisely
when sj is not strictly dominated within the full decision problem �0(h0):
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590 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Remember that the full decision problem �0(h0) = (Sj(h
0); S�j(h

0)) con-
tains for player j only the set Sj(h0) of strategies leading to h0; and
contains for the opponents only the set S�j(h0) of opponents�strategy
combinations leading to h0: This means that an opponent�s strategy sj
is not optimal exactly when it is strictly dominated within some full de-
cision problem �0(h0) at which j is active. Hence, 1-fold strong belief
in rationality can alternatively be stated as follows: Player i should at
information set h assign probability 0 to every strategy for opponent j
that is strictly dominated at some full decision problem �0(h0) at which
j is active, unless this would rule out all possible beliefs for player i at
h. In the latter case, no conditions are imposed on player i�s beliefs at h:
Now, requiring that player i should at h assign probability 0 to such

strategies for opponent j can be mimicked by �removing� these oppo-
nent�s strategies from the full decision problem �0(h) at h: But then,
1-fold strong belief in rationality can be mimicked by the following elim-
ination step: At the full decision problem �0(h); eliminate for every op-
ponent j those strategies that are strictly dominated within some full
decision problem �0(h0) at which j is active, unless this would remove all
strategy combinations leading to h: In the latter case, we do not remove
any strategies from h. Let �1(h) be the reduced decision problem at h
that remains after removing strategies from �0(h) in this way.

So far we have shown that, if player i expresses 1-fold strong belief
in rationality, then at every information set h 2 Hi he should assign
positive probability only to opponents�strategy combinations in �1(h):
In that case, the strategies he can rationally choose are precisely those
strategies that are optimal, at every information set h 2 Hi it leads to,
for some conditional belief at �1(h): But, as we know from Chapter 8,
these are precisely the strategies that are not strictly dominated within
any decision problem �1(h) at which player i is active.
We thus see that for every player i; the strategies he can rationally

choose under 1-fold strong belief in rationality are precisely the strategies
that are not strictly dominated at any reduced decision problem �1(h) at
which he is active. In turn, these are precisely the strategies that remain
after removing, from the reduced decision problem �1(;) at the beginning
of the game, those strategies for player i that are strictly dominated at
some reduced decision problem �1(h) at which i is active.

Summarizing, the strategies that can rationally be chosen under 1-
fold strong belief in rationality are obtained by the following two-step
elimination procedure:
First, eliminate at every full decision problem �0(h) all strategies sj

that are strictly dominated at some full decision problem �0(h0) at which
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9.3. ALGORITHM 591

player j is active, unless this would remove all strategy combinations
leading to h: In the latter case, do not remove any strategies from �0(h):
This leads to the new decision problems �1(h) at every information set
h:
Second, eliminate from the decision problem �1(;) at the beginning

of the game, and for every player i; those strategies that are strictly
dominated at some reduced decision problem �1(h) at which i is active.
This leads to the new decision problem �2(;) at the beginning of the
game.
The strategies that can rationally be chosen under 1-fold strong belief

in rationality are exactly the strategies in �2(;):

Step 2: Up to 2-fold strong belief in rationality. We now go one
step further, and try to characterize those strategies you can rationally
choose under expressing up to 2-fold strong belief in rationality. Consider
some player i and an information set h 2 Hi at which he is active. Then,
for player i to express 2-fold strong belief in rationality at h means the
following: If there is an opponents� strategy combination leading to h
that can rationally be chosen under 1-fold strong belief in rationality,
then player imust at h only assign positive probability to such opponents�
strategy combinations.
We have seen in the step above that the players�strategies that can

rationally be chosen under 1-fold strong belief in rationality are pre-
cisely the strategies in �2(;): So, 2-fold strong belief in rationality at h
then means the following for player i: If there is an opponents� strat-
egy combination in �2(;) leading to h; then player i must at h only
assign positive probability to opponents�strategy combinations in �2(;):
Or, equivalently, we remove from the decision problem �1(h) those op-
ponents�strategies that are not in �2(;); unless this would remove all
strategy combinations leading to h:
By construction, a strategy sj for player j is not in �2(;) if it is strictly

dominated at some reduced decision problem �1(h0) at which player j is
active. So, we remove from �1(h) those strategies sj that are strictly
dominated at some reduced decision problem �1(h0) at which player j is
active, unless this would remove all strategy combinations leading to h:
In the latter case, we do not remove any further strategies from �1(h):
By doing so at every h; we obtain newly reduced decision problems �2(h)
at every information set h: Hence, a player who expresses up to 2-fold
strong belief in rationality assigns at each of his information sets h only
positive probability to opponents�strategy combinations in �2(h):

But then, the strategies that player i can rationally choose under
expressing up to 2-fold strong belief in rationality will be precisely those
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strategies that are optimal, at every information set h 2 Hi it leads
to, for some conditional belief in �2(h): These, in turn, are exactly the
strategies si that are not strictly dominated within any reduced decision
problem �2(h) it leads to.

So, the strategies that can rationally be chosen under expressing up to
2-fold strong belief in rationality are obtained by the following procedure:
First, eliminate at every reduced decision problem �1(h) all strategies

sj that are strictly dominated at some reduced decision problem �1(h0) at
which player j is active, unless this would remove all strategy combina-
tions leading to h: In the latter case, do not remove any further strategies
from �1(h): This leads to the newly reduced decision problems �2(h) at
every information set h:
Second, eliminate from the decision problem �2(;) at the beginning

of the game, and for every player i; those strategies that are strictly
dominated at some reduced decision problem �2(h) at which i is active.
This leads to the new decision problem �3(;) at the beginning of the
game.
The strategies that can rationally be chosen under expressing up to

2-fold strong belief in rationality are exactly the strategies in �3(;):
By repeating this argument, we can construct for every k � 3 and

every information set h a reduced decision problem �k(h); and conclude
that �k(;) contains exactly those strategies that can rationally be chosen
by players who express up to (k � 1)-fold strong belief in rationality.
So, by iterating this reduction process until no further strategies can be
removed, we obtain an algorithm that yields precisely those strategies
that can rationally be chosen under common strong belief in rationality.
This algorithm is called the iterated conditional dominance procedure,
and is formally presented below.

Algorithm 9.3.1. (Iterated conditional dominance procedure)

Step 1. At every full decision problem �0(h); eliminate for every player i
those strategies that are strictly dominated at some full decision problem
�0(h0) at which player i is active, unless this would remove all strategy
combinations that lead to h. In the latter case, we do not remove any
strategies from �0(h): This leads to reduced decision problems �1(h) at
every information set h:

Step 2. At every reduced decision problem �1(h); eliminate for every
player i those strategies that are strictly dominated at some reduced
decision problem �1(h0) at which player i is active, unless this would
remove all strategy combinations that lead to h. In the latter case, we do
not remove any strategies from �1(h): This leads to new reduced decision
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9.3. ALGORITHM 593

problems �2(h) at every information set.

And so on. Continue until no more strategies can be eliminated in this
way.

Like in Chapter 8, eliminating a strategy si from a full decision prob-
lem �0(h) formally means the following: If player i is active at h; and the
full decision problem �0(h) is given by (Si(h); S�i(h)); then we simply
eliminate strategy si from Si(h): If player j is active at h but not i; and
the full decision problem �0(h) is given by (Sj(h); S�j(h)); then we elim-
inate from S�j(h) every strategy combination that contains strategy si
for player i: Similarly for eliminating a strategy from a reduced decision
problem.
Note that this algorithm is very similar to the backward dominance

procedure discussed in the previous chapter, as it also proceeds by suc-
cessively eliminating strategies from decision problems at information
sets. However, the criterion to eliminate a strategy at a decision prob-
lem is di¤erent: In the backward dominance procedure, we eliminate a
strategy si in a decision problem at h if si is strictly dominated within
a decision problem weakly following h at which player i is active. In the
iterated conditional dominance procedure, we would also eliminate si if
it is strictly dominated within a decision problem that comes before h; or
that comes neither before nor after h �as long as this would not remove
all strategy combinations leading to h:
Like for the backward dominance procedure, it can easily be seen that

the iterated conditional dominance procedure will always stop within
�nitely many steps. Namely, there are only �nitely many strategies for
every player. Since the algorithm proceeds by successively eliminating
strategies from decision problems at information sets, there must be a
step in the procedure in which no further strategies can be eliminated,
and this is where the algorithm stops.
We say that a strategy survives the iterated conditional dominance

procedure if it is never eliminated in the decision problem at the begin-
ning of the game.

Definition 9.3.2. (Strategy surviving the iterated conditional dom-
inance procedure)

For every information set h and every k; let �k(h) be the reduced deci-
sion problem produced in step k of the iterated conditional dominance
procedure. Strategy si for player i survives the iterated conditional
dominance procedure if si is in the decision problem �k(;) for every
k:
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594 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

It is clear that for every player i there will be at least one strategy that
survives the iterated conditional dominance procedure, as we can never
eliminate all strategies for a player at ;: Our main theorem below states
that the strategies that can rationally be chosen under common strong
belief in rationality are exactly the strategies that survive the iterated
conditional dominance procedure. That is, the algorithm we presented
above gives us precisely what we want �namely the strategies that are
optimal under common strong belief in rationality.

Theorem 9.3.3. (Algorithm �works�)

(1) For every k � 1; the strategies that can rationally be chosen by a
type that expresses up to k-fold strong belief in rationality are precisely
the strategies in �k+1(;) �that is, those strategies that survive step k+1
of the iterated conditional dominance procedure at ;:
(2) The strategies that can rationally be chosen by a type that expresses
common strong belief in rationality are exactly the strategies that survive
survive the full iterated conditional dominance procedure at ;.
The proof can be found in the proofs section at the end of this chapter.

This theorem shows, in particular, that common strong belief in ratio-
nality is always possible. That is, in every dynamic game we can �nd for
every player a type that expresses common strong belief in rationality.
We have seen, namely, that the iterated conditional dominance proce-
dure yields for every player at least one strategy. In view of the theorem,
this strategy can rationally be chosen by a type that expresses common
strong belief in rationality. So, in particular we can build an epistemic
model in which some type of this player expresses common strong belief
in rationality. In other words, common strong belief in rationality is al-
ways possible in every game. Unfortunately, we cannot provide an easy
method to prove the existence, like we did for common belief in future
rationality.

Corollary 9.3.4. (Common strong belief in rationality is always
possible)

We can always build an epistemic model which contains, for every player
i; some type ti that expresses common strong belief in rationality.

However, for most games we cannot construct an epistemic model in
which all types express common strong belief in rationality. Consider,
for instance, the example �Painting Chris� house�. Suppose we build
an epistemic model in which there is a type t2 for you that expresses
common strong belief in rationality. In particular, this type t2 must
strongly believe in Barbara�s rationality. So, at information set h1 �
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9.3. ALGORITHM 595

where Barbara has decided to reject the colleague�s o¤er �type t2 must
believe that Barbara is of a type t1 for which it is optimal to indeed
reject the o¤er. But, as we have seen, there is no type for Barbara that
expresses common strong belief in rationality and for which rejecting the
colleague�s o¤er is optimal. That is, your type t2 must at information set
h1 believe that Barbara is of a type t1 which does not express common
strong belief in rationality. In particular, the epistemic model at hand
must contain at least one type for Barbara that does not express common
strong belief in rationality. Summarizing, we see that every epistemic
model for �Painting Chris�house�contains at least one type that does
not express common strong belief in rationality.
Compare this to the concept of common belief in future rationality. In

Theorem 8.7.1 of Chapter 8, we have shown that we can always construct
an epistemic model in which all types express common belief in future
rationality. This is not possible if we turn to common strong belief in
rationality!

Let us now apply the iterated conditional dominance procedure to the
two examples we have discussed so far in this chapter, and verify that
it indeed yields precisely those strategies that can rationally be chosen
under common strong belief in rationality.

Example 9.5. Painting Chris�house.

Consider the graphical representation of this game in Figure 9.1. Let h1
be the information set that follows Barbara�s choice �reject�. So, the two
full decision problems �0(;) and �0(h1) are given by Table 9.4.

Step 1. At the decision problem �0(;); the strategies (r; 200); (r; 300)
and (r; 500) for Barbara are all strictly dominated by the strategy accept:
We therefore do not only eliminate these strategies from the decision
problem �0(;); but also from the future decision problem �0(h1), since
by doing so we do not remove all of Barbara�s strategies leading to h1:
Note, namely, that strategy (r; 400) for Barbara leads to h1; but is not
eliminated at h1: This is crucially di¤erent from how the backward dom-
inance procedure works in this example. According to the backward
dominance procedure, we cannot eliminate the strategies (r; 200) and
(r; 300) at �0(h1); since these strategies are only strictly dominated in
the decision problem �0(;) at the beginning, but not at �0(h1):

For you, strategy 500 is strictly dominated by the randomized strat-
egy (0:5) �200+(0:5) �400 in �0(h1):We therefore eliminate your strategy
500 from the decision problems at ; and h1: This leads to the reduced
decision problems �1(;) and �1(h1) in Table 9.5.
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596 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

�0(;): Barbara active
200 300 400 500

(r; 200) 100; 100 200; 0 200; 0 200; 0
(r; 300) 0; 200 150; 150 300; 0 300; 0
(r; 400) 0; 200 0; 300 200; 200 400; 0
(r; 500) 0; 200 0; 300 0; 400 250; 250
accept 350; 500 350; 500 350; 500 350; 500

�0(h1): Barbara and you active

200 300 400 500
(r; 200) 100; 100 200; 0 200; 0 200; 0
(r; 300) 0; 200 150; 150 300; 0 300; 0
(r; 400) 0; 200 0; 300 200; 200 400; 0
(r; 500) 0; 200 0; 300 0; 400 250; 250

Table 9.4: Full decision problems in �Painting Chris�house�

�1(;): Barbara active
200 300 400

(r; 400) 0; 200 0; 300 200; 200
accept 350; 500 350; 500 350; 500

�1(h1): Barbara and you active

200 300 400
(r; 400) 0; 200 0; 300 200; 200

Table 9.5: Reduced decision problems after step 1 in �Painting Chris�
house�

Step 2. Within the reduced decision problem �1(;) at the beginning,
Barbara�s strategy (r; 400) is strictly dominated by accept: We therefore
eliminate her strategy (r; 400) from �1(;): However, we do not eliminate
this strategy (r; 400) from the future decision problem �1(h1); since by
doing so we would remove all of Barbara�s strategies leading to h1!
For you, strategies 200 and 400 are both strictly dominated by 300 in

the reduced decision problem �1(h1) at h1: We therefore eliminate your
strategies 200 and 400 from �1(h1) but also from �1(;): This leads to
the �nal decision problems in Table 9.6, from which no further strategies
can be eliminated. So, the only strategies that survive the iterated con-
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9.3. ALGORITHM 597

�2(;): Barbara active
300

accept 350; 500

�2(h1): Barbara and you active

300
(r; 400) 0; 300

Table 9.6: Final decision problems after step 2 in �Painting Chris�
house�

�0(;): You active
(B;B) (B;D) (D;B) (D;D)

(fight; B) 4; 1 4; 1 0; 0 0; 0
(fight;D) 0; 0 0; 0 1; 4 1; 4
(don0t; B) 6; 3 2; 2 6; 3 2; 2
(don0t;D) 2; 2 3; 6 2; 2 3; 6

�0(h1): You and Barbara active

(B;B) (B;D) (D;B) (D;D)
(fight; B) 4; 1 4; 1 0; 0 0; 0
(fight;D) 0; 0 0; 0 1; 4 1; 4

�0(h2): You and Barbara active

(B;B) (B;D) (D;B) (D;D)
(don0t; B) 6; 3 2; 2 6; 3 2; 2
(don0t;D) 2; 2 3; 6 2; 2 3; 6

Table 9.7: Full decision problems in �Watching TV with Barbara�

ditional dominance procedure are accept for Barbara, and 300 for you.
This, as we have seen, are precisely the strategies that Barbara and you
can rationally choose under common strong belief in rationality. �

Example 9.6. Watching TV with Barbara.

Consider the graphical representation of this game in Figure 9.2. So, the
three full decision problems in this game are �0(;);�0(h1) and �0(h2) as
depicted in Table 9.7.
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598 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

�1(;): You active
(B;B) (B;D) (D;B) (D;D)

(fight; B) 4; 1 4; 1 0; 0 0; 0
(don0t; B) 6; 3 2; 2 6; 3 2; 2
(don0t;D) 2; 2 3; 6 2; 2 3; 6

�1(h1): You and Barbara active

(B;B) (B;D) (D;B) (D;D)
(fight; B) 4; 1 4; 1 0; 0 0; 0

�1(h2): You and Barbara active

(B;B) (B;D) (D;B) (D;D)
(don0t; B) 6; 3 2; 2 6; 3 2; 2
(don0t;D) 2; 2 3; 6 2; 2 3; 6

Table 9.8: Reduced decision problems after step 1 in �Watching TV
with Barbara�

Step 1. In the decision problem �0(;) at the beginning, only your
strategy (fight;D) is strictly dominated. We therefore eliminate
(fight;D) from �0(;) but also from the future decision problem �0(h1):
Namely, by doing so we do not remove all your strategies leading to h1; as
(fight; B) still remains. No other strategies can be eliminated in round
1. This leads to the reduced decision problems in Table 9.8.

Step 2. In decision problem �1(h1); Barbara�s strategies (D;B) and
(D;D) are strictly dominated. We therefore eliminate these two strate-
gies from �1(h1); but also from �1(;) and �1(h2): No other strategies can
be eliminated at step 2. This leads to the new decision problems in Table
9.9.

Step 3. In decision problem �2(;) at the beginning of the game, your
strategy (don0t;D) is strictly dominated. We therefore eliminate this
strategy from �2(;) but also from the future decision problem �2(h2); as
by doing so we do not remove all your strategies leading to h2: No other
strategies can be eliminated in step 3. This leads to the new decision
problems in Table 9.10.

Step 4. In decision problem �3(h2); Barbara�s strategy (B;D) is strictly
dominated by (B;B): We thus remove Barbara�s strategy (B;D) from
the decision problems �3(;);�3(h1) and �3(h2): No other strategies can
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�2(;): You active
(B;B) (B;D)

(fight; B) 4; 1 4; 1
(don0t; B) 6; 3 2; 2
(don0t;D) 2; 2 3; 6

�2(h1): You and Barbara active

(B;B) (B;D)
(fight; B) 4; 1 4; 1

�2(h2): You and Barbara active

(B;B) (B;D)
(don0t; B) 6; 3 2; 2
(don0t;D) 2; 2 3; 6

Table 9.9: Reduced decision problems after step 2 in �Watching TV
with Barbara�

�3(;): You active
(B;B) (B;D)

(fight; B) 4; 1 4; 1
(don0t; B) 6; 3 2; 2

�3(h1): You and Barbara active

(B;B) (B;D)
(fight; B) 4; 1 4; 1

�3(h2): You and Barbara active

(B;B) (B;D)
(don0t; B) 6; 3 2; 2

Table 9.10: Reduced decision problems after step 3 in �Watching TV
with Barbara�

be eliminated in step 4. This leads to the new decision problems in Table
9.11.

Step 5. In decision problem �4(;); your strategy (fight; B) is strictly
dominated by (don0t; B):We thus eliminate your strategy (fight; B) from
�4(;): However, we cannot eliminate this strategy from �4(h1); since by

Clic
k t

o buy N
OW!

PDF-XChange

w
ww.docu-track.comClic

k t
o buy N

OW!
PDF-XChange

w
ww.docu-track.com

http://www.docu-track.com/buy/
http://www.docu-track.com/buy/
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�4(;): You active
(B;B)

(fight; B) 4; 1
(don0t; B) 6; 3

�4(h1): You and Barbara active

(B;B)
(fight; B) 4; 1

�4(h2): You and Barbara active

(B;B)
(don0t; B) 6; 3

Table 9.11: Reduced decision problems after step 4 in �Watching TV
with Barbara�

�5(;): You active
(B;B)

(don0t; B) 6; 3

�5(h1): You and Barbara active

(B;B)
(fight; B) 4; 1

�5(h2): You and Barbara active

(B;B)
(don0t; B) 6; 3

Table 9.12: Final decision problems after step 5 in �Watching TV
with Barbara�

doing so we would remove at h1 all your strategies leading to h1: No
further strategies can be eliminated at step 5. This leads to the �nal
decision problems in Table 9.12, from which no strategies can be removed.
So, the only strategies that survive the iterated conditional dominance
procedure are the strategies (don0t; B) for you, and (B;B) for Barbara.
We have seen that these are also the only strategies that can rationally
be chosen under common strong belief in rationality. �
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9.4. COMPARISON WITH BACKWARD DOMINANCE PROCEDURE 601

9.4. Comparison with Backward Dominance Procedure

In this section we will compare in more detail the iterated conditional
dominance procedure to the backward dominance procedure from Chap-
ter 8. The backward dominance procedure is characterized by eliminating
strategies backwards �that is, if a strategy si is strictly dominated in a
decision problem at information set h where i is active, then we eliminate
si at h, but also at all decision problems before h:

The iterated conditional dominance procedure works di¤erently: If
strategy si is strictly dominated in a decision problem at information set
h where i is active, then we do not only eliminate si at h and all decision
problems before h; but also at all decision problems after h �as long as we
do not remove all strategy combinations leading to that information set.
In other words, the iterated conditional dominance procedure eliminates
backwards and forward.
Not only this, if si is strictly dominated at h; then it also eliminates

si at information sets that do not come before, nor after, h: Consider,
for instance, the example �Watching TV with Barbara�. In step 2 of the
iterated conditional dominance procedure, Barbara�s strategies (D;B)
and (D;D) are strictly dominated at h1; and we thus eliminate these
strategies also at h2; which is an information set that does not come
before, nor after, h1: We say that h1 and h2 are �parallel� information
sets. We can thus say that the iterated conditional dominance procedure
works by eliminating strategies backwards, forward, and in parallel.
At �rst sight, this could suggest that in the iterated conditional dom-

inance procedure we always eliminate more strategies at every step than
in the backward dominance procedure, and that therefore the iterated
conditional dominance procedure is always more restrictive. This is not
true, however! Note that in the iterated conditional dominance proce-
dure we always have the �unless� at every elimination step. Namely,
from the decision problem �k(h) at h we eliminate the strategies as spec-
i�ed in the algorithm unless this would remove all strategy combinations
leading to h: In the latter case, we do not remove any strategies from
�k(h): At the same time, it is possible that in the latter case we would
still eliminate strategies at h in the backward dominance procedure. So,
it is not true that the iterated conditional dominance procedure always
eliminates more than the backward dominance procedure.
In fact, there is no logical relationship, in terms of strategy choices,

between the outputs of the iterated conditional dominance procedure
and the backward dominance procedure �sometimes the former is more
restrictive, sometimes the latter, and it may also happen that both pro-
cedures yield completely opposed sets of strategies for a given player.
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602 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Consider, for instance, the example �Painting Chris� house� with the
graphical representation in Figure 9.1. We have seen that the iterated
conditional dominance procedure uniquely selects the strategy 300 for
you here, whereas the backward dominance procedure uniquely selects
the strategy 200 for you. Hence, in this example the two procedures
yield completely opposed results.
Now, suppose that in this example Barbara would receive 500 instead

of 350 by accepting the colleague�s o¤er. Then, it may be checked that the
iterated conditional dominance procedure would select the strategies 200,
300 and 400 for you, whereas the backward dominance procedure would
still uniquely select your strategy 200. So, in this modi�ed example, the
backward dominance procedure would be more restrictive in terms of
strategies for you.
Next, consider the example �Watching TV with Barbara�. As we

have seen, the iterated conditional dominance procedure uniquely �lters
the strategy (don0t; B) for you. The reader may verify that the back-
ward dominance procedure only eliminates the strategy (fight;D) for
you at �0(;); after which the procedure terminates. Hence, the back-
ward dominance procedure selects the strategies (fight; B); (don0t; B)
and (don0t;D) for you. That is, in this example the iterated conditional
dominance procedure is more restrictive in terms of possible strategy
choices for you.
Overall, we may thus conclude that, in terms of strategy choices,

there is no general logical relationship between the iterated conditional
dominance procedure and the backward dominance procedure.

What can we say about dynamic games with perfect information �
that is, games in which players choose one at the time, and always observe
the choices made by their opponents in the past? We have seen in the
previous chapter that in such games, the backward dominance procedure
is equivalent to the backward induction procedure. As a consequence,
in a game with perfect information the strategies that can rationally
be chosen under common belief in future rationality are precisely the
backward induction strategies.
Is this also true for common strong belief in rationality and the as-

sociated iterated conditional dominance procedure? The answer is �no�!
To show this, we will now give an example of a dynamic game with per-
fect information, in which the strategies that can rationally be chosen
under common strong belief in rationality are di¤erent from the back-
ward induction strategies. Even stronger, for one of the players there is a
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9.4. COMPARISON WITH BACKWARD DOMINANCE PROCEDURE 603

unique strategy that can rationally be chosen under common strong be-
lief in rationality, and this strategy is di¤erent from the unique backward
induction strategy in the game.

Example 9.7. The heat of the �ght.

It is Wednesday evening, and you and Barbara face the weekly prob-
lem of deciding which program to watch on TV: Blackadder or Dallas.
Remember that you prefer Blackadder, whereas Barbara prefers Dallas.
Suppose, as before, that watching Blackadder would give you a utility of
6 and Barbara a utility of 3, whereas for watching Dallas it is the other
way around. At the beginning of the evening, Barbara has the choice
to either be nice to you and let you choose your favorite program, or to
argue with you about the program. If she starts to argue then you can
either be nice to her and let her choose her favorite program, in order to
avoid any escalation of the con�ict, or you can decide to shout at her as
a response. If you decide to shout at her then Barbara has the option to
be nice to you and let you choose your favorite program, so as to prevent
the situation from getting out of hand, or she can start throwing dishes
on the �oor as a sign of her anger. If she throws dishes on the �oor
then, because the situation has gone completely out of hand, you can
only choose between two extremes �you either apologize to her and say
that you are sorry about this whole �ght, and let her choose her favorite
program in addition, or you walk out the door and watch Blackadder at
Chris�house.
Assume that the utility for both you and Barbara would decrease by

5 every time the con�ict escalates. However, if you apologize to Barbara
at the end then this would increase Barbara�s utility by 15. Moreover, if
you decide to walk out the door and visit Chris, then this would increase
your utility by 15 since Chris will serve some nice beer and potatoe chips
to make you feel better. This situation can be represented graphically by
Figure 9.3. Here, the �rst utility corresponds to Barbara (player 1) and
the second utility to you (player 2). Note that if you walk out the door
at the end, then Barbara will still watch her favorite program Dallas but
the con�ict would have escalated three times. So, her utility in that case
is 6� 15 = �9:

Let us �rst analyze which strategy, or strategies, you can rationally
choose under common belief in future rationality. Since this is a dynamic
game with perfect information, we can �nd these strategies by performing
the backward induction procedure. So we start at the end of the game,
where you must choose between saying sorry and walking out the door.
Clearly, the optimal choice for you there is to walk out.
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604 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

w w w w- - - -

? ? ? ?

B Y B Y

nice nice nice sorry

argue shout dishes out

3; 6 1;�2 �7;�4 6;�12

�9; 6
; h1 h2 h3

Figure 9.3: The heat of the �ght

We then move to the penultimate information set, where Barbara
must choose between being nice to you and throwing dishes on the �oor.
The optimal choice here for Barbara, given that we have selected the
unique backward induction choice out for you at the �nal information
set, is to be nice to you.
Subsequently, we analyze the information set where you must choose

between being nice to Barbara or to shout at her. Given that we have
selected the backward induction choice nice for Barbara at the informa-
tion set that follows, the optimal choice for you here is to be nice to
Barbara.
Finally, we investigate the beginning of the game. As we have selected

the backward induction choice nice for you at the information set that
follows, the backward induction choice for Barbara at the beginning of
the evening is to be nice to you, and let you choose your favorite program.
So, we see that the unique backward induction strategy for you in

this game is to be nice to Barbara in case she starts arguing about the
program. Hence, the only strategy that you can rationally choose under
common belief in future rationality is to be nice to Barbara.

We will now explore which strategy, or strategies, you can rationally
choose under common strong belief in rationality. To answer this question
we use the iterated conditional dominance procedure. Let us denote the
four information sets in this game by ; (the beginning), h1; h2 and h3:
The full decision problems at these four information sets are given in
Table 9.13. Here, the strategies for Barbara have been put in the rows,
and the strategies for you in the columns.

Step 1. Note that in �0(;); Barbara�s strategy (argue; nice) is strictly
dominated by her strategy nice: So, we eliminate her strategy (argue; nice)
in the decision problems at ;; h1 and h2:Moreover, in �0(h1) your strategy
(shout; sorry) is strictly dominated by your strategy nice; and in �0(h3)
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9.4. COMPARISON WITH BACKWARD DOMINANCE PROCEDURE 605

�0(;): Barbara active
nice (shout; sorry) (shout; out)

nice 3; 6 3; 6 3; 6
(argue; nice) 1;�2 �7;�4 �7;�4

(argue; dishes) 1;�2 6;�12 �9; 6

�0(h1): You active

nice (shout; sorry) (shout; out)
(argue; nice) 1;�2 �7;�4 �7;�4

(argue; dishes) 1;�2 6;�12 �9; 6

�0(h2): Barbara active

(shout; sorry) (shout; out)
(argue; nice) �7;�4 �7;�4

(argue; dishes) 6;�12 �9; 6

�0(h3): You active

(shout; sorry) (shout; out)
(argue; dishes) 6;�12 �9; 6

Table 9.13: Full decision problems in �The heat of the �ght�

the same strategy (shout; sorry) for you is strictly dominated by your
strategy (shout; out): Hence, we eliminate your strategy (shout; sorry)
from the decision problems at ;; h1; h2 and h3: This leads to the reduced
decision problems in Table 9.14.

Step 2. In the reduced decision problem �1(;) at the beginning, Bar-
bara�s strategy (argue; dishes) is strictly dominated by her strategy nice:
So, we eliminate her strategy (argue; dishes) from �1(;) but not from
the decision problems at h1; h2 and h3; since otherwise we would delete
all of Barbara�s strategies from the reduced decision problems at h1; h2
and h3: Moreover, in �1(h1) your strategy nice is strictly dominated by
your strategy (shout; out); and hence we eliminate your strategy nice
from �1(;) and �1(h1): This leads to the reduced decision problems in
Table 9.15, from which no further strategies can be eliminated.

So, the only strategies that survive the iterated conditional dominance
procedure are the strategy nice for Barbara, and the strategy (shout; out)
for you. As a consequence, (shout; out) is the only strategy you can ratio-
nally choose under common strong belief in rationality. This is di¤erent
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606 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

�1(;): Barbara active
nice (shout; out)

nice 3; 6 3; 6
(argue; dishes) 1;�2 �9; 6

�1(h1): You active

nice (shout; out)
(argue; dishes) 1;�2 �9; 6

�1(h2): Barbara active

(shout; out)
(argue; dishes) �9; 6

�1(h3): You active

(shout; out)
(argue; dishes) �9; 6

Table 9.14: Reduced decision problems after step 1 of iterated
conditional dominance procedure in �The heat of the �ght�

�2(;): Barbara active
(shout; out)

nice 3; 6

�2(h1): You active

(shout; out)
(argue; dishes) �9; 6

�2(h2): Barbara active

(shout; out)
(argue; dishes) �9; 6

�2(h3): You active

(shout; out)
(argue; dishes) �9; 6

Table 9.15: Final decision problems in the iterated conditional
dominance procedure in �The heat of the �ght�
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9.4. COMPARISON WITH BACKWARD DOMINANCE PROCEDURE 607

from the unique strategy you can rationally choose under common belief
in future rationality, which was the strategy nice as we have seen.

There is also an easy intuitive argument for why common belief in
future rationality and common strong belief in rationality lead to di¤er-
ent strategy choices for you in this example. Suppose, namely, that at h1
you observe that Barbara has started to argue with you about the TV
program. Under common belief in future rationality, you believe that
Barbara will choose rationally at h2; and you believe that Barbara be-
lieves that you will choose rationally at h3: Your only optimal choice at
h3 is to walk out, so you believe at h1 that Barbara believes at h2 that you
will choose out at h3: If Barbara indeed believes so, her optimal choice
at h2 would be to be nice to you. Since you believe at h1 that Barbara
chooses rationally at h2; you believe at h1 that Barbara will indeed be
nice to you at h2; and hence you will be nice to her at h1: So, under
common belief in future rationality, your optimal strategy is to be nice
to Barbara in case she starts to argue.
Under common strong belief in rationality your reasoning will be

crucially di¤erent at h1: Suppose that at h1 you observe that Barbara
has started to argue about the program, and assume you strongly believe
in Barbara�s rationality at h1: Then you ask whether her choice to argue
could be part of an optimal strategy for Barbara. This is indeed possible,
but only if she would subsequently throw dishes on the �oor, hoping
for you to apologize afterwards. This is the only way for her to get
a utility higher than 3 � the utility she gets by being nice to you at
the beginning. Hence, if you strongly believe in Barbara�s rationality,
then you must believe at h1 that Barbara is implementing the strategy
(argue; dishes); and therefore your only optimal strategy choice at h1 is
to choose (shout; out). So, under common strong belief in rationality,
the optimal thing for you to do is to shout if she starts arguing with you,
and walk out the door in case she throws dishes on the �oor. �

The example above thus shows that even in dynamic games with
perfect information, the concepts of common strong belief in rationality
and common belief in future rationality � or equivalently the iterated
conditional dominance procedure and the backward induction procedure
�may yield completely opposed strategy choices for you. Hence, in terms
of strategy choices there is no general logical relationship between the two
concepts, even if we restrict to dynamic games with perfect information.

Things are di¤erent, however, if we focus on the outcomes �that is,
the terminal histories �you deem possible before the game starts. In
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608 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

each of the examples we discussed above, every outcome you deem pos-
sible before the game starts under common strong belief in rationality,
is also initially deemed possible under common belief in future rational-
ity! In the example �Painting Chris�house�, for instance, there is only
one outcome you initially deem possible under common strong belief in
rationality, and under common belief in future rationality, namely that
Barbara will accept the colleague�s o¤er at the beginning. The same
holds if in this example Barbara would receive 500 instead of 350 by ac-
cepting the colleague�s o¤er. Note, however, that both concepts di¤er in
the restrictions on your possible choices if you surprisingly observe that
Barbara rejects the colleague�s o¤er �something you initially believe not
to happen. In the example �Watching TV with Barbara�there is only
one outcome you initially deem possible under common strong belief in
rationality, namely that you will not start a �ght with Barbara, and that
you will both watch your favorite program Blackadder together. This is
also one of the outcomes you initially deem possible under common belief
in future rationality. In the example �The heat of the �ght�, the only
outcome you initially deem possible under common strong belief in ra-
tionality, and under common belief in future rationality, is that Barbara
will be nice to you at the beginning of the game. We have seen, how-
ever, that both concepts di¤er in the restrictions on your behavior if you
surprisingly observe that Barbara starts to argue with you �something
you initially believe not to happen.
In fact, we can show that this is always true. That is, in every dynamic

game, any outcome you initially deem possible under common strong
belief in rationality, is also initially deemed possible under common belief
in future rationality. Before we state this result formally, we �rst de�ne
precisely what we mean by �outcomes that are initially deemed possible
under common strong belief in rationality, and under common belief in
future rationality�.

Definition 9.4.1. (Outcomes that are initially deemed possible)

You initially deem an outcome z possible under common strong belief
in rationality (common belief in future rationality) if there is a strategy
combination leading to z where every strategy can rationally be cho-
sen under common strong belief in rationality (common belief in future
rationality).

Here, by an outcome z we formally mean a terminal history z in the
dynamic game � that is, a situation where the game ends. Note that
under common strong belief in rationality you believe, before the start of
the game, that every opponent will choose a strategy that can rationally
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9.4. COMPARISON WITH BACKWARD DOMINANCE PROCEDURE 609

be chosen under common strong belief in rationality, and the same applies
to common belief in future rationality. So, the de�nition above matches
exactly our intuition. We can now formally state the result we announced
above.

Theorem 9.4.2. (Outcomes under common strong belief in rational-
ity and common belief in future rationality)

Every outcome you initially deem possible under common strong belief
in rationality, is also initially deemed possible under common belief in
future rationality.

The proof for this result can be found in the proofs section at the end
of this chapter. Note that the converse of this theorem is not true: In the
example �Watching TV with Barbara�, there is only one outcome you
initially deem possible under common strong belief in rationality, namely
that you will not start a �ght with Barbara, and that you will both watch
Blackadder. However, under common belief in future rationality you also
deem possible other outcomes initially �for instance that you will start
a �ght with Barbara, that you will choose Blackadder, and that Barbara
chooses Dallas.

The theorem above has important consequences for games with per-
fect information. We have seen in Chapter 8 that in games with perfect
information, the strategies that can rationally be chosen under common
belief in future rationality are exactly the backward induction strategies.
Now, call an outcome in such a game a backward induction outcome if
there is a combination of backward induction strategies that leads to
this outcome. So, in a game with perfect information, the outcomes you
initially deem possible under common belief in future rationality are pre-
cisely the backward induction outcomes. By the theorem above, we may
thus conclude that in games with perfect information, every outcome you
initially deem possible under common strong belief in rationality must
be a backward induction outcome.

Corollary 9.4.3. (Common strong belief in rationality leads to
backward induction outcomes)

In a game with perfect information, every outcome you initially deem
possible under common strong belief in rationality must be a backward
induction outcome.

However, under common strong belief in rationality you may no longer
reason in accordance with backward induction if you surprisingly observe
that your opponent has not chosen in accordance with backward induc-
tion before �something you initially believe not to happen. Consider,
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610 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

for instance, the example �The heat of the �ght�, where you initially
believe that Barbara will make the backward induction choice to be nice
to you at the beginning. However, if you observe at h1 that Barbara has
not chosen the backward induction strategy nice, then under common
strong belief in rationality you will believe that she would subsequently
make the non-backward induction choice to throw dishes on the �oor.
Consequently, you would choose (shout; out) rather than your backward
induction strategy nice.

9.5. Order Dependence

In this section we will discuss the issue of changing the order and
speed of elimination in the iterated conditional dominance procedure. A
very important property of the backward dominance procedure, as we
have seen in Chapter 8, is that its outcome does not depend on the order
and speed of elimination. Even if we do not eliminate, at a given round
and at a given information set, all strategies we can, then this will not
a¤ect the �nal outcome of the procedure �at the end, the set of strategies
that survive will be exactly the same as when we would always eliminate
everything we can at every round and every information set.
This no longer holds for the iterated conditional dominance proce-

dure, however! For this procedure to give the �correct� result, it is
absolutely crucial that at every round and every information set, we
always eliminate all strategies that we can. Otherwise, the set of surviv-
ing strategies at the end could change. As an illustration, consider the
example �Painting Chris�house�.

Example 9.8. Painting Chris�house.

Consider the graphical representation in Figure 9.1, and the full decision
problems �0(;) and �0(h1) in Table 9.4. We have seen that for Barbara,
the strategies (r; 200); (r; 300) and (r; 500) are all strictly dominated by
accept in the decision problem �0(;): Therefore, according to the origi-
nal iterated conditional dominance procedure, we must eliminate each of
these strategies from �0(;) and �0(h1): Suppose now that from the deci-
sion problem �0(h1) at h1 we would only eliminate the strategies (r; 300)
and (r; 500) for Barbara, but not the strategy (r; 200); in step 1. Assume
that we would still remove your strategy 500 from �0(;) and �0(h1); as it
is strictly dominated in �0(h1): This would lead to the reduced decision
problems �̂1(;) and �̂1(h1) in Table 9.16.
In the decision problem �̂1(;); Barbara�s strategy (r; 400) is strictly

dominated, and hence we can eliminate it at �̂1(;) and �̂1(h1): Note,
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9.5. ORDER DEPENDENCE 611

�̂1(;): Barbara active
200 300 400

(r; 400) 0; 200 0; 300 200; 200
accept 350; 500 350; 500 350; 500

�̂1(h1): Barbara and you active

200 300 400
(r; 200) 100; 100 200; 0 200; 0
(r; 400) 0; 200 0; 300 200; 200

Table 9.16: Changing order of elimination in �Painting Chris�house�:
Step 1

�̂2(;): Barbara active
200 300

accept 350; 500 350; 500

�̂2(h1): Barbara and you active

200 300
(r; 200) 100; 100 200; 0

Table 9.17: Changing order of elimination in �Painting Chris�house�:
Step 2

namely, that by doing so we will not eliminate all of Barbara�s strate-
gies leading to h1; as �̂1(h1) still contains another strategy (r; 200) for
Barbara. Moreover, at �̂1(h1); your strategy 400 is strictly dominated
by the randomized strategy (0:5) � 200+ (0:5) � 300; and therefore we can
eliminate your strategy 400 in �̂1(;) and �̂1(h1): This leads to the new
decision problems �̂2(;) and �̂2(h1) in Table 9.17.

In the decision problem �̂2(h1); your strategy 300 is strictly domi-
nated, and hence we can eliminate it from �̂2(;) and �̂2(h1): This would
lead to the �nal decision problems in Table 9.18.
So, by changing the order of elimination in this way, the unique strat-

egy for you that would survive is 200: This, however, is di¤erent from
the unique strategy for you that survives the original iterated conditional
dominance procedure �namely 300: Hence, changing the order and speed
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612 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

�̂3(;): Barbara active
200

accept 350; 500

�̂3(h1): Barbara and you active

200
(r; 200) 100; 100

Table 9.18: Changing order of elimination in �Painting Chris�house�:
Step 3

of elimination may drastically change the outcome of the iterated condi-
tional dominance procedure! �

This example thus shows that, if we use the iterated conditional dom-
inance procedure, there is no other way than to eliminate, at every round
and every information set, all strategies we can. If we do not, we run
the danger of ending up with a di¤erent set of strategies. In particular,
we cannot look for a �most convient order of elimination��as we of-
ten did for the backward dominance procedure �when working with the
iterated conditional dominance procedure. For instance, it is no longer al-
lowed to use the �backwards order of elimination�which turned out to be
very useful for the backward dominance procedure in many games. This
makes the iterated conditional dominance procedure somewhat harder to
work with than the backward dominance procedure, especially when the
dynamic game is large.

9.6. Rationality Orderings

In a sense, the concept of common strong belief in rationality groups
the strategies of every player into classes, ranging from �most rational�
to �least rational�, with typically some classes in between. First, we have
the strategies that cannot be optimal under any conditional belief vector
�the �least rational strategies�or 0-rational strategies. Then, we have
the strategies that are optimal for some conditional belief vector, but
that cannot be rationally chosen under 1-fold strong belief in rationality.
We call these strategies the 1-rational strategies, as they are �more ratio-
nal�than the 0-rational strategies �they can rationally be chosen under
some conditional belief vector �but less rational than those which can
rationally be chosen under 1-fold strong belief in rationality. We then
have the 2-rational strategies, which are the ones that can rationally be
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9.6. RATIONALITY ORDERINGS 613

chosen under 1-fold strong belief in rationality, but not under expressing
up to 2-fold strong belief in rationality, and so on.
This process must stop some time, as for every game there is a num-

ber K such that common strong belief in rationality is equivalent to
expressing up to K-fold strong belief in rationality. So, in this way we
obtain for every player i an ordering (D0

i ; D
1
i ; :::; D

K
i ) of his strategies

into subclasses, where D0
i is the set of 0-rational strategies, D

1
i is the set

of 1-rational strategies, and so on, until we reach DK
i ; which is the class

of K-rational, or �most rational�strategies. For every k 2 f1; :::; K�1g;
the class Dk

i is the set of k-rational strategies, and it contains those
strategies that can rationally be chosen by a player who expresses up to
(k�1)-fold strong belief in rationality, but not by a player who expresses
up to k-fold strong belief in rationality. The class DK

i �containing the
�most rational� strategies �consists of those strategies that can ratio-
nally be chosen under common strong belief in rationality. Finally, the
class D0

i �the �least rational�strategies �contains those strategies that
are not optimal for any conditional belief vector. Such an ordering of
strategies into subclasses is called a rationality ordering.
The rationality ordering (D0

i ; D
1
i ; :::; D

K
i ) induced by common strong

belief in rationality has a clear intuitive meaning: For every k 2 f1; :::; K�
1g; the k-rational strategies are �more rational�than the (k�1)-rational
strategies, but �less rational�than the (k + 1)-rational strategies. So, it
orders player i�s strategies from �most rational�to �least rational�, with
usually some levels in between. Of course, the terms �more rational�,
�less rational�, �most rational� and �least rational� are all subjective,
as it re�ects the particular viewpoint taken by the concept of common
strong belief in rationality.
As an illustration, let us go back to the example �Watching TV with

Barbara�. As we know by Theorem 9.3.3, there is an easy way to �nd
those strategies that player i can rationally choose by expressing up to
k-fold strong belief in rationality. These, namely, are precisely the strate-
gies in �k+1(;) �the reduced decision problem at the beginning of the
game after the �rst k + 1 rounds of the iterated conditional dominance
procedure. In Example 9.6 we have computed these decision problems
�k(;); and for our convenience we have reproduced the result in Table
9.19.
With the help of these decision problems �k(;) we can now easily

derive the rationality ordering induced on your strategies. The set D0
1

� containing your �least rational� or 0-rational strategies � are those
strategies that are not optimal for any conditional belief vector. These
are precisely your strategies which are in �0(;) but not in �1(;); which
in this case is only your strategy (fight;D): So, D0

1 = f(fight;D)g:
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614 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Your strategies Barbara�s strategies

�0(;) (fight; B); (fight;D);
(don0t;D); (don0t; B)

(B;B); (B;D); (D;B); (D;D)

�1(;)
(fight; B); (don0t;D); (don0t; B) (B;B); (B;D); (D;B); (D;D)

�2(;)
(fight; B); (don0t;D); (don0t; B) (B;B); (B;D)

�3(;)
(fight; B); (don0t; B) (B;B); (B;D)

�4(;)
(fight; B); (don0t; B) (B;B)

�5(;)
(don0t; B) (B;B)

Table 9.19: The reduced decision problems �k(;) in the example
�Watching TV with Barbara�

The set D1
1 of 1-rational strategies contains those strategies for you

that can rationally be chosen under some conditional belief vector, but
not if you express 1-fold strong belief in rationality. These are the strate-
gies for you that are in �1(;) but not in �2(;); which are none. So, the
set D1

1 of 1-rational strategies is empty.
The set D2

1 of 2-rational strategies contains those strategies for you
that can rationally be chosen under expressing 1-fold strong belief in
rationality, but not under expressing up to 2-fold strong belief in ratio-
nality. These are precisely the strategies for you that are in �2(;) but
not in �3(;); that is, your strategy (don0t;D): So, D2

1 = f(don0t;D)g:
By continuing in this fashion, you will �nd that D3

1 is empty and that
D4
1 = f(fight; B)g.
Let us �nally focus on D5

1 �the set of �most rational�or 5-rational
strategies for you. This set contains those strategies that you can ra-
tionally choose under common strong belief in rationality. These are
precisely the strategies for you in �5(;) � that is, (don0t; B) � as the
iterated conditional dominance procedure stops after step 5. Hence,
D5
1 = f(don0t; B)g:
So, the rationality ordering on your strategies induced by common

strong belief in rationality is

(f(fight;D)g; ;; f(don0t;D)g; ;; f(fight; B)g; f(don0t; B)g):
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9.6. RATIONALITY ORDERINGS 615

In a similar way, the reader may verify that the rationality ordering on
Barbara�s strategies is given by

(;; f(D;B); (D;D)g; ;; f(B;D)g; ;; f(B;B)g):
That is, the set of 0-rational strategies for Barbara is empty, the set of
1-rational strategies is f(D;B); (D;D)g; the set of 2-rational strategies
is empty, the set of 3-rational strategies is f(B;D)g; the set of 4-rational
strategies is empty, and the set of 5-rational, or �most rational�, strate-
gies is f(B;B)g:
In general, a rationality ordering for player i in an arbitrary dynamic

game is an ordering of his strategies into subclasses, ranging from the
�least rational�to the �most rational strategies�. Here is a formal de�-
nition.

Definition 9.6.1. (Rationality ordering)

A rationality ordering for player i in a dynamic game is a sequence
Ri = (D

0
i ; D

1
i ; :::; D

K
i ) where D

0
i ; :::; D

K
i are disjoint sets of strategies for

player i whose union is equal to the full set of strategies Si: Here, some
of these sets may be empty, but not DK

i : For every k; all strategies in D
k
i

are called k-rational strategies. The interpretation is that D0
i contains

the �least rational�strategies, DK
i the �most rational strategies�, and all

strategies in Dk+1
i are �more rational�than all strategies in Dk

i :

Here, by �disjoint�we mean that the sets D0
i ; :::; D

K
i have no overlap.

That is, every strategy for player i is in exactly one of the sets from
D0
i ; :::; D

K
i :

Above we have seen how the concept of common strong belief in ra-
tionality naturally induces a rationality ordering for every player. This
is just one example of a rationality ordering, however, as a rationality
ordering may in fact be any ordering of strategies according to the de�n-
ition above. But not all rationality orderings make intuitive sense! If one
takes a rationality ordering Ri = (D0

i ; D
1
i ; :::; D

K
i ); then there must be a

good reason for why D0
i contains the �least rational�strategies, why D

K
i

contains the �most rational strategies�, and why strategies in Dk+1
i are

deemed �more rational�than strategies in Dk
i :

Throughout this book, we have taken the perspective that �more ra-
tional� strategies are the ones that are supported by �more rational�
beliefs. Now, in order to classify the beliefs that player i has about
his opponents�strategy combinations, we must look at the opponents�
rationality orderings of strategies. Suppose that for every opponent j
we have a rationality ordering Rj = (D0

j ; D
1
j ; :::; D

K
j ) of his strategies.

Then, a �most rational�belief for player i assigns at every information

Clic
k t

o buy N
OW!

PDF-XChange

w
ww.docu-track.comClic

k t
o buy N

OW!
PDF-XChange

w
ww.docu-track.com

http://www.docu-track.com/buy/
http://www.docu-track.com/buy/


616 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

set h 2 Hi only positive probability to �most rational�strategies by the
opponents, if possible. That is, if at information set h 2 Hi there is
a combination of opponents� strategies leading to h consisting only of
�most rational�strategies, then a �most rational�belief should at h only
assign positive probability to opponents�strategy combinations consist-
ing of �most rational� strategies. Moreover, if there is no combination
of opponents�strategies leading to h consisting only of �most rational�
strategies, but there is a combination of opponents�strategies leading to
h consisting of at-least-(K � 1)-rational strategies, then a �most ratio-
nal� belief for player i should at h only assign positive probability to
opponents�strategy combinations consisting of at-least-(K � 1)-rational
strategies. Here, by � at-least-(K�1)-rational�we mean (K�1)-rational
or K-rational. And if at h there is no combination of opponents�strate-
gies leading to h consisting of at-least-(K � 1)-rational strategies, but
there is a combination of opponents�strategies leading to h consisting
of at-least-(K � 2)-rational strategies, then a �most rational�belief for
player i should at h only assign positive probability to opponents�strat-
egy combinations consisting of at-least-(K � 2)-rational strategies, and
so on. That is, a �most rational�belief for player i looks at every infor-
mation set h for the highest degree k such that there is an opponents�
combination of at-least-k-rational strategies leading to h; and assigns at
h only positive probability to at-least-k-rational strategies for the oppo-
nents. In other words, at every information set h 2 Hi player i attributes
the highest possible rationality level to his opponents, according to their
respective rationality orderings. We say that player i strongly believes in
the opponents�rationality orderings.

Definition 9.6.2. (Strong belief in the opponents�rationality order-
ings)

Consider a player i in a dynamic game. For every opponent j; let
Rj = (D0

j ; D
1
j ; :::; D

K
j ) be a rationality ordering, with the same K for

every opponent. At information set h 2 Hi; let k be the highest degree
such that there is an opponents�combination of at-least-k-rational strate-
gies leading to h: Then, a conditional belief vector for player i strongly
believes in the opponents�rationality orderings at h if it assigns
at h only positive probability to opponents�combinations of at-least-k-
rational strategies.

A conditional belief vector for player i strongly believes in the opponents�
rationality orderings if it does so at every information set h 2 Hi:
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9.6. RATIONALITY ORDERINGS 617

Here, by �at-least-k-rational�we mean a strategy that is k-rational
or higher. So, our requirement will be that a �most rational�belief for
player i should strongly believe in the opponents�rationality orderings.

But what about �less rational�beliefs, which would support �less ra-
tional�strategies? We can weaken the requirement of strong belief in the
opponents�rationality orderings in the following way: Choose some level
m < K; and require that player i only strongly believes in the opponents�
rationality orderings up to level m: More precisely, at every information
set h 2 Hi we �rst look whether there is an opponents�combination of at-
least-m-rational strategies that leads to h: If so, then we require player
i at h to only assign positive probability to at-least-m-rational strate-
gies for the opponents, but not necessarily to K-rational strategies. So,
even if there is an opponents�combination of K-rational strategies lead-
ing to h; we only require player i to restrict at h to at-least-m-rational
strategies for the opponents. If there is no opponents�combination of
at-least-m-rational strategies leading to h; we look whether there is an
opponents�combination of at-least-(m� 1)-rational strategies leading to
h: If so, then we require player i at h to only assign positive probability
to at-least-(m�1)-rational strategies for the opponents. And so on. This
leads to the following formal de�nition.

Definition 9.6.3. (Strong belief in the opponents�rationality order-
ings up to level m)

Consider a player i in a dynamic game. For every opponent j; let
Rj = (D0

j ; D
1
j ; :::; D

K
j ) be a rationality ordering, with the same K for

every opponent. Fix a level m � K: At information set h 2 Hi; let k
be the highest degree less than or equal to m such that there is an
an opponents�combination of at-least-k-rational strategies leading to h:
Then, a conditional belief vector for player i strongly believes in the
opponents�rationality orderings up to level m at h if it assigns
at h only positive probability to opponents�combinations of at-least-k-
rational strategies.

A conditional belief vector for player i strongly believes in the opponents�
rationality orderings up to level m if it does so at every information set
h 2 Hi:

So, one could say that under this weaker requirement, player i views
all opponents�strategies which are m-rational or higher as �equally ra-
tional�. For instance, if m = K � 2; then player i does not make a
distinction between opponents�strategies that are (K � 2)-rational, or
(K � 1)-rational, or K-rational �they are all viewed as being �equally
rational�by player i: Note that strong belief in the opponents�rationality
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618 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

orderings, as formulated in the previous de�nition, is the same as strong
belief in the opponents�rationality orderings up to level K �the highest
possible level. At the other extreme, by choosing m = 0; we impose no
conditions at all on the conditional belief vectors for player i:

With the above de�nition at hand, we can now naturally classify
the players�beliefs from �most rational� to �least rational�. For every
player, �x a rationality ordering on strategies with maximum level K:
Then, the �most rational�belief vectors for player i would be those that
strongly believe in the opponents� rationality orderings up to level K:
The �least rational�belief vectors would be those that strongly believe
in the opponents�rationality orderings up to level 0; but not up to level
1. And for every level k in between, the k-rational belief vectors are those
that strongly believe in the opponents�rationality orderings up to level
k ; but not up to level k + 1:
This, in turn, induces a natural classi�cation of player i�s strategies

from �most rational�to �least rational�! Namely, player i�s �most ratio-
nal�strategies would intuitively be those that are optimal under a �most
rational �belief vector �that is, a belief vector that strongly believes in
the opponents�rationality orderings up to level K: Moreover, for every k
between 1 and K� 1; the k-rational strategies for player i are intuitively
those that are optimal under a conditional belief vector that strongly
believes in the opponents�rationality orderings up to level k� 1; but not
up to level k:
Summarizing, we see that if we start with a rationality ordering

Ri = (D
0
i ; D

1
i ; :::; D

K
i ) for every player i; with the same maximum level

K for all players, then this induces for every player i a classi�cation of
his conditional belief vectors, from 0-rational (�least rational�) to K-
rational (�most rational�), which in turns induces for every player i a
classi�cation of his strategies from 0-rational toK-rational. But then, in-
tuitively, the latter classi�cation of strategies for player i from 0-rational
to K-rational must be the same as the classi�cation in the rationality
ordering Ri we started with! Combinations of rationality orderings with
this property are called self-con�rming, as the initial classi�cations of
strategies given by the original rationality orderings are con�rmed by the
induced classi�cations of strategies as described above. So, in a sense,
the self-con�rming combinations of rationality orderings are those where
the classi�cations of strategies from �most rational� to �least rational�
are well-founded.

Definition 9.6.4. (Self-con�rming combinations of rationality or-
derings)

Consider for every player i a rationality ordering Ri = (D0
i ; D

1
i ; :::; D

K
i )
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9.6. RATIONALITY ORDERINGS 619

on his strategies, with the same maximum levelK for every player. Then,
this combination of rationality orderings is self-con�rming if for every
player i;

the set DK
i contains exactly those strategies that are optimal under a

conditional belief vector that strongly believes in the opponents�ratio-
nality orderings up to level K;

for every k between 1 andK�1; the set Dk
i contains exactly those strate-

gies that are optimal under a conditional belief vector that strongly be-
lieves in the opponents�rationality orderings up to level k � 1; but not
under a conditional belief vector that strongly believes in the opponents�
rationality orderings up to level k; and

the set D0
i contains those strategies that are not optimal under any con-

ditional belief vector.

The reader may verify that in the example �Watching TV with Bar-
bara�, the rationality orderings induced by common strong belief in ratio-
nality are indeed self-con�rming. In fact, we can show that this is true for
every dynamic game! That is, in every dynamic game, the combination
of rationality orderings induced by common strong belief in rationality
is always self-con�rming. Not only this, we can even show that it is the
only self-con�rming combination of rationality orderings in a game! Here
is the reason why.
Take an arbitrary dynamic game, and for every player i a rationality

ordering Ri = (D0
i ; D

1
i ; :::; D

K
i ) on his strategies, with the same K for

all players. Suppose that this combination of rationality orderings is
self-con�rming. Then, by de�nition, the sets D0

i of 0-rational strategies
should contain precisely those strategies that are not optimal under any
conditional belief vector.
Turn now to the sets D1

i : Since the combination of rationality or-
derings is self-con�rming, D1

i contains precisely those strategies that are
optimal under a conditional belief vector that strongly believes in the
opponents�rationality orderings up to level 0, but that are not optimal
under any belief vector that strongly believes in the opponents�rational-
ity orderings up to level 1. Now, the strategies that are optimal under
a conditional belief vector that strongly believes in the opponents�ratio-
nality orderings up to level 0 are simply the strategies that are optimal
under some conditional belief vector, without any further restrictions.

But which strategies are optimal under a belief vector that strongly
believes in the opponents�rationality orderings up to level 1? Strong be-
lief in the opponents�rationality orderings up to level 1 means for player
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620 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

i that at every information set h 2 Hi he must see whether there is an op-
ponents�combination of at-least-1-rational strategies leading to h: If so,
then he must assign at h positive probability only to at-least-1-rational
strategies for the opponents. Since for every opponent j; the set D0

j of
0-rational strategies contains precisely the strategies that are not opti-
mal for any conditional belief vector, it follows that for every opponent j
the at-least-1-rational strategies must be precisely those strategies that
are optimal for some belief vector. That is, strong belief in the oppo-
nents�rationality orderings up to level 1 means for player i that at every
information set h 2 Hi he must see whether there is an opponents�strat-
egy combination leading to h where every strategy is optimal for some
belief vector. If so, then he must assign at h positive probability only
to strategies for the opponents that are optimal for some belief vector.
This, however, is exactly the condition of 1-fold strong belief in ratio-
nality! Thus, the strategies that are optimal under a belief vector that
strongly believes in the opponents�rationality orderings up to level 1, are
precisely the strategies that can rationally be chosen under 1-fold strong
belief in rationality.
Remember that D1

i contains precisely those strategies that are opti-
mal under a conditional belief vector that strongly believes in the oppo-
nents�rationality orderings up to level 0, but that are not optimal under
any belief vector that strongly believes in the opponents�rationality or-
derings up to level 1. But then, the setD1

i of 1-rational strategies contains
precisely those strategies that can rationally be chosen under some con-
ditional belief vector, but not under 1-fold strong belief in rationality.
So, these are exactly the 1-rational strategies induced by common strong
belief in rationality!
Next, consider the sets D2

i : As the combination of rationality order-
ings is self-con�rming, D2

i contains precisely those strategies that are
optimal under a conditional belief vector that strongly believes in the
opponents�rationality orderings up to level 1, but that are not optimal
under any belief vector that strongly believes in the opponents� ratio-
nality orderings up to level 2. We have seen above that the strategies
that are optimal under a conditional belief vector that strongly believes
in the opponents�rationality orderings up to level 1 are precisely those
strategies that can rationally be chosen under 1-fold strong belief in ra-
tionality.
But which strategies can rationally be chosen under strong belief in

the opponents�rationality orderings up to level 2? For player i; the con-
dition of strong belief in the opponents�rationality orderings up to level
2 means that at every information set h 2 Hi he must see whether there
is a strategy combination leading to h consisting of at-least-2-rational
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9.6. RATIONALITY ORDERINGS 621

strategies. If so, he must at h only assign positive probability to oppo-
nents�strategies that are at-least-2-rational. We have seen above that
the set D0

j of 0-rational strategies contains those strategies that are not
optimal for any beliefs, and the set D1

j of 1-rational strategies contains
those strategies that are optimal under some conditional belief vector,
but not under 1-fold strong belief in rationality. But then, the at-least-2-
rational strategies for opponent j are precisely those strategies that are
optimal under 1-fold strong belief in rationality. Hence, for player i the
condition of strong belief in the opponents�rationality orderings up to
level 2 means that at every information set h 2 Hi he must see whether
there is an opponents� strategy combination leading to h where every
strategy is optimal under 1-fold strong belief in rationality. If so, he
must at h only assign positive probability to opponents�strategies that
are optimal under 1-fold strong belief in rationality. But this is precisely
the condition of 2-fold strong belief in rationality! Moreover, strong belief
in the opponents�rationality orderings up to level 2 also means that at
information set h 2 Hi; player i must see whether there is an opponents�
combination of at-least-1-rational strategies leading to h: If so, then he
must assign at h positive probability only to at-least-1-rational strategies
for the opponents. This, as we have seen, is equivalent to 1-fold strong
belief in rationality. That is, the condition of strong belief in the oppo-
nents�rationality orderings up to level 2 is equivalent to expressing up to
2-fold strong belief in rationality. So, the strategies that can rationally be
chosen under strong belief in the opponents�rationality orderings up to
level 2 are precisely those strategies that can rationally be chosen under
expressing up to 2-fold strong belief in rationality.
Remember that D2

i contains precisely those strategies that are opti-
mal under a conditional belief vector that strongly believes in the op-
ponents� rationality orderings up to level 1, but that are not optimal
under any belief vector that strongly believes in the opponents�rational-
ity orderings up to level 2. Hence, D2

i contains exactly those strategies
that can rationally be chosen under 1-fold strong belief in rationality, but
not under expressing up to 2-fold strong belief in rationality. So, these
are exactly the 2-rational strategies induced by common strong belief in
rationality.
By repeatedly using the arguments above, we conclude that for every

k between 1 and K � 1; the sets Dk
i of k-rational strategies contain

precisely those strategies that can rationally be chosen by expressing
up to (k � 1)-fold strong belief in rationality, but not under expressing
up to k-fold strong belief in rationality. That is, these sets Dk

i would
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622 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

be precisely the sets of k-rational strategies induced by common strong
belief in rationality.
Let us �nally consider the sets DK

i of �most rational�strategies. As
the combination of rationality orderings is self-con�rming, DK

i contains
exactly those strategies that are optimal under strong belief in the op-
ponents�rationality orderings up to level K: In particular, all strategies
in DK

i are optimal under strong belief in the opponents�rationality or-
derings up to level K � 1: By using a similar argument as above, it can
be shown that all these strategies are optimal under expressing up to
(K � 1)-fold strong belief in rationality.

Moreover, all strategies in DK
i are also optimal under strong belief in

the opponents�rationality orderings up to level K: Here, strong belief in
the opponents�rationality orderings up to level K means in particular
that player i; at every information set h 2 Hi; sees whether there is an
opponents� strategy combination leading to h consisting of K-rational
strategies �that is, strategies in DK

j . If so, he must at h only assign pos-
itive probability to opponents�strategies sj that are in DK

j :We have seen
above that all opponents�strategies in DK

j are optimal under expressing
up to (K � 1)-fold strong belief in rationality. Hence, strong belief in
the opponents�rationality orderings up to level K means that player i;
at every information set h 2 Hi; sees whether there is an opponents�
strategy combination leading to h in which every strategy is optimal un-
der expressing up to (K � 1)-fold strong belief in rationality. If so, he
must at h only assign positive probability to opponents�strategies that
are optimal under expressing up to (K � 1)-fold strong belief in ratio-
nality. This, however, is exactly the condition of K-fold strong belief in
rationality. That is, strong belief in the opponents�rationality orderings
up to level K implies expressing up to K-fold strong belief in rationality.
We have seen that all strategies in DK

i are optimal under strong belief in
the opponents�rationality orderings up to level K: But then, it follows
that all strategies in DK

i can rationally be chosen under expressing up to
K-fold strong belief in rationality.

So, not only can all strategies in DK
i rationally be chosen under ex-

pressing up to (K � 1)-fold strong belief in rationality as we have seen
above, but they can also rationally be chosen under expressing up to
K-fold strong belief in rationality. By basically repeating the argument
above, we can then show that all strategies in DK

i can also rationally be
chosen under expressing up to (K + 1)-fold strong belief in rationality,
under expressing up to (K+2)-fold strong belief in rationality, and so on.
This, however, means that all strategies in DK

i can rationally be chosen
under common strong belief in rationality!
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9.6. RATIONALITY ORDERINGS 623

Summarizing, we see
� that the sets D0

i contain exactly those strategies that are not
optimal under any belief vector,
� that for every k between 1 and K � 1; the sets Dk

i contain pre-
cisely those strategies that can rationally be chosen under ex-
pressing up to (k � 1)-fold strong belief in rationality, but not
under expressing up to k-fold strong belief in rationality, and
� that the sets DK

i contain precisely those strategies that can ra-
tionally be chosen under common strong belief in rationality.

This means, however, that the rationality orderings
Ri = (D0

i ; D
1
i ; :::; D

K
i ) we started with must exactly be the rationality

orderings induced by common strong belief in rationality. So, we have
shown that there is only one combination of rationality orderings that is
self-con�rming, namely the combination of rationality orderings induced
by common strong belief in rationality. We have thus established the
following general result.

Theorem 9.6.5. (Characterization of self-con�rming combinations
of rationality orderings)

Consider an arbitrary dynamic game, and let K be the number of steps
after which the iterated conditional dominance procedure stops. Then,
there is only one self-con�rming combination of rationality orderings,
namely that in which each rationality ordering Ri is given by Ri =
(D0

i ; D
1
i ; :::; D

K
i ); where (1) the sets D

0
i contain exactly those strategies

that are not optimal under any belief vector, (2) for every k between 1
and K � 1; the sets Dk

i contain precisely those strategies that can ra-
tionally be chosen under expressing up to (k � 1)-fold strong belief in
rationality, but not under expressing up to k-fold strong belief in ratio-
nality, and (3) the sets DK

i contain precisely those strategies that can
rationally be chosen under common strong belief in rationality.

We know that for every k; the strategies that can rationally be chosen
under expressing up to k-fold strong belief in rationality are exactly the
strategies in �k+1(;) in the iterated conditional dominance procedure.
So, the unique self-con�rming combination of rationality orderings will
always be such that (1) for every k between 0 and K � 1; the sets Dk

i

contain precisely those strategies that are in �k(;) but not in �k+1(;); and
(2) the sets DK

i contain exactly the strategies in �
K(;); where K is the

number of steps after which the algorithm stops. That is, the iterated
conditional dominance procedure provides a fast and easy method to
generate the unique self-con�rming combination of rationality orderings
in a dynamic game.
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624 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

On a conceptual level, the theorem above shows that common strong
belief in rationality can be characterized by the use of rationality order-
ings on strategies. More precisely, a player who expresses common strong
belief in rationality has in his mind a rationality ordering for each of his
opponents, and uses these rationality orderings to form his beliefs at each
of his information sets. So, at every information set h he looks for the
highest degree of rationality for his opponents �as given by these ratio-
nality orderings �that makes reaching h possible, and uses this highest
possible degree of rationality to form his beliefs at h: This is called the best
rationalization principle. In particular, a player who expresses common
strong belief in rationality always uses the same rationality orderings on
opponents�strategies throughout the game.
Let us compare this to the concept of common belief in future ra-

tionality which we discussed in the previous chapter. Is there a way to
characterize also this concept in terms of rationality orderings and the
best rationalization principle above? We will see that this is not possible.
To see this, let us consider the example �Watching TV with Bar-

bara� that we know so well by now. It turns out that under com-
mon belief in future rationality, you can rationally choose your strate-
gies (fight; B); (don0t; B) and (don0t;D); whereas Barbara can rationally
choose any of her strategies under this concept. Suppose now that Bar-
bara expresses common belief in future rationality, and that her beliefs
would be induced by a rationality ordering on your strategies. Since each
of your strategies (fight; B); (don0t; B) and (don0t;D) are optimal under
common belief in future rationality, the �most rational� strategies for
you in this ordering must be f(fight; B); (don0t; B); (don0t;D)g whereas
the �least rational�strategy for you must be (fight;D): But then, at in-
formation set h1 �that is, after you have chosen ��ght��Barbara would
see that there is only one �most rational� strategy for you leading to
h1; which is (fight; B): So, if her beliefs are induced by this rationality
ordering, she must believe at h1 that you have chosen (fight; B): But
then, Barbara can no longer rationally choose (D;B) or (D;D); which
is a contradiction since the latter two strategies can rationally be chosen
under common belief in future rationality. This shows that common be-
lief in future rationality cannot be characterized by rationality orderings
on strategies.
The intuitive reason for this is that under common belief in future ra-

tionality, Barbara�s ordering of your strategies may actually change once
the game is under way. Initially, that is, before the game starts, Bar-
bara deems your strategies (fight; B); (don0t; B) and (don0t;D) indeed
�more rational� than your strategy (fight;D): But at information set
h1; after you have started a �ght with her, she does not necessarily deem
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9.7. BAYESIAN UPDATING 625

your strategy (fight; B) �more rational�than your strategy (fight;D);
as both strategies can still be optimal for you at information set h1 un-
der common belief in future rationality. Remember that under common
belief in future rationality, players do not need to believe that opponents
have chosen rationally in the past, only that they choose rationally now
and in the future. Hence, we may conclude that rationality orderings
are really something typical for common strong belief in rationality, and
cannot be applied for common belief in future rationality.

9.7. Bayesian Updating

In this chapter we have presented, and explored, the concept of com-
mon strong belief in rationality. As in Chapter 8, we can ask what would
happen to the concept if we would require, in addition, that players sat-
isfy Bayesian updating when revising their beliefs. That is, suppose we
would restrict the concept of common strong belief in rationality by ad-
ditionally imposing common belief in Bayesian updating. What can we
say about the strategies that can rationally be chosen under this more
restrictive concept?
We have seen in Chapter 8 that for the concept of common belief in

future rationality, it crucially matters whether we impose (common belief
in) Bayesian updating or not. There are games, namely, in which some
strategy can rationally be chosen under common belief in future ratio-
nality, but where the same strategy can no longer be rationally chosen
if we additionally impose common belief in Bayesian updating. See the
example of Figure 8.14 in that chapter.
For the concept of common strong belief in rationality, the story is

di¤erent. It can be shown, namely, that the sets of strategies that can
rationally be chosen under common strong belief in rationality would
remain the same if we additionally were to impose common belief in
Bayesian updating. That is, additionally requiring common belief in
Bayesian updating has no consequences for the eventual strategy choices
selected by the concept. We thus obtain the following result.

Theorem 9.7.1. (Bayesian updating is irrelevant for common strong
belief in rationality)

Every strategy that can rationally be chosen under common strong belief
in rationality, can also rationally be chosen under common strong belief
in rationality and common belief in Bayesian updating.

Here, we say that a type ti expresses common belief in Bayesian up-
dating if ti assigns, at every h 2 Hi; only positive probability to oppo-
nents�types that satisfy Bayesian updating, if ti assigns, at every h 2 Hi;
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626 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

only positive probability to opponents�types tj that, every h0 2 Hj; only
assign positive probability to opponents�types that satisfy Bayesian up-
dating, and so on. Moreover, we say that a strategy si can rationally be
chosen under common strong belief in rationality and common belief in
Bayesian updating if si is optimal for some type ti that expresses com-
mon strong belief in rationality, satis�es Bayesian updating and expresses
common belief in Bayesian updating.
The idea for proving Theorem 9.7.1 is the following. In Theorem

9.3.3 we have shown that the strategies that can rationally be chosen
under common strong belief in rationality, are exactly the strategies that
survive the iterated conditional dominance procedure at ;: In the proof
of Theorem 9.3.3 we construct an epistemic model M in which, for each
of the strategies si that survive the iterated conditional dominance pro-
cedure at ;; there is some type tsii that expresses common strong belief
in rationality, and for which si is optimal. In this epistemic model, we
could as well have constructed these types tsii in such a way that they
satisfy Bayesian updating and express common belief in Bayesian up-
dating. We leave it to the interested reader to adapt the proof in this
way. But then, we conclude that every strategy si which survives the
iterated conditional dominance procedure at ;; is optimal for some type
tsii which expresses common strong belief in rationality, satis�es Bayesian
updating, and expresses common belief in Bayesian updating.

That is, every strategy which survives the iterated conditional dom-
inance procedure at ;; can rationally be chosen under common strong
belief in rationality and common belief in Bayesian updating. By Theo-
rem 9.3.3 it then follows that the strategies that can rationally be chosen
under common strong belief in rationality are the same as the strategies
that can rationally be chosen under common strong belief in rational-
ity and common belief in Bayesian updating. In both cases, namely,
we obtain exactly those strategies that survive the iterated conditional
dominance procedure at ;:
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9.8. PROOFS 627

9.8. Proofs

In this section we will �rst prove Theorem 9.3.3, which states that the
iterated conditional dominance procedure delivers exactly those strate-
gies that can rationally be chosen under common strong belief in ra-
tionality. We proceed in three steps. We �rst derive some important
properties of the iterated conditional dominance procedure. In the sec-
ond subsection we use these properties to prove an optimality principle
for the iterated conditional dominance procedure. As you will see, prov-
ing this optimality principle will be far from easy. In the third subsection
we prove Theorem 9.3.3, heavily relying on the optimality principle we
derive in the second subsection.
In the fourth and �nal subsection we will prove Theorem 9.4.2, which

states that every outcome you initially deem possible under common
strong belief in rationality, is also initially deemed possible under common
belief in future rationality.

Properties of the Iterated Conditional Dominance Proce-
dure. In this �rst subsection we will prove some important properties
of the iterated conditional dominance procedure, which we will use in
the following subsection to show the optimality principle. Recall that
�k(;) is the decision problem that remains after step k of the iterated
conditional dominance procedure at ;: For every player i and every in-
formation set h; let �k(h) = (Ski (h); S

k
�i(h)) be the decision problem that

remains after step k of the iterated conditional dominance procedure at
h: We �rst show how �k(h) relates to the decision problems �m(;) for
m � k:
Lemma 9.8.1. (Structure of the decision problems �k(h))

For some player i and some information set h 2 Hi; let
�k(h) = (Ski (h); S

k
�i(h)) be the decision problem that remains after step

k of the iterated conditional dominance procedure at h. Let m be
the highest number less than or equal to k such that some strategy
combination in �m(;) leads to h: Then, Ski (h) = Smi (;) \ Si(h); and
Sk�i(h) = S

m
�i(;) \ S�i(h):

Remember that Si(h) contains exactly those strategies for player i
that lead to h; and S�i(h) contains exactly those opponents� strategy
combinations that lead to h:

Proof. We prove the statement by induction on k:

Induction start. Start with k = 0: By de�nition, S0i (h) = Si(h) and
S0�i(h) = S�i(h): Moreover, S

0
i (;) = Si and S�i(;) = S�i: So, the state-

ment trivially follows for k = m = 0:
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628 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Induction step. Take some k � 1; and assume that the statement is
true for every k0 � k � 1: Take some information set h 2 Hi, and let m
be the highest number less than or equal to k such that some strategy
combination in �m(;) leads to h: We distinguish two cases.

Case 1. If m < k; then there is no strategy combination in �k(;) that
leads to h: So, every strategy combination that leads to h contains at
least one strategy which is not in �k(;): By construction, �k(;) con-
tains precisely those strategies sj that are not strictly dominated at any
decision problem �k�1(h0) of step k � 1 at which j is active. Hence,
every strategy combination that leads to h contains at least one strat-
egy sj which is strictly dominated in some decision problem �k�1(h0)
of step k � 1 at which j is active. By de�nition of the iterated condi-
tional dominance procedure, we should then eliminate no strategies from
�k�1(h) in step k: That is, �k(h) is the same as �k�1(h): But then, m
is clearly the highest number less than or equal to k � 1 such that some
strategy combination in �m(;) leads to h: So, we know by our induction
assumption that �k�1(h) contains precisely those strategy combinations
in �m(;) that lead to h: In other words, Sk�1i (h) = Smi (;) \ Si(h); and
Sk�1�i (h) = S

m
�i(;)\S�i(h): As �k�1(h) = �k(h); the same holds for �k(h):

Hence, Ski (h) = S
m
i (;) \ Si(h); and Sk�i(h) = Sm�i(;) \ S�i(h):

Case 2. Suppose thatm = k: So, there is a strategy combination in �k(;)
that leads to h: We show that �k(h) contains precisely those strategy
combinations in �k(;) that lead to h:
By de�nition of the iterated conditional dominance procedure, �k(;)

contains precisely those strategies sj that are not strictly dominated in
any decision problem �k�1(h0) of step k � 1 at which j is active. By our
assumption, at least one such strategy combination leads to h: Hence,
there is a combination of strategies sj leading to h (including i�s strategy)
where every strategy sj is not strictly dominated in any decision problem
�k�1(h0) of step k � 1 at which j is active. By de�nition of the iterated
conditional dominance procedure, �k(h) then contains precisely those
strategy combinations leading to h where every strategy sj is not strictly
dominated in any decision problem �k�1(h0) of step k � 1 at which j
is active. So, �k(h) contains precisely those strategy combinations in
�k(;) that lead to h: That is, Ski (h) = Ski (;) \ Si(h); and Sk�i(h) =
Sk�i(;) \ S�i(h); which was to show.

We may thus conclude that, in general, Ski (h) = S
m
i (;) \ Si(h); and

Sk�i(h) = S
m
�i(;)\S�i(h): By induction on k; the statement in the lemma

follows. �
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9.8. PROOFS 629

In the proofs section of Chapter 8 we have introduced the so-called
�forward inclusion property�. We repeat its de�nition here for conve-
nience. For a given player i; take a collection (D�i(h))h2Hi of strat-
egy subsets, specifying at every information set h 2 Hi some subset
D�i(h) � S�i(h) of opponents�strategy combinations leading to h: The
collection (D�i(h))h2Hi of strategy subsets is said to satisfy the forward
inclusion property if for every h; h0 2 Hi where h0 follows h; it holds that
D�i(h) \ S�i(h0) � D�i(h

0): We will now show that the collections of
strategy subsets selected by the iterated conditional dominance proce-
dure satisfy the forward inclusion property.

Lemma 9.8.2. (Iterated conditional dominance procedure satis�es
forward inclusion property)

For every player i and information set h 2 Hi; let �k(h) = (Ski (h); Sk�i(h))
be the decision problem that remains after step k of the iterated condi-
tional dominance procedure at h. Then, the collection (Sk�i(h))h2Hi of
strategy subsets satis�es the forward inclusion property.

Proof. Take some information sets h; h0 2 Hi where h0 follows h: We
must show that Sk�i(h)\S�i(h0) � Sk�i(h0): Let m be the highest number
less than or equal to k such that there is a strategy combination in �m(;)
leading to h: Then, by Lemma 9.8.1 we know that Sk�i(h) = Sm�i(;) \
S�i(h): Similarly, let m0 be the highest number less than or equal to k
such that there is a strategy combination in �m

0
(;) leading to h0: Since

h0 follows h we have that m0 � m; and by Lemma 9.8.1 we know that
Sk�i(h

0) = Sm
0

�i (;) \ S�i(h0):
Since Sk�i(h) = S

m
�i(;) \ S�i(h); and S�i(h0) � S�i(h); we have that

Sk�i(h)\S�i(h0) = Sm�i(;)\S�i(h0):Moreover, Sm�i(;) � Sm
0

�i (;) asm � m0:

Hence, we conclude that Sk�i(h) \ S�i(h0) � Sm
0

�i (;) \ S�i(h0) = Sk�i(h0);
which was to show. We thus have proved that (Sk�i(h))h2Hi satis�es the
forward inclusion property. �

Optimality Principle. Recall that for every player i and informa-
tion set h 2 Hi; we denote by �k(h) = (Ski (h); S

k
�i(h)) the reduced de-

cision problem for player i at h after applying step k of the iterated
conditional dominance procedure. Moreover, we denote by Ski (;) the set
of strategies for player i that survive step k of the iterated conditional
dominance procedure at ;: By de�nition of the iterated conditional dom-
inance procedure, Ski (;) contains precisely those strategies si for player
i that are not strictly dominated within any decision problem �k�1(h)
for player i that si leads to. For every such information set h; the deci-
sion problem �k�1(h) is given by (Sk�1i (h); Sk�1�i (h)): By Theorem 2.5.3 in
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630 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Chapter 2 we know that a strategy si is not strictly dominated in �k�1(h)
precisely when it is optimal, among strategies in Sk�1i (h); for some belief
bi(h) 2 �(Sk�1�i (h)): That is,

ui(si; bi(h)) � ui(s0i; bi(h)) for all s0i 2 Sk�1i (h):

Hence, Ski (;) contains precisely those strategies si for player i which,
at every h 2 Hi that si leads to, are optimal for some belief bi(h) 2
�(Sk�1�i (h)) among all strategies in S

k�1
i (h):

We can show, however, that these strategies si are not only optimal
at h among strategies in Sk�1i (h) only, but in fact among all strategies in
Si(h): That is,

ui(si; bi(h)) � ui(s0i; bi(h)) for all s0i 2 Si(h):
Wewill refer to this as the optimality principle for the iterated conditional
dominance procedure. Like in Chapter 8, it will play an important role in
proving that the iterated conditional dominance procedure yields exactly
those strategies that can rationally be chosen under common strong belief
in rationality.

Lemma 9.8.3. (Optimality principle)

For some k � 1; consider a strategy si 2 Ski (;) that survives step k of the
iterated conditional dominance procedure at ;: Then, at every h 2 Hi
that si leads to, there is some belief bi(h) 2 �(Sk�1�i (h)) such that si is
optimal for bi(h) among all strategies in Si(h):

Proof. Consider a strategy s�i 2 Ski (;) and an information set h� 2 Hi
that s�i leads to. We show that there is some belief bi(h

�) 2 �(Sk�1�i (h
�))

such that s�i is optimal for bi(h
�) among all strategies in Si(h�):We prove

this statement by induction on the number of player i information sets
that precede h�:

Induction start. Take an information set h� 2 Hi that s�i leads to,
which is not preceded by any other player i information set. As s�i 2
Ski (;); we know by the argument above that there is some belief bi(h�) 2
�(Sk�1�i (h

�)) such that s�i is optimal for bi(h
�) among all strategies in

Sk�1i (h�): That is,

(1) ui(s
�
i ; bi(h

�)) � ui(s0i; bi(h�)) for all s0i 2 Sk�1i (h�):

We will prove that, in fact,

ui(s
�
i ; bi(h

�)) � ui(s0i; bi(h�)) for all s0i 2 Si(h�):
Suppose, on the contrary, that there would be some s0i 2 Si(h�) such that
(2) ui(s

�
i ; bi(h

�)) < ui(s
0
i; bi(h

�)):
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9.8. PROOFS 631

We show that in this case there would be some si 2 Sk�1i (h�) with
ui(s

0
i; bi(h

�)) � ui(si; bi(h
�)); which together with (2) would contradict

(1).
Remember from Lemma 9.8.2 that the collection of strategy subsets

(Sk�1�i (h))h2Hi satis�es the forward inclusion property. Since bi(h
�) 2

�(Sk�1�i (h
�)); we know from Lemma 8.14.3 in the proofs section of Chap-

ter 8 that we can choose at every information set h 2 Hi following h� some
belief bi(h) 2 �(Sk�1�i (h)) such that these beliefs, together with bi(h

�);
satisfy Bayesian updating at all player i information sets following h�:

Let Hfirst
i be the collection of player i information sets that are not

preceded by any other player i information set. For every h 2 Hfirst
i other

than h�; choose some arbitrary belief bi(h) 2 �(Sk�1�i (h)): Then, by the
same argument as above, we can choose at every information set h0 2
Hi following h some belief bi(h0) 2 �(Sk�1�i (h

0)) such that these beliefs,
together with bi(h); satisfy Bayesian updating at all player i information
sets following h:
So, in this way we can extend the belief bi(h�) to a conditional belief

vector (bi(h))h2Hi on (S
k�1
�i (h))h2Hi which satis�es Bayesian updating

everywhere. But then, by Lemma 8.13.2 of Chapter 8, we know that
there is a strategy si which, at every h 2 Hi that si leads to, is optimal
for bi(h) among all strategies in Si(h):Hence, at every h 2 Hi that si leads
to, strategy si is not strictly dominated on Sk�1�i (h) among all strategies
in Si(h): So, si 2 Ski (;); and in particular si 2 Sk�1i (;): Moreover, as
there is no player i information set preceding h�; it must be true that
si 2 Si(h�): Hence, si 2 Sk�1i (;) \ Si(h�): By Lemma 9.8.1 we know
that Sk�1i (;) \ Si(h�) � Sk�1i (h�); and therefore we conclude that si 2
Sk�1i (h�):
By construction, strategy si is optimal at h�; among all strategies

in Si(h�); for the belief bi(h�): But then, ui(s0i; bi(h
�)) � ui(si; bi(h

�)):
Together with (2) this would imply that

ui(s
�
i ; bi(h

�)) < ui(s
0
i; bi(h

�)) � ui(si; bi(h�)) for some si 2 Sk�1i (h�):

This, however, contradicts (1). So, strategy s�i must be optimal for the
belief bi(h�) among all strategies in Si(h�); which is what we wanted to
show.

Induction step. Consider some information set h� 2 Hi that s�i leads
to, and assume that for every h 2 Hi preceding h� there is some belief
bi(h) 2 �(Sk�1�i (h)) such that s

�
i is optimal for bi(h) among all strategies

in Si(h): We prove that there is a belief bi(h�) 2 �(Sk�1�i (h
�)) such that
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632 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

s�i is optimal for bi(h
�) among all strategies in Si(h�). To do so, we

distinguish two cases.

Case 1. Suppose that there is a player i information set h preceding
h� with bi(h)(S�i(h�)) > 0: By our induction assumption, we know that
s�i is optimal at h for the belief bi(h) 2 �(Sk�1�i (h)) among all strategies
in Si(h): Let bi(h�) be the belief at h� obtained from bi(h) by Bayesian
updating. But then, by Lemma 8.14.9 from the proofs section in Chapter
8, it follows that s�i is also optimal at h

� for the belief bi(h�) among all
strategies in Si(h�):
We will now show that bi(h�) 2 �(Sk�1�i (h

�)): As bi(h�) is obtained
from bi(h) by Bayesian updating, we know that

(1) bi(h
�)(s�i) =

bi(h)(s�i)

bi(h)(S�i(h�))

for every opponents�strategy combination s�i 2 S�i(h�): By assumption,
bi(h) 2 �(Sk�1�i (h)); and hence bi(h) only assigns positive probability to
opponents�strategy combinations in Sk�1�i (h): But then, it follows by (1)
that bi(h�) only assigns positive probability to opponents�strategy com-
binations in Sk�1�i (h) \ S�i(h�): From Lemma 9.8.2 we know that the
collection of strategy subsets (Sk�1�i (h

0))h02Hi satis�es the forward inclu-
sion property, and hence Sk�1�i (h) \ S�i(h�) � Sk�1�i (h

�): So, we conclude
that bi(h�) only assigns positive probability to opponents�strategy com-
binations in Sk�1�i (h

�); that is, bi(h�) 2 �(Sk�1�i (h
�)):

Hence, we have constructed a belief bi(h�) 2 �(Sk�1�i (h
�)) such that

s�i is optimal for bi(h
�) among all strategies in Si(h�): This completes

Case 1.

Case 2. Suppose that bi(h)(S�i(h�)) = 0 for every player i informa-
tion set h preceding h�:

Since s�i 2 Ski (;) we know from above that at h� there is some be-
lief bi(h�) 2 �(Sk�1�i (h

�)) such that s�i is optimal for bi(h
�) among all

strategies in Sk�1i (h�): That is,

(2) ui(s
�
i ; bi(h

�)) � ui(s0i; bi(h�)) for all s0i 2 Sk�1i (h�):

We will prove that, in fact,

ui(s
�
i ; bi(h

�)) � ui(s0i; bi(h�)) for all s0i 2 Si(h�):

Suppose, on the contrary, that there would be some s0i 2 Si(h�) such that

(3) ui(s
�
i ; bi(h

�)) < ui(s
0
i; bi(h

�)):
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9.8. PROOFS 633

We show that in this case there would be some si 2 Sk�1i (h�) with
ui(s

0
i; bi(h

�)) � ui(si; bi(h
�)); which together with (3) would contradict

(2).

Denote byHpre
i (h�) the collection of player i information sets that pre-

cede h�: LetH�
i be the collection of player i information sets h =2 H

pre
i (h�)

such that (1) h follows some information set h0 2 Hpre
i (h�); and (2)

bi(h
0)(S�i(h)) > 0 for this information set h0 2 Hpre

i (h�): Remember that,
by our assumption in Case 2, bi(h0)(S�i(h�)) = 0 for every h0 2 Hpre

i (h�);
and hence h� =2 H�

i : Take some information set h 2 H�
i ; preceded by

some h0 2 Hpre
i (h�) with bi(h0)(S�i(h)) > 0: De�ne the belief bi(h) at

h to be the belief obtained from bi(h
0) by Bayesian updating. Since

bi(h
0) 2 �(Sk�1�i (h

0)); it can be shown in the same way as above that
bi(h) 2 �(Sk�1�i (h)): Since h

0 2 Hpre
i (h�); we know by our induction as-

sumption that s�i is optimal at h
0; among all strategies in Si(h0); for the

belief bi(h0): But then, it follows from Lemma 8.14.9 from the proofs
section in Chapter 8 that s�i is also optimal at h for bi(h) among all
strategies in Si(h); if s�i leads to h: So, we see that for every h 2 H�

i

there is a belief bi(h) 2 �(Sk�1�i (h)) such that s
�
i is optimal at h for bi(h)

among all strategies in Si(h); if s�i leads to h:

Denote by H0
i the collection of player i information sets which are not

in Hpre
i (h�) and not in H�

i : So, H
0
i contains those player i information

sets h that do not precede h�; and that are either not preceded by any
information set h0 2 Hpre

i (h�); or for which bi(h0)(S�i(h)) = 0 for every
h0 2 Hpre

i (h�) that precedes h: Note that, by our assumption for Case
2, bi(h0)(S�i(h�)) = 0 for every h0 2 Hpre

i (h�); and hence h� 2 H0
i : By

construction, if h 2 H0
i and h

0 2 Hi follows h; then also h0 is in H0
i : By

H0first
i we denote the collection of those information sets h 2 H0

i that
are not preceded by any other information set in H0

i : As h
� 2 H0

i ; and
every player i information set preceding h� is in Hpre

i (h�); we conclude
that h� 2 H0first

i :

At information set h� 2 H0first
i ; we had already de�ned the belief

bi(h
�) 2 �(Sk�1�i (h

�)) as above, satisfying (2). At every other information
set h 2 H0first

i we choose some arbitrary belief bi(h) 2 �(Sk�1�i (h)). Now,
take some arbitrary information set h 2 H0first

i : As the collection of
strategy subsets (Sk�1�i (h

0))h02Hi satis�es the forward inclusion property,
we know from Lemma 8.14.3 in the proofs section of Chapter 8 that
we can �nd beliefs bi(h0) 2 �(Sk�1�i (h

0)) at all h0 2 Hi following h such
that these beliefs, together with bi(h); satisfy Bayesian updating at all
h0 2 Hi following h: But then, by Lemma 8.13.2 from Chapter 8, we can
�nd a strategy shi 2 Si(h) such that, at every h0 2 Hi weakly following
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634 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

h that shi leads to, s
h
i is optimal at h

0 for bi(h0) among all strategies in
Si(h

0): So, for every h 2 H0first
i there is a strategy shi 2 Si(h); and beliefs

bi(h
0) 2 �(Sk�1�i (h

0)) at every h0 2 Hi weakly following h; such that, at
every h0 2 Hi weakly following h that shi leads to, shi is optimal at h0 for
bi(h

0) among all strategies in Si(h0).

We now construct a strategy si as follows. At every h 2 Hpre
i (h�);

and every h 2 H�
i that s

�
i leads to, let si select the same choice as s

�
i :

At every h 2 H0
i ; weakly preceded by some h

0 2 H0first
i ; let si select the

same choice as sh
0
i ; if s

h0
i leads to h: So, in short, strategy si coincides with

s�i at information sets in H
pre
i (h�) and H�

i ; and, for every h 2 H
0first
i ;

coincides with shi at information sets that weakly follow h:
We will now show that, at every h 2 Hi that si leads to, the strategy

si is optimal for the belief bi(h) 2 �(Sk�1�i (h)) among all strategies in
Si(h): To do so, we distinguish three cases.

Case a. Suppose that h 2 Hpre
i (h�): By construction, every informa-

tion set h0 2 Hi following h with bi(h)(S�i(h0)) > 0 is in H�
i : That is,

in order to verify the optimality of a strategy s00i for the belief bi(h) at h
we only need the choices that s00i prescribes at h; and at information sets
in H�

i : By construction, the strategy si coincides with s
�
i at h; and at

information sets in H�
i : Moreover, by our induction assumption we know

that strategy s�i is optimal at h for the belief bi(h) among all strategies
in Si(h): Therefore, we conclude that also strategy si is optimal at h for
the belief bi(h) among all strategies in Si(h):

Case b. Suppose that h 2 H�
i : We show that every information

set h0 2 Hi following h with bi(h)(S�i(h0)) > 0 is also in H�
i : Namely,

take some information set h0 2 Hi following h with bi(h)(S�i(h0)) > 0:
As h 2 H�

i ; we know that h is preceded by some h00 2 Hpre
i (h�) with

bi(h
00)(S�i(h)) > 0; and that bi(h) is obtained from bi(h

00) by Bayesian
updating. As bi(h)(S�i(h0)) > 0; and bi(h) is obtained from bi(h

00) by
Bayesian updating, it follows that also bi(h00)(S�i(h0)) > 0: This, however,
means that h0 2 H�

i ; since h
00 2 Hpre

i (h�): So, indeed, every information
set h0 2 Hi following h with bi(h)(S�i(h0)) > 0 is in H�

i :
Hence, in order to verify the optimality of a strategy s00i for the belief

bi(h) at h we only need the choices that s00i prescribes at information
sets in H�

i : By construction, si coincides with s
�
i at information sets in

H�
i : Moreover, we know by our construction that s

�
i is optimal at h for

the belief bi(h) among all strategies in Si(h):We thus conclude that also
strategy si is optimal at h for the belief bi(h) among all strategies in
Si(h):

Case c. Suppose that h 2 H0
i : Let h be weakly preceded by some

h0 2 H0first
i : By our construction, strategy si coincides with sh

0
i at h
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9.8. PROOFS 635

and all player i information sets following h: Moreover, we know that
strategy sh

0
i is optimal at h for bi(h) among all strategies in Si(h): Hence,

we conclude that also strategy si is optimal at h for bi(h) among all
strategies in Si(h):

In total, we see that, at every h 2 Hi that si leads to, the strategy si
is optimal for the belief bi(h) 2 �(Sk�1�i (h)) among all strategies in Si(h):
Hence, strategy si is not strictly dominated at any decision problem
�k�1(h) = (Sk�1i (h); Sk�1�i (h)) for player i that si leads to. This means,
however, that si 2 Ski (;); and hence in particular si 2 Sk�1i (;):Moreover,
it is easy to see that strategy si leads to h�: Namely, by our construction,
strategy si coincides with s�i at all player i information sets that precede
h�: Since s�i leads to h

�; we may conclude that si leads to h� as well.
Hence, we see that si 2 Sk�1i (;)\ Si(h�): By Lemma 9.8.1 we know that
Sk�1i (;) \ Si(h�) � Sk�1i (h�); and hence si 2 Sk�1i (h�):

So, we have constructed a strategy si 2 Sk�1i (h�) which is optimal,
at every h 2 Hi that si leads to, for the belief bi(h) among all strategies
in Si(h): In particular, strategy si is optimal at h� for the belief bi(h�)
among all strategies in Si(h�): But then, by (3) it follows that

ui(s
�
i ; bi(h

�)) < ui(s
0
i; bi(h

�)) � ui(si; bi(h�)) for some si 2 Sk�1i (h�);

which contradicts (2). Hence, strategy s�i must be optimal at h
� for the

belief bi(h�) among all strategies in Si(h�): So, we have constructed a
belief bi(h�) 2 �(Sk�1�i (h

�)) such that s�i is optimal for bi(h
�) among all

strategies in Si(h�): This completes Case 2.

By induction, this statement will then hold for every information set
h� 2 Hi that s�i leads to. So, for every h� 2 Hi that s�i leads to, we
can construct some belief bi(h�) 2 �(Sk�1�i (h

�)) such that s�i is optimal
for bi(h�) among all strategies in Si(h�): This completes the proof of the
optimality principle. �

Algorithm �Works�. We will now use the optimality principle to
prove the main theorem of this chapter.

Theorem 9.3.3 (Algorithm �works�)

(1) For every k � 1; the strategies that can rationally be chosen by a
type that expresses up to k-fold strong belief in rationality are precisely
the strategies in �k+1(;) �that is, those strategies that survive step k+1
of the iterated conditional dominance procedure at ;:
(2) The strategies that can rationally be chosen by a type that expresses
common strong belief in rationality are exactly the strategies that survive
the full iterated conditional dominance procedure at ;.

Clic
k t

o buy N
OW!

PDF-XChange

w
ww.docu-track.comClic

k t
o buy N

OW!
PDF-XChange

w
ww.docu-track.com

http://www.docu-track.com/buy/
http://www.docu-track.com/buy/


636 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Proof. For every k � 1, every player i; and every information set h 2 Hi;
let �k(h) = (Ski (h); S

k
�i(h)) be the decision problem that remains after

step k of the iterated conditional dominance procedure at h: Suppose
that the iterated conditional dominance procedure terminates after K
rounds, that is, �K+1(h) = �K(h) for every information set h:

The idea in this proof will be to construct an epistemic modelM with
the following properties:

� For all players i and every strategy si in S1i (;); there is a type
tsii for which si is optimal (at all information sets h 2 Hi that si
leads to).
� For every k � 1; if the strategy si is in Ski (;); then the associated
type tsii expresses up to (k � 1)-fold strong belief in rationality.
� If the strategy si is in SKi (;); then the associated type tsii ex-
presses common strong belief in rationality.

In order to achieve this, we will carry out four steps. In Step 1 we
construct, for every strategy si in S1i (;); some conditional belief vector
about the opponents�strategy choices for which si is optimal. In Step 2
we use these conditional belief vectors to construct our epistemic model
M: In this model, we de�ne for every strategy si in S1i (;) some type tsii for
which si is optimal. In Step 3 we show that, for every k � 1 and every
si in Ski (;); the associated type tsii expresses up to (k � 1)-fold strong
belief in rationality. In Step 4 we �nally prove that, for every strategy
si in SKi (;); the associated type tsii expresses common strong belief in
rationality.

Step 1. Construction of beliefs.

In this step we construct for every strategy si 2 S1i (;) some conditional
belief vector bsii about the opponents� strategy choices, such that si is
optimal for bsii at every information set h 2 Hi that si leads to. For
every k 2 f0; :::; K � 1g; let Dk

i be the set of strategies for player i that
are in Ski (;) but not in Sk+1i (;): To de�ne the conditional belief vectors
bsii we distinguish the following two cases.

(1) Consider �rst some k 2 f1; :::; K� 1g and some strategy si for player
i in Dk

i : By Lemma 9.8.3, we can �nd at every h 2 Hi that si leads to,
some conditional belief bsii (h) 2 �(Sk�1�i (h)) such that si is optimal for
bsii (h) (among all strategies in Si(h)).

At every h 2 Hi that si does not lead to, we construct the conditional
belief bsii (h) 2 �(S�i(h)) as follows: Consider the largest m less than or
equal to k� 1 such that some opponents�strategy combination in Sm�i(;)
leads to h: Then, choose some arbitrary belief bsii (h) 2 �(Sm�i(;)\S�i(h)):
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9.8. PROOFS 637

In this way, we construct a complete conditional belief vector bsii =
(bsii (h))h2Hi such that si is optimal for b

si
i (h) at all h 2 Hi that si leads

to. Or, in short, si is optimal for b
si
i :

(2) Consider next some strategy si 2 SKi (;) that survives the full iterated
conditional dominance procedure. Then, si is also in SK+1i (;): Hence,
by Lemma 9.8.3 we can �nd at every h 2 Hi that si leads to, some
conditional belief bsii (h) 2 �(SK�i(h)) such that si is optimal for bsii (h).
At every h 2 Hi that si does not lead to, we construct the conditional

belief bsii (h) 2 �(S�i(h)) as follows: Consider the largest m less than or
equal to K such that some opponents�strategy combination in Sm�i(;)
leads to h: Then, choose some arbitrary belief bsii (h) 2 �(Sm�i(;)\S�i(h)):
In this way, we construct a complete conditional belief vector bsii =

(bsii (h))h2Hi such that si is optimal for b
si
i (h) at all h 2 Hi that si leads

to.

Step 2. Construction of types.

We will now use these conditional belief vectors bsii to construct, for every
strategy si 2 Si, some type tsii : For all players i; let the set of types Ti
be given by

Ti = ftsii : si 2 Sig:
We will de�ne, for every type tsii and every information set h 2 Hi; the
corresponding conditional belief bi(t

si
i ; h) on S�i(h)� T�i:

Before we do so, let us denote by T ki the set of types t
si
i with si 2

Ski (;); for every k 2 f0; :::; Kg: Here, Ski (;) contains those strategies that
survive step k of the iterated conditional dominance procedure at ;. By
de�nition, we set S0i (;) = Si: As SKi (;) � SK�1i (;) � ::: � S0i (;); it
follows that TKi � TK�1i � ::: � T 0i ; where T 0i = Ti:
In order to de�ne the conditional beliefs bi(t

si
i ; h); we distinguish the

following three cases.

(1) Take �rst a type tsii with si 2 D0
i : That is, t

si
i 2 T 0i nT 1i : We de�ne

the conditional beliefs of tsii in an arbitrary way.

(2) Consider next some type tsii with si 2 Dk
i for some k 2 f1; :::; K �

1g: That is, tsii 2 T ki nT k+1i for some k 2 f1; :::; K � 1g: In Step 1 we
constructed a conditional belief vector bsii for which si is optimal. At
every information set h 2 Hi; let bi(tsii ; h) be the conditional belief about
the opponents�strategy-type combinations given by

bi(t
si
i ; h)((sj; tj)j 6=i) :=

�
bsii (h)((sj)j 6=i); if tj = t

sj
j for every j 6= i

0; otherwise.
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638 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

So, at every h 2 Hi; type tsii holds the same belief about the opponents�
strategy choices as bsii (h): Since strategy si is optimal for the conditional
belief vector bsii ; it follows that strategy si is optimal for type t

si
i :

Remember that bsii (h) assigns, at every h 2 Hi that si leads to,
only positive probability to opponents�strategy combinations in Sk�1�i (h):
Hence, at every information set h 2 Hi that si leads to, type tsii assigns
only positive probability to opponents�strategy-type pairs (sj; tj) where
sj is in Sk�1�i (h) and tj = t

sj
j : By Lemma 9.8.1 we know that at every

such information set h 2 Hi that si leads to, Sk�1�i (h) = S
m
�i(;) \ S�i(h);

where m is the highest number less than or equal to k � 1 such that
Sm�i(;) \ S�i(h) is nonempty. As a consequence, at every information
set h 2 Hi that si leads to, type tsii assigns only positive probability to
opponents�types tj 2 Tmj ; where m is the highest number less than or
equal to k � 1 such that Sm�i(;) \ S�i(h) is nonempty.
(3) Consider �nally some type tsii with si 2 SKi (;): That is, tsii 2 TKi :
In Step 1 we constructed a conditional belief vector bsii for which si is
optimal. At every information set h 2 Hi; let bi(tsii ; h) be the conditional
belief about the opponents�strategy-type combinations given by

bi(t
si
i ; h)((sj; tj)j 6=i) :=

�
bsii (h)((sj)j 6=i); if tj = t

sj
j for every j 6= i

0; otherwise.

Hence, at every h 2 Hi; type tsii holds the same belief about the op-
ponents�strategy choices as bsii (h): Since strategy si is optimal for the
conditional belief vector bsii ; it follows that strategy si is optimal for type
tsii :

Remember that bsii (h) assigns, at every h 2 Hi that si leads to,
only positive probability to opponents�strategy combinations in SK�i(h):
Hence, at every information set h 2 Hi that si leads to, type tsii assigns
only positive probability to opponents�strategy-type pairs (sj; tj) where
sj is in SK�i(h) and tj = t

sj
j : By Lemma 9.8.1 we know that at every such

information set h 2 Hi that si leads to, SK�i(h) = Sm�i(;) \ S�i(h); where
m is the highest number less than or equal toK such that Sm�i(;)\S�i(h)
is nonempty. As a consequence, at every information set h 2 Hi that si
leads to, type tsii assigns only positive probability to opponents� types
tj 2 Tmj ; where m is the highest number less than or equal to K such
that Sm�i(;) \ S�i(h) is nonempty.

The construction of the epistemic model M is hereby complete.

Step 3. Every type ti 2 T ki with k � 1 expresses up to (k�1)-fold
strong belief rationality.

In order to prove this step, we will show the following lemma.
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9.8. PROOFS 639

Lemma 9.8.4. For every k � 1; the following two statements are true:

(a) Every strategy that can rationally be chosen under expressing up to
(k � 1)-fold strong belief in rationality must be in �k(;):

(b) For every strategy si in �k(;); the associated type tsii in the epistemic
model M expresses up to (k � 1)-fold strong belief in rationality.

Note that, by construction, strategy si is optimal for the type t
si
i if

si is in �1(;): So, by combining the two statements (a) and (b), we show
that for every k � 1; the decision problem �k(;) contains exactly those
strategies that can rationally be chosen under expressing up to (k�1)-fold
strong belief in rationality.

Proof of Lemma 9.8.4. We prove the two statements by induction on
k:

Induction start. Start with k = 1:

(a) Take a strategy si that can rationally be chosen under 0-fold strong
belief in rationality. Then, si is optimal for some conditional belief vector.
So, si is not strictly dominated in any full decision problem �0(h) at which
i is active; and hence si is in �1(;):

(b) Take some strategy si in �1(;) and consider the associated type tsii :
By de�nition, every type expresses 0-fold strong belief in rationality, and
so does tsii :

Induction step. Take now some k 2 f2; :::; Kg; and assume that the
two statements (a) and (b) are true for every m � k � 1:

(a) Take a strategy si that can rationally be chosen under expressing up
to (k�1)-fold strong belief in rationality. So, si is optimal for some type
ti that expresses up to (k � 1)-fold strong belief in rationality. Hence,
type ti satis�es the following property at every information set h 2 Hi:
Let m be the highest number, less than or equal to k � 2; such that
there is an opponents�strategy combination leading to h that can ratio-
nally be chosen under expressing up tom-fold strong belief in rationality.
Then, bi(ti; h) only assigns positive probability to such opponents�strat-
egy combinations.
We know, from the induction assumption, that for every m � k � 2;

the strategies that can rationally be chosen under expressing up to m-
fold strong belief in rationality are exactly the strategies in �m+1(;). So,
type ti satis�es the following property at every information set h 2 Hi:
If m is the highest number, less than or equal to k� 1; such that there is
an opponents�strategy combination in �m(;) leading to h; then bi(ti; h)
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640 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

only assigns positive probability to opponents�strategy combinations in
�m(;) that lead to h:
Now, take an information set h 2 Hi that strategy si leads to. Since

strategy si can rationally be chosen under expressing up to (k � 1)-fold
strong belief in rationality, we have in particular that si can rationally
be chosen under expressing up to (k� 2)-fold strong belief in rationality.
So, by our induction assumption on (a) we know that si is in �k�1(;):
As si leads to h; the m we have chosen above is also the highest m less
than or equal to k� 1 such that there is a players�strategy combination
(including player i�s strategy) in �m(;) leading to h: So, type ti satis�es
the following property at every information set h 2 Hi that strategy
si leads to: If m is the highest number, less than or equal to k � 1;
such that there is a players� strategy combination in �m(;) leading to
h; then bi(ti; h) only assigns positive probability to opponents�strategy
combinations in �m(;) that lead to h: However, by Lemma 9.8.1, the
opponents�strategy combinations in �m(;) that lead to h are exactly the
opponents�strategy combinations in �k�1(h):

Hence, we conclude that type ti assigns, at every information set
h 2 Hi that si leads to, only positive probability to opponents�strategy
combinations in �k�1(h): Since strategy si is optimal for type ti at every
h 2 Hi that si leads to, we may conclude that si is not strictly dominated
within any decision problem �k�1(h) at which i is active. But then, by
de�nition of the iterated conditional dominance procedure, we conclude
that si is in �k(;); which was to show.

(b) Take now some strategy si in �k(;); and consider the associated type
tsii . We will prove that t

si
i expresses up to (k � 1)-fold strong belief in

rationality. By our induction assumption, tsii expresses up to (k � 2)-
fold strong belief in rationality. So, it remains to show that tsii expresses
(k � 1)-fold strong belief in rationality. Consider an information set h 2
Hi and suppose that there is a combination of opponents�types, possibly
outside M; that express up to (k � 2)-fold strong belief in rationality,
and for which there is a combination of optimal strategies leading to h:
Then, we have to verify two conditions:

(1) The epistemic model M must contain at least one such combina-
tion of opponents�types.

(2) Type tsii must at h only assign positive probability to opponents�
strategy-type combinations where the strategy combinations lead to h;
the types express up to (k � 2)-fold strong belief in rationality, and the
strategies are optimal for the types.
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9.8. PROOFS 641

We �rst verify condition (1). So, we assume that for every opponent
j there is some type tj (possibly outside M) expressing up to (k � 2)-
fold strong belief in rationality, and some strategy sj which is optimal
for that type, such that this combination of opponents�strategies leads
to h: By our induction assumption on (a), it follows that sj must be in
�k�1(;): But then, by our induction assumption on (b), it follows that
the associated type tsjj in M expresses up to (k � 2)-fold strong belief
in rationality. Moreover, we know that sj is optimal for t

sj
j : Hence, M

contains a combination of opponents�types that express up to (k � 2)-
fold strong belief in rationality, and for which there is a combination of
optimal strategies leading to h; namely the combination of types tsjj for
every opponent j constructed above. Hence, condition (1) is satis�ed.

We now verify condition (2). Again, assume that at h there is a
combination of opponents�types that express up to (k � 2)-fold strong
belief in rationality, and for which there is a combination of optimal
strategies leading to h: By our induction assumption on (a), we know
that such opponents� strategies must be in �k�1(;): Hence, there is a
combination of opponents�strategies in �k�1(;) that leads to h:

We show that type tsii assigns at h only positive probability to oppo-
nents�strategy-type combinations where the strategy combinations lead
to h; the types express up to (k� 2)-fold strong belief in rationality, and
the strategies are optimal for the types. We distinguish two cases.

Case 1. Suppose that strategy si leads to h:
Since, by assumption, si is in �k(;); it must be that si 2 Dk0

i for
some k0 � k: But then, by construction of the types, tsii assigns at h
only positive probability to opponents�strategy combinations in �k

0�1(h);
since si leads to h: As �k

0�1(h) is contained in �k�1(h); we conclude that
type tsii assigns at h only positive probability to opponents� strategy
combinations in �k�1(h):

Above we have seen that there is a combination of opponents�strate-
gies in �k�1(;) that leads to h: Moreover, as si is in �k(;) and si leads
to h; we know that there is a player i strategy in �k�1(;) that leads to
h; namely si: So, in total, we conclude that there is a players�strategy
combination in �k�1(;) that leads to h: Hence, we know by Lemma 9.8.1
that �k�1(h) contains precisely those opponents�strategy combinations
in �k�1(;) that lead to h: So, type tsii assigns at h only positive probability
to opponents�strategies in �k�1(;):
Moreover, by construction of the types, tsii assigns at h only positive

probability to opponents�strategy-type pairs (sj; tj) with tj = t
sj
j : To-

gether with the above, we may thus conclude that type tsii assigns at h
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642 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

only positive probability to opponents�strategy-type pairs (sj; tj) where
sj is in �k�1(;) and tj = t

sj
j : By our induction assumption on (b), we

know that every such type tsjj expresses up to (k � 2)-fold strong belief
in rationality. We also know that for every sj in �k�1(;), the strategy
sj is optimal for the type t

sj
j since sj 2 Dm

j for some m � 1: Putting
all these facts together, it follows that type tsii assigns at h only positive
probability to opponents�strategy-type pairs (sj; t

sj
j ) where sj is optimal

for tsjj and type t
sj
j expresses up to (k�2)-fold strong belief in rationality.

This is what we had to show.

Case 2. Suppose that strategy si does not lead to h:
Since, by assumption, si is in �k(;); it must be that si 2 Dk0

i for some
k0 � k: As si does not lead to h we have, by our construction in Step
1, that the conditional belief bsii assigns at h only positive probability
to opponents� strategy combinations in Sm�i(;); where m is the largest
number less than or equal to k0 � 1 such that some opponents�strategy
combination in Sm�i(;) leads to h: Remember our assumption above that
there is a combination of opponents�strategies in �k�1(;) that leads to h:
In other words, there is an opponents�strategy combination in Sk�1�i (;)
leading to h; which means that m � k � 1: Since Sm�i(;) � Sk�1�i (;), we
conclude that the conditional belief bsii assigns at h only positive proba-
bility to opponents�strategy combinations in Sk�1�i (;): By construction,
the type tsii holds at h the same belief about the opponents�strategies
as bsii ; and hence also type t

si
i assigns at h only positive probability to

opponents�strategy combinations in Sk�1�i (;):
Moreover, the type tsii assigns at h only positive probability to oppo-

nents�strategy-type pairs (sj; tj) with tj = t
sj
j : Together with the above,

we may thus conclude that type tsii assigns at h only positive probabil-
ity to opponents�strategy-type pairs (sj; tj) where sj is in Sk�1j (;) and
tj = t

sj
j : By our induction assumption on (b), we know that every such

type tsjj expresses up to (k � 2)-fold strong belief in rationality. We also
know that for every sj in Sk�1j (;), the strategy sj is optimal for the type
t
sj
j since sj 2 Dm

j for some m � 1: Putting all these facts together, it
follows that type tsii assigns at h only positive probability to opponents�
strategy-type pairs (sj; t

sj
j ) where sj is optimal for t

sj
j and type tsjj ex-

presses up to (k � 2)-fold strong belief in rationality. This is what we
had to show.

Overall, we see that type tsii satis�es conditions (1) and (2) above, and
hence expresses (k � 1)-fold strong belief rationality. Since we already
knew, by our induction assumption, that tsii expresses up to (k � 2)-fold
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9.8. PROOFS 643

strong belief in rationality, it follows that tsii expresses up to (k � 1)-
fold strong belief in rationality. So, for every strategy si in �k(;); the
associated type tsii expresses up to (k � 1)-fold strong belief rationality.
This proves (b).

By induction on k; the statements (a) and (b) hold for every k � 1:
This completes the proof Lemma 9.8.4. �

With Lemma 9.8.4 we can now easily show the statement in step 3.
Take, namely, some type ti 2 T ki : Then, ti = tsii for some si in �

k(;):
By Lemma 9.8.4, part (b), it follows that ti expresses up to (k � 1)-fold
strong belief in rationality. So, Step 3 is complete now.

Step 4. Every type ti 2 TKi expresses common strong belief in
rationality.

In order to prove this, we show the following lemma.

Lemma 9.8.5. For every k � K � 1; every type ti 2 TKi expresses up
to k-fold strong belief in rationality.

Proof of Lemma 9.8.5. We prove the statement by induction on k:

Induction start. Start with k = K � 1: Take some ti 2 TKi : Then,
ti = tsii for some si in �

K(;): By Lemma 9.8.4 we know that type tsii
expresses up to (K � 1)-fold strong belief in rationality.
Induction step. Take now some k � K; and assume that for all play-
ers i; every type ti 2 TKi expresses up to (k � 1)-fold strong belief in
rationality.
Consider an arbitary type ti 2 TKi : That is, ti = tsii for some si in

�K(;): We must show that tsii expresses up to k-fold strong belief in
rationality. Since, by our induction assumption, tsii expresses up to (k �
1)-fold strong belief in rationality, it is su¢ cient to show that tsii expresses
k-fold strong belief in rationality. Consider an information set h 2 Hi
and suppose that there is a combination of opponents�types, possibly
outside M; that express up to (k � 1)-fold strong belief in rationality,
and for which there is a combination of optimal strategies leading to h:
Then, we have to verify two conditions:

(1) The epistemic model M must contain at least one such combina-
tion of opponents�types.

(2) Type tsii must at h only assign positive probability to opponents�
strategy-type combinations where the strategy combinations lead to h;
the types express up to (k � 1)-fold strong belief in rationality, and the
strategies are optimal for the types.
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644 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

We �rst verify condition (1). So, we assume that for every opponent
j there is some type tj (possibly outside M) expressing up to (k � 1)-
fold strong belief in rationality, and some strategy sj which is optimal
for that type, such that this combination of opponents�strategies leads
to h: By Lemma 9.8.4 we know that every such strategy sj must be in
�K(;); as k � K: But then, by our induction assumption, it follows that
the associated type tsjj in M expresses up to (k � 1)-fold strong belief
in rationality. Moreover, we know that sj is optimal for t

sj
j : Hence, M

contains a combination of opponents�types that express up to (k � 1)-
fold strong belief in rationality, and for which there is a combination of
optimal strategies leading to h; namely the combination of types tsjj for
every opponent j: Hence, condition (1) is satis�ed.

We now verify condition (2). Assume that at h there is a combina-
tion of opponents�types that express up to (k � 1)-fold strong belief in
rationality, and for which there is a combination of optimal strategies
leading to h: By Lemma 9.8.4, we know that such opponents�strategies
must be in �K(;): Hence, there is a combination of opponents�strategies
in �K(;) that leads to h:

We show that type tsii assigns at h only positive probability to oppo-
nents�strategy-type combinations where the strategy combinations lead
to h; the types express up to (k� 1)-fold strong belief in rationality, and
the strategies are optimal for the types. Again, we distinguish two cases.

Case 1. Suppose that strategy si leads to h:
Since, by assumption, si is in �K(;); we have that si 2 SKi (;): As si

leads to h we have, by construction, that tsii assigns at h only positive
probability to opponents�strategy combinations in �K(h): Above we have
seen that there is a combination of opponents�strategies in �K(;) that
leads to h: Moreover, as si is in �K(;) and si leads to h; we know that
there is a player i strategy in �K(;) that leads to h; namely si: So, in
total, we conclude that there is a players�strategy combination in �K(;)
that leads to h: Hence, we know by Lemma 9.8.1 that �K(h) contains
precisely those opponents�strategy combinations in �K(;) that lead to h:
So, type tsii assigns at h only positive probability to opponents�strategies
sj in �K(;):

Moreover, by construction of the types, tsii assigns at h only positive
probability to opponents�strategy-type pairs (sj; tj) with tj = t

sj
j : To-

gether with the above, we may thus conclude that type tsii assigns at h
only positive probability to opponents�strategy-type pairs (sj; tj) where
sj is in �K(;) and tj = tsjj : By our induction assumption, we know that
every such type tsjj expresses up to (k�1)-fold strong belief in rationality.
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9.8. PROOFS 645

We also know that for every sj in �K(;), the strategy sj is optimal for the
type tsjj : Putting all these facts together, it follows that type t

si
i assigns

at h only positive probability to opponents�strategy-type pairs (sj; t
sj
j )

where sj is optimal for t
sj
j and type t

sj
j expresses up to (k�1)-fold strong

belief in rationality. This is what we had to show.

Case 2. Suppose that strategy si does not lead to h:
Since, by assumption, si is in �K(;); we have that si 2 SKi (;): As

si does not lead to h we have, by our construction in Step 1, that the
conditional belief bsii assigns at h only positive probability to opponents�
strategy combinations in Sm�i(;); where m is the largest number less than
or equal to K such that some opponents�strategy combination in Sm�i(;)
leads to h: Remember our assumption above that there is a combination
of opponents�strategies in �K(;) that leads to h: In other words, there is
an opponents�strategy combination in SK�i(;) leading to h; which means
that m = K: Hence, we conclude that the conditional belief bsii assigns
at h only positive probability to opponents� strategy combinations in
SK�i(;): By construction, the type tsii holds at h the same belief about
the opponents�strategies as bsii ; and hence also type t

si
i assigns at h only

positive probability to opponents�strategy combinations in SK�i(;):
Moreover, the type tsii assigns at h only positive probability to oppo-

nents�strategy-type pairs (sj; tj) with tj = t
sj
j : Together with the above,

we may thus conclude that type tsii assigns at h only positive probabil-
ity to opponents� strategy-type pairs (sj; tj) where sj is in SKj (;) and
tj = t

sj
j : By our induction assumption, we know that every such type t

sj
j

expresses up to (k � 1)-fold strong belief in rationality. We also know
that for every sj in SKj (;), the strategy sj is optimal for the type t

sj
j :

Putting all these facts together, it follows that type tsii assigns at h only
positive probability to opponents�strategy-type pairs (sj; t

sj
j ) where sj is

optimal for tsjj and type t
sj
j expresses up to (k � 1)-fold strong belief in

rationality. This is what we had to show.

Overall, we see that type tsii satis�es conditions (1) and (2) above, and
hence expresses k-fold strong belief rationality. Since we already knew,
by our induction assumption, that tsii expresses up to (k� 1)-fold strong
belief in rationality, it follows that tsii expresses up to k-fold strong belief
in rationality. So, for every strategy si in �K(;); the associated type tsii
expresses up to k-fold strong belief rationality. By induction on k; the
statement in the lemma follows. �

Obviously, the statement in Step 4 follows from Lemma 9.8.5, and
hence Step 4 is hereby complete.
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646 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

With Lemma 9.8.4 and Lemma 9.8.5 at hand it is now easy to prove
Theorem 9.3.3. Take, namely, some strategy si that can rationally be
chosen under expressing up to k-fold strong belief in rationality, for some
k � 0: Then, by Lemma 9.8.4, part (a), it follows that si is in �k+1(;); so
si survives k+1 rounds of the iterated conditional dominance procedure
at ;: On the other hand, take some strategy in �k+1(;): Then, by Lemma
9.8.4, part (b), we know that the associated type tsii expresses up to k-
fold strong belief in rationality. As si is optimal for t

si
i ; we conclude that

si can rationally be chosen under expressing up to k-fold strong belief
in rationality. So, we see that �k+1(;) contains precisely those strategies
that can rationally be chosen under expressing up to k-fold strong belief
in rationality. This proves part (1) of Theorem 9.3.3.
Now, take some strategy si that can rationally be chosen under com-

mon strong belief in rationality. Then, in particular, si can rationally be
chosen under expressing up to (K � 1)-fold strong belief in rationality.
Hence, by Lemma 9.8.4, part (a), it follows that si is in �K(;); so si
survives the iterated conditional dominance procedure at ;. So, every
strategy si that can rationally be chosen under common strong belief in
rationality survives the iterated conditional dominance procedure at ;.

On the other hand, take some strategy si that survives the iterated
conditional dominance procedure at ;. Hence, si is in �K(;): By Lemma
9.8.5 we know that the associated type tsii expresses k-fold strong belief
in rationality for all k: In other words, the associated type tsii expresses
common strong belief in rationality. As si is optimal for t

si
i ; it follows that

si can rationally be chosen under common strong belief in rationality.
So, every strategy si that survives the iterated conditional dominance
procedure at ; can rationally be chosen under common strong belief in
rationality.

Together with our conclusion above, we see that a strategy si can
rationally be chosen under common strong belief in rationality, if and
only if, si survives the iterated conditional dominance procedure at ;.
This proves part (2) of Theorem 9.3.3. The proof of Theorem 9.3.3 is
hereby complete. �

Outcomes under Common Strong Belief in Rationality and
Common Belief in Future Rationality. We will �nally prove the
following theorem.

Theorem 9.4.2 (Outcomes under common strong belief in rational-
ity and common belief in future rationality)

Every outcome you initially deem possible under common strong belief
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9.8. PROOFS 647

in rationality, is also initially deemed possible under common belief in
future rationality.

Proof. We will use the following terminology and notation in the proof.
For every information set h; let �icd(h) be the reduced game that remains
at h after applying the iterated conditional dominance procedure, and
let �bd(h) be the reduced game that remains at h after applying the
backward dominance procedure. We say that an information set h is
reachable under common strong belief in rationality if there is a strategy
combination in �icd(;) that leads to h: This makes sense as we know from
Theorem 9.3.3 that �icd(;) contains precisely those strategies that can
rationally be chosen under common strong belief in rationality. Similarly,
an information set h is called reachable under common belief in future
rationality if there is a strategy combination in �bd(;) that leads to h:
Denote byH icd the collection of information sets that are reachable under
common strong belief in rationality, and let Hbd

i be the collection of
information sets for player i that are reachable under common belief in
future rationality. Finally, an outcome z is said to be reachable under
common strong belief in rationality if there is a strategy combination in
�icd(;) leading to z: Similarly, an outcome z is called reachable under
common belief in future rationality if there is a strategy combination in
�bd(;) leading to z: Hence, we must prove that every outcome z that
is reachable under common strong belief in rationality is also reachable
under common belief in future rationality.

We proceed by the following steps. In Step 1 we transform every
strategy si in �icd(;) into some new strategy �i(si); and show that it
is optimal for some particular belief vector bi(�i(si)): In Step 2, we use
the transformed strategies and belief vectors to construct, for every si
in �icd(;); some type t�i(si)i : In Step 3 we prove that, for every si in
�icd(;); strategy �i(si) is optimal for type t�i(si)i . In Step 4 we prove
that every type t�i(si)i so constructed expresses common belief in future
rationality. Hence, every strategy �i(si) induced by some strategy si in
�icd(;) can rationally be chosen under common belief in future rationality,
and is therefore in �bd(;). In Step 5 we �nally show that, whenever a
strategy combination (s1; :::; sn) in �icd(;) leads to an outcome z; then
the induced strategy combination (�1(s1); :::; �n(sn)) in �bd(;) leads to
outcome z as well. That is, every outcome z that is reachable under
common strong belief in rationality is also reachable under common belief
in future rationality.

Step 1. Transformation of strategies.
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648 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Consider a strategy si in �icd(;): Remember that H icd
i contains those

information sets h 2 Hi that are reachable under common strong belief
in rationality. That is, H icd

i contains those information sets h 2 Hi for
which there is some strategy combination in �icd(;) leading to h: Then,
we know from the optimality principle in Lemma 9.8.3 that, for every
h 2 H icd

i that si leads to, there is some belief bi(�i(si); h) 2 �(Sicd�i (h))
such that si is optimal at h for bi(�i(si); h): Here, Sicd�i (h) denotes the set
of opponents�strategy combinations in �icd(h): Now, take an information
set h 2 H icd

i that si leads to. Then, by de�nition, there is a strategy
combination in �icd(;) that leads to h: Hence, by Lemma 9.8.1 we know
that Sicd�i (h) = S

icd
�i (;) \ S�i(h): So, for every h 2 H icd

i that si leads to,
there is a belief bi(�i(si); h) 2 �(Sicd�i (;)\S�i(h)); such that si is optimal
at h for bi(�i(si); h):

Consider now an information set h 2 Hi that si leads to, such that
(a) h =2 H icd

i ; and (b) every h
0 2 Hi preceding h; if there is any, is in

H icd
i : So, h is a �rst information set for player i that is not reachable

under common strong belief in rationality. Then, it is clear that every
information set that follows h is also not reachable under common strong
belief in rationality. Now, de�ne at h an arbitrary belief bi(�i(si); h) 2
�(Sbd�i(h)); where S

bd
�i(h) is the set of opponents�strategy combinations

in �bd(h): By Lemma 8.14.5 in the proofs section of Chapter 8, we can
�nd for every h0 2 Hi following h a belief bi(�i(si); h0) 2 �(Sbd�i(h0)), and
a strategy ~si(h) leading to h; such that ~si(h) is optimal at every h0 2 Hi
weakly following h for the belief bi(�i(si); h0):

Now, let �i(si) be the strategy that (a) at every h 2 H icd
i that �i(si)

leads to, selects the same choice as si; and (b) at every h =2 H icd
i that

�i(si) leads to, selects the same choice as ~si(h0); where h0 is the �rst
information set for player i weakly preceding h which is not in H icd

i :
Above, we have constructed for every h 2 Hi that �i(si) leads to,

some belief bi(�i(si); h) 2 �(S�i(h)): We will show that, in fact, �i(si)
is optimal at each of these information sets h for the belief bi(�i(si); h):
We distinguish two cases.

Case 1. Suppose that h 2 H icd
i : Then we have, by construction, that

�i(si) coincides with si on h; and on every h0 2 H icd
i that follows h:More-

over, bi(�i(si); h) 2 �(Sicd�i (;)\S�i(h)) as we have seen. But then, every
information set h0 2 Hi that can be reached with positive probability
under �i(si) and bi(�i(si); h) is in H icd

i : So, to evaluate the optimality of
�i(si) at h under the belief bi(�i(si); h); we only need the choices that
�i(si) prescribes at information sets in H icd

i : But these choices are the
same as the choices prescribed by si: Since we know that si is optimal at
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9.8. PROOFS 649

h for the belief bi(�i(si); h); we conclude that also �i(si) is optimal at h
for the belief bi(�i(si); h):

Case 2. Suppose that h =2 H icd
i : Let h

0 be the �rst information set
for player i weakly preceding h which is not in H icd

i : Then, by construc-
tion, �i(si) coincides with ~si(h0) at h; and at all player i information
sets that follow h: Since we know that ~si(h0) is optimal at h for the be-
lief bi(�i(si); h); it follows that also �i(si) is optimal at h for the belief
bi(�i(si); h):

Finally, de�ne at every h 2 Hi that �i(si) does not lead to, some
arbitrary belief bi(�i(si); h) 2 �(Sbd�i(h)): Then, we obtain a complete
conditional belief vector bi(�i(si)) for player i.

Summarizing, we have transformed the strategy si 2 Sicdi (;) into
a new strategy �i(si); and we have de�ned a conditional belief vector
bi(�i(si)), such that

� the new strategy �i(si) coincides with si at all information sets
in H icd

i that �i(si) leads to,
� for every h 2 H icd

i that �i(si) leads to, we have that bi(�i(si); h) 2
�(Sicd�i (;) \ S�i(h));
� for every other information set h 2 Hi, we have that bi(�i(si); h) 2
�(Sbd�i(h));
� the new strategy �i(si) is optimal for the belief vector bi(�i(si)):

Step 2. Construction of types.

For every player i we will construct a set of types Ti which consists of (a)
types t�i(si)i for every strategy si 2 Sicdi (;); and (b) types � sii for every
strategy si 2 Si:

(a) We start by de�ning the beliefs for the types t�i(si)i for every
strategy si 2 Sicdi (;): Take some strategy si 2 Sicdi (;); and let �i(si) be
the transformed strategy constructed in Step 1:
From above, we know that at every h 2 H icd

i that �i(si) leads to, strat-
egy �i(si) is optimal for some belief bi(�i(si); h) 2 �(Sicd�i (;) \ S�i(h)):
So, the belief bi(�i(si); h) only assigns positive probability to opponents�
strategies s0j in S

icd
j (;): At every h 2 H icd

i that �i(si) leads to, de�ne the

conditional belief bi(t
�i(si)
i ; h) about the opponents� strategy-type pairs

by

bi(t
�i(si)
i ; h)((s0j; tj)j 6=i) :=

8>><>>: bi(�i(si); h)((sj)j 6=i);

if s0j = �j(sj) and
tj = t

�j(sj)
j for

every j 6= i
0; otherwise.
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650 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Hence, at every h 2 H icd
i that �i(si) leads to, type t

�i(si)
i only assigns pos-

itive probability to strategy-type pairs (�j(sj); t
�j(sj)
j ) with sj 2 Sicdj (;):

At every other information set h 2 Hi, we know from above that
strategy �i(si) is optimal for some belief bi(�i(si); h) 2 �(Sbd�i(h)); if
�i(si) leads to h:At each of these other information sets h 2 Hi; de�ne the
conditional belief bi(t

�i(si)
i ; h) about the opponents�strategy-type pairs by

bi(t
�i(si)
i ; h)((sj; tj)j 6=i) :=

8<: bi(�i(si); h)((sj)j 6=i);
if tj = �

sj
j

for every j 6= i
0; otherwise.

Hence, at each of these other information sets h 2 Hi; type t�i(si)i holds
the same belief about the opponents� strategy choices as bi(�i(si); h);
and only assigns positive probability to strategy-type pairs (sj; �

sj
j ) with

sj 2 Sbdj (h):
(b) We now de�ne the beliefs for the types � sii for every strategy si 2

Si: For every strategy si; let Hbd
i (si) be the (possibly empty) collection

of information sets h 2 Hi for which si is in �bd(h): That is, Hbd
i (si)

contains all those information sets for player i at which si survives the
backward dominance procedure. By Lemma 8.14.6 in the proofs section
of Chapter 8, we can �nd for every si 2 Si some conditional belief vector
�i(si) = (�i(si; h))h2Hi such that (a) �i(si; h) 2 �(Sbd�i(h)) for every
h 2 Hi; and (b) si is optimal at every h 2 Hbd

i (si) for the belief �i(si; h):
Now, take a given si 2 Si and an information set h 2 Hi: For type � sii ;

let bi(�
si
i ; h) be the conditional belief about the opponents�strategy-type

pairs given by

bi(�
si
i ; h)((sj; tj)j 6=i) :=

�
�i(si; h)((sj)j 6=i); if tj = �

sj
j for every j 6= i

0; otherwise.

Hence, at every information set h 2 Hi; type � sii holds the same be-
lief about the opponents�strategy choices as �i(si; h); and only assigns
positive probability to strategy-type pairs (sj; �

sj
j ) with sj 2 Sbdj (h):

This completes the description of the epistemic model.

Step 3. Strategy �i(si) is optimal for type t
�i(si)
i .

Take some strategy si 2 Sicdi (;):We show that the induced strategy �i(si)
is optimal for type t�i(si)i at every h 2 Hi that �i(si) leads to.

Consider �rst an information set h 2 H icd
i : Then, by construction, the

belief bi(t
�i(si)
i ; h) only assigns positive probability to opponents�strategy

combinations (�j(sj))j 6=i with sj 2 Sicdj (;) for all j: In Step 1 we have
seen that these strategies �j(sj) coincide with sj on information sets in
H icd
j ; and that strategy �i(si) coincides with si on information sets in
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9.8. PROOFS 651

H icd
i : So, strategy �i(si); in combination with the belief bi(t

�i(si)
i ; h); can

only lead with positive probability to information sets in H icd:

By construction, the probability that the belief bi(t
�i(si)
i ; h) assigns to

an opponents�strategy combination (�j(sj))j 6=i is the same as the prob-
ability that the belief bi(�i(si); h) assigns to (sj)j 6=i: As �j(sj) coincides
with sj on H icd

j ; and since we know from Step 1 that strategy �i(si) is
optimal for the belief bi(�i(si); h) at h; it follows that strategy �i(si) is
also optimal for the belief bi(t

�i(si)
i ; h) at h:

Consider now an information set h 2 Hi which is not in H icd
i : Then,

by construction, bi(t
�i(si)
i ; h) holds the same belief about the opponents�

strategy choices as bi(�i(si); h): From Step 1 we know that strategy �i(si)
is optimal for bi(�i(si); h) at h: Hence, strategy �i(si) is then also optimal
for bi(t

�i(si)
i ; h) at h:

Summarizing, we may conclude that strategy �i(si) is optimal for the
belief bi(t

�i(si)
i ; h) at every h 2 Hi that �i(si) leads to. That is, �i(si) is

optimal for type t�i(si)i :

Step 4. All types express common belief in future rationality.

We next show that every type constructed above expresses common belief
in future rationality. To do so, it is su¢ cient to prove that every type
in the epistemic model believes in the opponents�future rationality. We
distinguish two cases.

Case 1. Consider �rst a type t�i(si)i for some si 2 Sicdi (;): We show
that t�i(si)i believes in the opponents�future rationality.
Take �rst some information set h 2 H icd

i that �i(si) leads to. We have
seen that at h; type t�i(si)i only assigns positive probability to strategy-
type pairs (�j(sj); t

�j(sj)
j ) with sj 2 Sicdj (;): From Step 3 we know that

strategy �j(sj) is optimal for t
�j(sj)
j at all h0 2 Hj that �j(sj) leads to. In

particular, �j(sj) is optimal for t
�j(sj)
j at all h0 2 Hj weakly following h

that �j(sj) leads to. Hence, at information set h; type t
�i(si)
i only assigns

positive probability to strategy-type pairs (�j(sj); t
�j(sj)
j ) where �j(sj) is

optimal for t�j(sj)j at all h0 2 Hj weakly following h that �j(sj) leads to.
That is, type t�i(si)i believes at h in the opponents�future rationality.

Take now some other information set h 2 Hi: By construction, the
belief bi(t

�i(si)
i ; h) only assigns positive probability to opponents�strategy-

type pairs (sj; �
sj
j ) with sj 2 Sbdj (h):
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652 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Take some sj 2 Sbdj (h): Then, by construction of the backward domi-
nance procedure, we have that sj 2 Sbdj (h0) for every h0 weakly following h
that sj leads to: In other words, if sj 2 Sbdj (h); then every h0 2 Hj weakly
following h that sj leads to is in Hbd

j (sj): Remember from above that
Hbd
j (sj) is the collection of information sets h

0 2 Hj with sj 2 Sbdj (h0):
By construction, at every h0 2 Hbd

j (sj); type �
sj
j holds the same belief

about the opponents�strategy choices as �j(sj; h
0): Moreover, at every

h0 2 Hbd
j (sj); strategy sj is optimal under the belief �j(sj; h

0): So, at
every h0 2 Hbd

j (sj); strategy sj is optimal for type �
sj
j : Since we have

seen that every h0 2 Hj weakly following h that sj leads to, is in Hbd
j (sj);

it follows that sj is optimal for type �
sj
j at every h

0 2 Hj weakly following
h that sj leads to.
So, we have shown for every sj 2 Sbdj (h) that sj is optimal for

type � sjj at every h0 2 Hj weakly following h that sj leads to: Since
bi(t

�i(si)
i ; h) only assigns positive probability to opponents�strategy-type

pairs (sj; �
sj
j ) where sj 2 Sbdj (h); we may conclude that type t

�i(si)
i be-

lieves at h in the opponents�future rationality.

Hence, type t�i(si)i believes in the opponents�future rationality.

Case 2. Consider now a type � sii for some si 2 Si:We show that also
type � sii believes in the opponents�future rationality.

Take an arbitrary information set h 2 Hi: Then, by construction,
bi(�

si
i ; h) only assigns positive probability to opponents� strategy-type

pairs (sj; �
sj
j ) with sj 2 Sbdj (h): From above, we know that every strategy

sj 2 Sbdj (h) is optimal for type �
sj
j at every h

0 2 Hj weakly following h
that sj leads to: This means, however, that type �

si
i assigns at h only

positive probability to opponents�strategy-type pairs (sj; �
sj
j ) where sj

is optimal for type � sjj at every h
0 2 Hj weakly following h that sj leads

to: That is, type � sii believes at h in the opponents�future rationality.

Summarizing, we thus see that every type in the epistemic model
believes in the opponents�future rationality. As a consequence, all types
in the epistemic model express common belief in future rationality.

Step 5. (�1(s1); :::; �n(sn)) leads to same outcome as (s1; :::; sn):

Finally, consider a strategy combination (s1; :::; sn) in �icd(;) that leads
to the outcome z: We show that the induced strategy combination
(�1(s1); :::; �n(sn)) leads to the same outcome z:
By construction, the strategy combination (s1; :::; sn) only leads to

information sets in H icd: By Step 1, we know that at every information
set h 2 H icd

i ; the strategy �i(si) prescribes the same choice as si: But
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9.8. PROOFS 653

then, the strategy combination (�1(s1); :::; �n(sn)) must lead to the same
outcome z: This completes Step 5.

By using Steps 3, 4 and 5, it is now easy to prove Theorem 9.4.2.
Consider, namely, an outcome z you initially deem possible under com-
mon strong belief in rationality. Then, there is a strategy combination
(s1; :::; sn) in �icd(;) that leads to the outcome z: By Step 5, we know
that the induced strategy combination (�1(s1); :::; �n(sn)) also leads to
z: By Step 3 we know that every strategy �i(si) is optimal for the type
t
�i(si)
i constructed in Step 2. Moreover, by Step 4, the type t�i(si)i ex-
presses common belief in future rationality. Hence, every strategy �i(si)
can rationally be chosen under common belief in future rationality. But
then, the induced strategy combination (�1(s1); :::; �n(sn)) is in �bd(;):
As (�1(s1); :::; �n(sn)) leads to z; it follows that also under common be-
lief in future rationality, you initially deem possible the outcome z: This
completes the proof of Theorem 9.4.2. �
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654 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

Practical Problems

9.1. Two parties in a row.

Recall the story from Problem 8.1 in Chapter 8.

(a) What strategies can you rationally choose under common strong
belief in rationality? Compare this to the strategies you can rationally
choose under common belief in future rationality, found in Problem 8.1,
part (c).

(b) Under common strong belief in rationality, what colors can you ratio-
nally wear at the second party, provided you go to that party? Compare
this to the colors you can rationally wear at the second party under com-
mon belief in future rationality, found in Problem 8.1, part (c). How do
you explain this di¤erence intuitively?

(c) Find the unique self-con�rming pair of rationality orderings.

(d) Construct an epistemic model such that, for every strategy found in
(a), there is a type that expresses common strong belief in rationality,
and for which this strategy is optimal.

9.2. Selling ice cream.

Recall the story from Problem 8.2 in Chapter 8.

(a) Which strategies can you and Barbara rationally choose under com-
mon strong belief in rationality? Compare this to the strategies you and
Barbara can rationally choose under common belief in future rationality,
found in Problem 8.2, part (b).

(b) Suppose now that the weather forecast for tomorrow is more opti-
mistic, such that you would expect the numbers in Figure 8.15 only to
drop by 30% tomorrow. Which strategies can you and Barbara rationally
choose under common strong belief in rationality? Again, compare this
to the strategies you and Barbara can rationally choose under common
belief in future rationality, found in Problem 8.2, part (d).

(c) Consider the scenario in (b). Under common strong belief in rational-
ity, what belief can Barbara hold initially about your strategy choice?
And what beliefs can Barbara hold about your strategy choice if she
observes that you will sell today?

(d) For the scenario in (b), �nd the unique self-con�rming pair of ratio-
nality orderings.

(e) For the scenario in (b), construct an epistemic model such that, for
every strategy found in (b), there is a type that expresses common strong
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PRACTICAL PROBLEMS 655

belief in rationality, and for which this strategy is optimal. Which types
in your model express common strong belief in rationality? Which do
not?

Hint for (e): Build an epistemic model with the following properties:
For every k 2 f0; 1; 2; :::g and every strategy si that can rationally be
chosen under expressing up to k-fold strong belief in rationality, construct
a type tsii such that

� strategy si is optimal for type tsii ; and
� type tsii expresses up to k-fold strong belief in rationality.

For the construction of these types, use the self-con�rming pair of ratio-
nality orderings found in (d).

9.3. Watching TV with Barbara.

Recall the story from Example 9.2 in this chapter. So, before you both
write down the program on a piece of paper, you have the option to start
a �ght with Barbara or not. Suppose now that, in case you decide not
to start a �ght with her, Barbara subsequently has the option to start
a �ght with you about the program to be watched. If Barbara indeed
starts a �ght with you then, similarly as before, this would reduce both
your utility and Barbara�s utility by 2.

(a) Model this situation as a dynamic game between you and Barbara.

(b) Find the strategies you can rationally choose under common strong
belief in rationality. What about Barbara?

(c) Describe verbally the reasoning that leads to these strategy choices.

(d) What outcome do you initially expect under common strong belief
in rationality? Compare this to the outcome you initially expected in
the original situation of Example 9.2. Who has an advantage here under
common strong belief in rationality, and why?

(e) Find the unique self-con�rming pair of rationality orderings.

(f) Based on these rationality orderings, specify at each of your informa-
tion sets what the possible beliefs are that you can hold about Barbara�s
strategy choice under common strong belief in rationality. Do the same
for Barbara.

9.4. Never let a lady wait.

It is Saturday afternoon, and Barbara and you want to have dinner this
evening at 8.00 pm. In the village where you live there are only two
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656 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

restaurants �an Italian restaurant and a Chinese restaurant. The prob-
lem is that you prefer the Italian restaurant whereas Barbara prefers the
Chinese restaurant. More precisely, having dinner in the Italian restau-
rant gives you a utility of 10, and eating in the Chinese restaurant yields
you a utility of 7, but for Barbara it is the other way around. Even after
a long discussion this morning you could not reach an agreement about
the restaurant. For this reason you will both go to one of the restaurants
this evening, without knowing to which restaurant the other person goes,
and hope that you are lucky enough to �nd your friend there.
In the past you have built up a reputation of coming late, and Barbara

knows that you have often used it as a strategic weapon. Also this evening
you will strategically choose between arriving on time, or arriving one
hour late. That is, at 7.45 pm you decide between walking to one of the
restaurants and be there at 8.00 pm precisely, or wait until 8.45 pm to
leave for one of the restaurants. In the latter case you would not know,
however, in which restaurant Barbara is. Barbara, on the other hand, is
always on time, and so it will be this evening. So, at 7.45 pm she decides
to which restaurant she will go, and she will be there exactly at 8.00 pm.
If you are both in the same restaurant at 8.00 pm then you will have
dinner together, and the utilities will be as described above.
The other possibility is that Barbara, at 8.45 pm, is still waiting in

front of an empty chair in her restaurant of choice. In that case, Barbara
does not know whether you are momentarily at the other restaurant, or
that you are waiting until 8.45 pm to leave your house. She then has two
options �to stay in the same restaurant and hope that you will come
at 9.00 pm, or to go to the other restaurant and hope that you will be
there at 9.00 pm. On the other hand, you will never switch to the other
restaurant if you left your house at 7.45 pm and are still alone in the
restaurant at 8.45 pm �and Barbara knows this! If you are both in the
same restaurant at 9.00 pm then you will have dinner together at 9.00
pm, but the utilities for both of you will be decreased by 2 units because
of the one hour delay. Assume, moreover, that walking to the other
restaurant would decrease Barbara�s utility by 1 extra unit because it is
raining outside. If you are both at di¤erent restaurants at 9.00 pm, then
you will both be disappointed, go home and have a sandwich, yielding
both of you a utility of 0 in total.

(a) Model this situation as a dynamic game between you and Barbara.
Be careful how to model the information sets!

(b) Find the strategies that you and Barbara can rationally choose under
common strong belief in rationality. Do you let Barbara wait?
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PRACTICAL PROBLEMS 657

Italian Chinese Greek
You 3 2 1

Barbara 2 3 1
Chris 2 �1 3

Table 9.20: Utilities for you, Barbara and Chris in �Dinner for three�

(c) Describe verbally the reasoning that leads to these strategy choices.
Who has an advantage under common strong belief in rationality, and
why?

(d) Find the unique self-con�rming pair of rationality orderings.

(e) Based on these rationality orderings, specify at each of your informa-
tion sets what the possible beliefs are that you can hold about Barbara�s
strategy choice under common strong belief in rationality. Do the same
for Barbara.

9.5. Dinner for three.

It is Saturday afternoon and you, Barbara and Chris would like to have
dinner this evening. As in Problem 9.4, you have a strong preference for
the Italian restaurant, whereas Barbara would rather go to the Chinese
restaurant. Recently, Chris has discovered a new Greek restaurant in
town which he likes very much, but you and Barbara are not very enthu-
siastic about it. Chris, on the other hand, is allergic to soy sauce, and he
therefore would like to avoid Chinese food at all costs. Table 9.20 spec-
i�es the utilities that you, Barbara and Chris would derive from eating
in each of the three restaurants. During the whole afternoon you have
tried to reach an agreement about where to have dinner, but without
success. Barbara therefore told you that she will be waiting in her fa-
vorite restaurant at 8.00 pm, and similarly Chris announced that he will
be waiting in his favorite restaurant around that time. You told Barbara
and Chris that you still have to make up your mind, and that at 8.00 pm
you would decide to which of the three restaurants to go. At 8.15 pm
Barbara will observe whether you have chosen her favorite restaurant or
not. In both cases she may decide to stay, or to switch to one of the other
two restaurants, which would take her around 15 minutes. Similarly for
Chris. You, however, will stay where you are. If at 8.30 pm there are
at least two friends in the same restaurant, then these friends will have
dinner together. Anybody who is alone in the restaurant at 8.30 pm
will go home, eat a sandwich, and go to bed early, yielding him or her a
utility of 0.
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658 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

(a) Model this situation as a dynamic game between you, Barbara and
Chris. How many strategies does each of you have?

(b) Find the strategies that you, Barbara and Chris can rationally choose
under common strong belief in rationality. Do you expect to have dinner
with some of your friends? If so, with whom, and in which restaurant?

Hint for (b): The full decision problems in this game are very large,
and therefore explicitly writing down these full decision problems is not
a very good idea. Instead, use the graphical representation of the game
you constructed in (a), and �nd a way to �eliminate strategies directly
from the graphical representation�. This will save you a lot of writing.

(c) Describe verbally the reasoning that leads to these strategy choices.
Who has an advantage under common strong belief in rationality, and
why?

(d) Find the unique self-con�rming combination of rationality orderings.

(e) Based on these rationality orderings, specify at each of Barbara�s
information sets what the possible beliefs are that she can hold about
your strategy choice and Chris� strategy choice under common strong
belief in rationality. Do the same for Chris.

9.6. Read my mind.

You and Barbara participate in a TV show that is called �Read my
mind�. The rules are very simple: On a table there are six di¤erent
objects, which are numbered from 1 to 6. You must take one of the six
objects, but Barbara cannot see this since she is blindfolded. However,
the showmaster tells Barbara whether the number you chose is odd or
even. Afterwards, Barbara must try to guess the number of the object
you chose. If you choose object number k and Barbara guesses it cor-
rectly, then both you and Barbara get 1000k2 euros. If Barbara is wrong
about the object you chose, you both get nothing.

(a) Model this situation as a game between you and Barbara.

(b) Find the strategies that you and Barbara can rationally choose un-
der common strong belief in rationality. What outcomes do you deem
possible under common strong belief in rationality?

Hint for (b): As in Problem 9.5, the full decision problems in this
game are fairly large, and therefore explicitly writing down these full
decision problems is not a very good idea. Instead, use the graphical
representation of the game you constructed in (a), and �nd a way to
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PRACTICAL PROBLEMS 659

�eliminate strategies directly from the graphical representation�. This
will save you a lot of writing.

(c) Describe verbally the reasoning that leads to the strategy choices in
(b).

(d) Find the unique self-con�rming pair of rationality orderings.

(e) Construct an epistemic model such that, for every strategy found in
(b), there is a type that expresses common strong belief in rationality,
and for which this strategy is optimal.

Hint for (e): Build an epistemic model with the following properties:
For every k 2 f0; 1; 2; :::g and every strategy si that can rationally be
chosen under expressing up to k-fold strong belief in rationality, construct
a type tsii such that

� strategy si is optimal for type tsii ; and
� type tsii expresses up to k-fold strong belief in rationality.

For the construction of these types, use the self-con�rming pair of ratio-
nality orderings found in (d).

(f) Find the strategies that you and Barbara can rationally choose under
common belief in future rationality. What outcomes do you deem possible
under common belief in future rationality? Compare this to your answers
in (b).

9.7. Time to say goodbye.

After many years of friendship and numerous adventures, it is now time
to say goodbye to your friends Barbara and Chris. They have decided to
leave for another country, and this afternoon they both catch their �ight
at the local airport. A map of the airport can be found in Figure 9.4.
As you can see, there are eight gates at the airport. Barbara�s �ight is
at 3.30 pm at gate 5, whereas Chris must catch his �ight at 3.50 pm at
gate 2, and everybody knows this. You have promised Barbara and Chris
that you would be waiting at one of the eight gates at 3.00 pm to say
goodbye, but you forgot to tell them at which gate. Barbara and Chris
will be waiting at 3.00 pm at their respective gates of departure. It is
now 2.00 pm, and you must decide at which gate you will be waiting.
Due to the shape of the airport, Barbara can only see you standing

at your gate at 3.00 pm if you are waiting at gate 4, 5 or 6. Similarly,
Chris can only see you standing if you have chosen gate 1, 2 or 3. In
either case, Barbara and Chris have the option to leave for another gate
at 3.00 pm in order to meet you, or to stay where they are. However,
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Figure 9.4: A map of the airport in �Time to say goodbye�

both must make sure that they will be back in time to catch their �ight!
Suppose that it takes 10 minutes to walk from one gate to the next gate.
The utilities are as follows: If you meet only one of your friends at

the gate, then your utility is the number of minutes you spend with that
friend before he or she has to leave. If you meet both of your friends,
then your utility is the sum of the numbers of minutes you spend with
Barbara and Chris, plus a bonus of 40 for being all together. If you do
not meet any of your friends, you will be very disappointed and your
utility will be zero.
Barbara and Chris had a last �ght yesterday evening, and are there-

fore only interested in seeing you. More precisely, the utility for Barbara
and Chris is the number of minutes spent with you before leaving.

(a) To which gates can Barbara and Chris walk at 3.00 pm?

(b) Model this situation as a dynamic game between you, Barbara and
Chris.

(c) Find the strategies that you can rationally choose under common
strong belief in rationality. How many friends do you expect to meet at
the end?

Hint for (c): As in Problems 9.5 and 9.6, the full decision problems
in this game are fairly large, and therefore explicitly writing down these
full decision problems is not a very good idea. Instead, use the graphical
representation of the game you constructed in (b), and �nd a way to
�eliminate strategies directly from the graphical representation�. This
will save you a lot of writing.

(d) Describe verbally the reasoning that leads to the strategy choices in
(c).
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THEORETICAL PROBLEMS 661

Theoretical Problems

9.8. Correct beliefs and common strong belief in rationality.

Consider a dynamic game with two players, say i and j: A type ti for
player i is said to believe that j has correct beliefs if at every information
set h 2 Hi; type ti only assigns positive probability to types tj for player
j that, at every h0 2 Hj; assign probability 1 to i�s type ti: That is,
ti always believes that j is correct about i�s type, and hence about i�s
beliefs.

(a) Show that, in general, it is impossible to construct a type ti for player
i that (1) expresses common strong belief in rationality, and (2) believes
that j has correct beliefs.

Hint to (a): It is su¢ cient to take an example from Chapter 9, and
show that in that particular example there is no type ti for a certain
player i that satis�es the two conditions above.

(b) For some of the concepts in this book, we were able to transform the
concept into an associated �equilibrium concept�by additionally requir-
ing that a player believes that his opponent is correct about his beliefs,
and that a player believes that his opponent believes that he is correct
about the opponent�s beliefs (in the case of two players). In this way,
common belief in rationality could be transformed into Nash equilibrium
(Chapter 4), common full belief in �caution and primary belief in ra-
tionality�could be transformed into perfect equilibrium (Problem 5.9),
and common full belief in �caution and respect of preferences�could be
transformed into proper equilibrium (Problem 6.9). Can we transform
the concept of common strong belief in rationality into an associated
equilibrium concept? Explain your answer.

9.9. Initial belief in the opponents�rationality.

Suppose that we extend the epistemic model for a dynamic game in the
following way: Not only does a type ti hold a conditional belief about
the opponents�strategy-type combinations at each of his information sets
h 2 Hi; but also at the beginning of the game ;: That is, before the game
starts every type ti holds an initial belief bi(ti; ;) 2 �(S�i � T�i) about
the opponents�strategy choices and beliefs. Here, S�i denotes the set
of opponents�strategy combinations, and T�i the set of opponents�type
combinations.
In this extended epistemic model, say that a strategy si is optimal

for type ti if (1) si is optimal for ti�s initial belief about the opponents�
strategy choices, and (2) at every information set h 2 Hi that si leads
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662 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

to, strategy si is optimal for ti�s conditional belief at h about the oppo-
nents�strategy choices. Moreover, type ti is said to initially believe in
his opponents�rationality if ti�s initial belief bi(ti; ;) only assigns positive
probability to opponents�strategy-type pairs (sj; tj) where the strategy
sj is optimal for the type tj:We say that type ti expresses common belief
in �initial belief in rationality� if

� ti initially believes in his opponents�rationality,
� ti assigns, at ; and at every h 2 Hi; only positive probabil-
ity to opponents�types that initially believe in their opponents�
rationality,
� ti assigns, at ; and at every h 2 Hi; only positive probability to
opponents�types tj that assign, at ; and at every h0 2 Hj; only
positive probability to opponents�types that initially believe in
their opponents�rationality,

and so on.
Finally, a strategy si can rationally be chosen under common belief

in �initial belief in rationality� if there is an extended epistemic model,
and a type ti within it, such that strategy si is optimal for ti; and type
ti expresses common belief in �initial belief in rationality�.

(a) Construct an algorithm, similar to those in Chapters 8 and 9, that
selects for every player precisely those strategies he can rationally choose
under common belief in �initial belief in rationality�.

(b) Show that every strategy that can rationally be chosen under com-
mon belief in future rationality, can also rationally be chosen under com-
mon belief in �initial belief in rationality�.

(c) Give an example of a dynamic game in which there is an outcome z
such that (1) you can initially deem outcome z possible under common
belief in �initial belief in rationality�, but (2) you never initially deem
outcome z possible under common belief in future rationality.

(d) Show that every strategy that can rationally be chosen under com-
mon strong belief in rationality, can also rationally be chosen under com-
mon belief in �initial belief in rationality�.

(e) Give an example of a dynamic game in which there is an outcome z
such that (1) you can initially deem outcome z possible under common
belief in �initial belief in rationality�, but (2) you never initially deem
outcome z possible under common strong belief in rationality.
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THEORETICAL PROBLEMS 663

9.10. Property of the iterated conditional dominance proce-
dure.

Say that an information set h is initially deemed possible under common
strong belief in rationality, if for every player i there is a strategy si that
can rationally be chosen under common strong belief in rationality, such
that this combination of strategies leads to h:
For every player i and every information set h 2 Hi; let �icd(h) =

(Sicdi (h); S
icd
�i (h)) be the reduced decision problem at h that remains after

applying the iterated conditional dominance procedure. Let Sicdi (;) be
the set of strategies for player i that survive the iterated conditional
dominance procedure at ;: Finally, let Si(h) be the set of strategies for
player i that lead to h; and let S�i(h) be the set of opponents�strategy
combinations that lead to h:

(a) Show that an information set h 2 Hi is initially deemed possible
under common strong belief in rationality, if and only if, Sicdi (h) =
Sicdi (;) \ Si(h) and Sicd�i (h) = Sicd�i (;) \ S�i(h):
(b) Does the property in (a) also hold for the concept of common belief
in future rationality, and the associated backward dominance procedure?
If so, then provide a proof. If not, then provide a counterexample.
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Literature

Common strong belief in rationality. The main idea we explored in
this chapter is that of strong belief in the opponents�rationality, which
states that, whenever it is possible for you to believe at an information
set that your opponents�have chosen rationally, then you must believe
at that information set that your opponents have chosen rationally. This
idea has �rst been formalized by Battigalli and Siniscalchi (2002). By
iterating this condition, Battigalli and Siniscalchi developed a concept
which we have called common strong belief in rationality. Compared to
our approach in this chapter, there are two major di¤erences with the
construction by Battigalli and Siniscalchi. First, Battigalli and Sinis-
calchi use an epistemic model for dynamic games in which it is assumed
that the players�conditional beliefs satisfy Bayesian updating, whereas
we do not. More precisely, Battigalli and Siniscalchi use conditional prob-
ability systems (see also the literature section of Chapter 5) as the basic
ingredient of their epistemic model, which assumes that the conditional
beliefs satisfy Bayesian updating whenever possible. More than this, the
epistemic model they use actually assumes that the players express com-
mon belief in Bayesian updating. Secondly, Battigalli and Siniscalchi use
a complete and terminal epistemic model (see the literature section of
Chapter 8) for dynamic games, which contains all possible belief hierar-
chies one can think of �provided they express common belief in Bayesian
updating �whereas we do not require the epistemic model to be com-
plete. In fact, for our purposes in this book it is su¢ cient to work with
�nite epistemic models, containing only �nitely many belief hierarchies
�or types �for each player. What we do need, however, is that the epis-
temic model contains su¢ ciently many types. Remember that, in order
to properly de�ne strong belief in the opponents�rationality, we need the
following �richness�condition on the epistemic model M : If at a given
information set h for player i there is an opponents�combination of types
�possibly outsideM �for which there is a combination of optimal strate-
gies leading to h, then the epistemic model M must contain at least one
such opponents�combination of types for which there is a combination of
optimal strategies leading to h: Battigalli and Siniscalchi guarantee this
�richness�condition by insisting on an epistemic model M that contains
all possible belief hierarchies �or types �which satisfy common belief
in Bayesian updating, that is, by using epistemic models M which are
terminal. Similarly, the �richness� conditions which we need to de�ne
k-fold strong belief in rationality, for k � 2; are automatically satis�ed
by Battigalli and Siniscalchi�s model, as they assume the epistemic model
to be complete and terminal.
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LITERATURE 665

Extensive form rationalizability. The idea of common strong belief in
rationality is already implicitly present in the concept of extensive form
rationalizability, as proposed by Pearce (1984). In fact, Pearce (1984)
presented the concept of extensive form rationalizability by means of an
iterated elimination procedure, which recursively eliminates strategies
and conditional belief vectors from the game. Later, Battigalli (1997)
presented a simpler elimination procedure, which he proved to be equiv-
alent to Pearce�s original procedure.
The procedures by Pearce and Battigalli can be summarized as fol-

lows: For every player i; let S0i be the set of all strategies, and let B
0
i be

the set of all conditional belief vectors bi about the opponents�strategies,
satisfying Bayesian updating. At every step k � 1; let Bki be the set of
conditional belief vectors bi = (bi(h))h2Hi from Bk�1i satisfying the fol-
lowing condition: If at information set h 2 Hi there is some opponents�
strategy combination in Sk�1�i leading to h; then bi(h)must assign positive
probability only to opponents�strategy combinations in Sk�1�i leading to
h: Let Ski be the set of strategies si for player i that are optimal, at every
information set h 2 Hi that si leads to, for some conditional belief vector
bi in Bki : A strategy si is then called extensive form rationalizable if si is
in Ski for every k:
Note that the inductive step, which selects from Bk�1i those condi-

tional belief vectors which belong to Bki ; is very similar in spirit to the
condition of k-fold strong belief in rationality. Indeed, Battigalli and
Siniscalchi (2002) show in their Proposition 6 that the strategies that
can rationally be chosen under common strong belief in rationality, are
exactly the extensive form rationalizable strategies in the sense of Pearce
(1984) and Battigalli (1997). That is, common strong belief in rationality
can be viewed as an epistemic foundation for the procedure of extensive
form rationalizability.

Algorithm. In this chapter we have presented an algorithm �the it-
erated conditional dominance procedure �which yields precisely those
strategies that can rationally be chosen under common strong belief in
rationality. The algorithm is due to Shimoji and Watson (1998), who
show that their algorithm yields exactly the extensive form rational-
izable strategies in a game. If we combine this result with Battigalli
and Siniscalchi�s theorem, showing that the extensive form rationalizable
strategies are exactly the strategies that can rationally be chosen un-
der common strong belief in rationality, we obtain Theorem 9.3.3 in this
chapter, which shows that the iterated conditional dominance procedure
generates precisely those strategies that can rationally be chosen under
common strong belief in rationality.
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Order (in)dependence. We have seen that for the iterated conditional
dominance procedure, the order of elimination crucially matters for the
strategies that survive the algorithm. That is, if at some step of the
algorithm we either do not eliminate all strategies we can at a given in-
formation set, or do not scan through all information sets, then we may
end up with di¤erent sets of strategies for the players at the end. This
is in contrast with the backward dominance procedure, where the order
of elimination is not relevant for the strategies that survive the algo-
rithm. Chen and Micali (2011) and Robles (2006) show, however, that
the order of elimination in the iterated conditional dominance procedure
does not a¤ect the outcomes that can be reached. More precisely, if we
change the order of elimination in the iterated conditional dominance
procedure, then we may change the sets of strategies that survive for the
various players in the game, but the outcomes that can be reached by
the surviving strategy combinations will remain the same!

Comparison with common belief in future rationality. In Sec-
tion 9.4 of this chapter we have compared the concept of common strong
belief in rationality with the concept of common belief in future rational-
ity. And in particular we have compared the two associated algorithms
with each other �the iterated conditional dominance procedure and the
backward dominance procedure. These comparisons are largely based
on Perea (2010). Among other things, we have shown that in terms of
outcomes the concept of common strong belief in rationality is more re-
strictive than the concept of common belief in future rationality. More
precisely, we prove in Theorem 9.4.2 that every outcome which is ini-
tially deemed possible under common strong belief in rationality, is also
initially deemed possible under common belief in future rationality.

This theorem can also be proven by making use of the result by Chen
and Micali (2011) and Robles (2006) above, stating that the outcomes
that can be reached under the strategies that survive the iterated condi-
tional dominance procedure, are independent of the order of elimination.
Namely, it can be shown that the backward dominance procedure cor-
responds to the �rst few steps of the iterated conditional dominance
procedure �by eliminating strategies in a very particular, di¤erent order
�but without completing the elimination procedure. Since we know, by
the result of Chen and Micali (2011) and Robles (2006), that the order
of elimination in the iterated conditional dominance procedure does not
change the outcomes that can be reached, it follows that the outcomes
that can be reached under the iterated conditional dominance procedure
will be a subset of the outcomes that can be reached under the backward
dominance procedure. But then, the outcomes that are initially deemed
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possible under common strong belief in rationality will be a subset of
the outcomes that are initially deemed possible under common belief in
future rationality. Hence, the result in Theorem 9.4.2 follows from this
argument.

Common strong belief in rationality and backward induction.
In Corollary 9.4.3 we have shown that in every game with perfect infor-
mation, every outcome that is initially deemed possible under common
strong belief in rationality must be a backward induction outcome in
that game. We have shown this result by the following steps: First,
we use the result mentioned above, stating that every outcome which is
initially deemed possible under common strong belief in rationality, is
also initially deemed possible under common belief in future rationality.
Moreover, we use the insight that in games with perfect information,
the backward dominance procedure �and hence the concept of common
belief in future rationality �is equivalent to the backward induction pro-
cedure. By combining these two pieces we conclude that in games with
perfect information, every outcome which is initially deemed possible
under common strong belief in rationality, must be an outcome that is
reachable under the backward induction procedure �that is, must be a
backward induction outcome.
This result has �rst been proved by Battigalli (1997) �for the case

of generic games with perfect information � in his Theorem 4. Here,
a game with perfect information is called generic if for a given player,
all terminal histories yield di¤erent utilities. In fact, Battigalli (1997)
shows that in every generic game with perfect information, there is only
one outcome that can be reached under extensive form rationalizability,
namely the unique backward induction outcome in that game. The proof
that Battigalli delivers is very di¤erent from ours, however. He uses
properties of fully stable sets by Kohlberg and Mertens (1986) to show
the result, whereas we use a more direct and constructive way to prove
the statement.
Gradwohl and Heifetz (2011) investigate non-generic games with per-

fect information �where di¤erent terminal histories may induce the same
utility for a player �and compare the concepts of common strong belief in
rationality (both in the usual sense and for the agent form), common be-
lief in future rationality and subgame perfect equilibrium for such games.
Here, the agent form is the game that is obtained by assigning a di¤er-
ent player to every information set. They �nd that for these games, in
terms of outcomes reached, subgame perfect equilibrium is more restric-
tive than common strong belief in rationality, which is more restrictive
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668 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

than common belief in future rationality, which in turn is more restrictive
than common strong belief in rationality for the agent form.

Rationality orderings. The concept of rationality orderings, as dis-
cussed in Section 9.6, has been introduced and analyzed by Battigalli
(1996). The term self-con�rming combination of rationality orderings we
use, corresponds to what Battigalli calls correlated sequential rationality
orderings. The main idea behind rationality orderings is that a player,
at each of his information sets, always looks for the �most rational�op-
ponents�strategies that could have led to this information set. Battigalli
(1996) calls this the best rationalization principle. The theorem in Sec-
tion 9.6, which states that there is unique self-con�rming combination of
rationality orderings �namely the one induced by common strong belief
in rationality �is based on Battigalli�s Theorem 2.2.

Bayesian updating. In Theorem 9.7.1 we have stated that for the
concept of common strong belief in rationality, it is not relevant whether
we additionally impose (common belief in) Bayesian updating or not. For
the eventual strategy choices selected by the concept it does not make a
di¤erence. This property has �rst been shown by Shimoji and Watson
(1998) in their Theorem 2. More precisely, they show that for the strategy
choices selected by the iterated conditional dominance procedure, it is
inessential whether we impose (common belief in) Bayesian updating or
not. As the iterated conditional dominance procedure delivers exactly
the strategies that can rationally be chosen under common strong belief
in rationality, the result in Theorem 9.7.1 follows.

Forward induction. The concept of common strong belief in rational-
ity �or equivalently, the concept of extensive form rationalizability �is
considered to be a forward induction concept. In the literature there is
no unique de�nition of forward induction, but intuitively it describes a
way of reasoning in which a player, when confronted with an unexpected
opponent�s choice, tries to �nd a �most plausible� explanation for this
surprising move by his opponent.
Indeed, common strong belief in rationality is perfectly in line with

such a way of reasoning. According to this concept, a player asks at each
of his information sets whether there are optimal opponents�strategies
that could have led to this information set. If so, he will ascribe positive
probability only to optimal opponents�strategies at that information set.
He then asks whether there are optimal opponents�strategies, leading to
his information set, which can rationally be chosen by opponents that
strongly believe in their opponents�rationality. If so, then he will ascribe
positive probability only to such opponents�strategies that are optimal
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LITERATURE 669

for opponents that strongly believe in their opponents�rationality. And
so on. So, the player looks for the �most plausible�opponents�strategies
that could have led to his information set, and assigns positive probability
only to such �most plausible�opponents�strategies. It therefore matches
precisely our intuition of forward induction reasoning.
In the literature, most forward induction concepts presented so far

are equilibrium concepts. More precisely, most of these concepts take the
notion of sequential equilibrium as de�ned by Kreps and Wilson (1982)
�see the literature section of Chapter 8 for a discussion �and impose
additional restrictions on the beliefs about opponents�past choices within
this concept. Examples of this kind are forward induction equilibrium
(Cho (1987)), justi�able sequential equilibrium (McLennan (1985)) and
stable sets of beliefs (Hillas (1994)) for general dynamic games, and the
intuitive criterion (Cho and Kreps (1987)) and its various re�nements for
the special class of signaling games. See Chapter 5 in Perea (2001) for
an overview of most of these forward induction re�nements of sequential
equilibrium.
What is a bit problematic about these forward induction re�nements

of sequential equilibrium is that they are incapsulated within a backward
induction concept �namely sequential equilibrium. In the literature sec-
tion of Chapter 8, namely, we have seen that the concept of sequential
equilibrium implicitly assumes common belief in future rationality, which
is a typical backward induction type of reasoning, as it requires players
to only critically reason about the choices that opponents will make now
and in the future. So, in a sense, the forward induction re�nements
of sequential equilibrium are a mix of backward induction and forward
induction arguments, which makes the forward induction reasoning less
transparent as it could be. Moreover, in some games such concepts will be
unable to �lter out the �natural�forward induction strategy for a player.
Consider, for instance, the example �Painting Chris�house�which we
discussed at the beginning of this chapter. In that game, the �natural�
forward induction strategy for you is to choose a price of 300. Namely,
if you observe that Barbara has rejected the colleague�s o¤er, this can
only be part of a rational strategy for Barbara if she subsequently will
choose a price of 400. Hence, in the spirit of forward induction, it makes
sense for you to believe that Barbara will indeed choose a price of 400
if you observe that Barbara has rejected the colleague�s o¤er. But then,
your only optimal choice is to choose a price of 300 yourself. However, a
forward induction re�nement of sequential equilibrium will never be able
to select this price of 300 for you! The reason is that there is only one
sequential equilibrium in this game, in which you believe �after observ-
ing that Barbara has rejected the colleague�s o¤er �that Barbara will
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670 9. STRONG BELIEF IN THE OPPONENTS�RATIONALITY

choose a price of 200. Hence, your only optimal choice under a sequential
equilibrium is to choose a price of 200 as well. That is, every forward
induction re�nement of sequential equilibrium will uniquely select the
choice 200 for you, which is not the �natural�forward induction choice
for you in this game.
In contrast, the concept of common strong belief in rationality is a

�pure�forward induction concept, which is not incapsulated within any
backward induction concept like common belief in future rationality. If
we were to build a forward induction concept which takes the backward
induction concept of common belief in future rationality as a starting
point, then within the example �Painting Chris�house�we would never
be able to select your �natural�forward induction choice 300, as under
common belief in future rationality there is only one strategy you can
rationally choose, namely 200.

Explicable equilibrium. The forward induction concept of explicable
equilibrium, as proposed by Reny (1992b), is di¤erent from the concepts
discussed above, as it does not take sequential equilibrium as a start-
ing point, but rather the weaker concept of weak sequential rationality.
Remember from the literature section in Chapter 8 that weak sequential
rationality intuitively means that players initially believe in the oppo-
nents�future rationality, but do not necessarily believe so at later stages
of the game. This is weaker than the sequential rationality condition im-
posed in sequential equilibrium, which states that players always believe
in their opponents�future rationality.
The concept of explicable equilibrium is very similar �in spirit �to the

concept of extensive form rationalizability, and equivalently the concept
of common strong belief in rationality. It also de�nes a rationality order-
ing on the players�sets of strategies, and imposes that a player, at each of
his information sets, looks for the �most rational�opponents�strategies
that could have led to this information set, and assigns positive proba-
bility only to such �most rational�opponents�strategies. However, the
rationality orderings are de�ned di¤erently than under common strong
belief in rationality, as the concept of explicable equilibrium takes weakly
sequentially rational assessments as a starting point for the analysis.
Reny (1992b) shows, in his Proposition 3, that for generic games

with perfect information, the concept of explicable equilibrium always
leads to the unique backward induction outcome, but not necessarily to
the unique backward induction strategies for the players. This result is
similar to Theorem 4 in Battigalli (1997), which shows that the same
holds for the concept of extensive form rationalizability �and hence also
for common strong belief in rationality. Like Battigalli, also Reny proves
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this result by making use of properties of fully stable sets as de�ned by
Kohlberg and Mertens (1986).

Burning money games. The example �Watching TV with Barbara�
which we discussed in this chapter, can be viewed as an instance of a
burning money game �a type of game �rst studied by van Damme (1989)
and Ben-Porath and Dekel (1992). A burning money game is a game with
two players in which player 1, at the beginning of the game, can publicly
and voluntarily burn a certain amount of money �and thereby reduce
his utility �before facing a simultaneous move game with player 2. In
the example �Watching TV with Barbara� you have the option to start
a �ght with Barbara at the beginning of the game, which would reduce
your utility by 2. This can thus be seen as �publicly burning 2 utility
units�before facing the game with Barbara.
In his paper, van Damme (1989) studies a burning money game in

which player 1 can only burn one given amount of money, whereas Ben-
Porath and Dekel (1992) analyze games in which player 1 can freely
choose the amount of money he would like to burn. Both papers use
the algorithm of iterated elimination of weakly dominated strategies �as
studied in Chapter 7 of this book �to analyze the burning money game.
More precisely, they take the full decision problem at the beginning of
the game, and iteratedly remove all weakly dominated strategies from
that decision problem.
Ben-Porath and Dekel (1992) show the following striking result: Sup-

pose that in the simultaneous move game between players 1 and 2, there
is a combination of choices (c�1; c

�
2) which (1) is strictly better for player 1

than any other choice-combination in that game, and (2) is strictly better
for player 2 than any other choice-combination (c�1; c2) that involves c

�
1

for player 1. Then, iterated elimination of weakly dominated strategies
leads to a unique outcome, where player 1 does not burn any money, and
player 1�s most preferred choice-combination (c�1; c

�
2) is obtained in the

game that follows. This is similar to our �nding in the example �Watch-
ing TV with Barbara�, where under common strong belief in rationality
you will not start a �ght with Barbara, and expect to watch your favorite
program together with Barbara.
Later, Shimoji (2002) has shown that the result above by Ben-Porath

and Dekel (1992) also holds if we use extensive form rationalizability �or
equivalently common strong belief in rationality �instead of iterated elim-
ination of weakly dominated strategies. That is, in the burning money
games studied in Ben-Porath and Dekel (1992), also common strong be-
lief in rationality always leads to a unique outcome, in which you do not
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burn any money, yet receive your most preferred outcome in the game
that follows.
In particular, in the burning money games studied by Ben-Porath and

Dekel (1992), the algorithm of iterated elimination of weakly dominated
strategies always yields the same result as the concept of common strong
belief in rationality. This is actually true for other dynamic games of
interest as well, which is the reason that people have often used the
algorithm of iterated elimination of weakly dominated strategies as a
forward induction concept for such dynamic games.
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