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Abstract

In this chapter we focus on the epistemic concept of common belief in future rationality
(Perea (2011a)), which describes a backward induction type of reasoning for general dynamic
games. It states that a player always believes that his opponents will choose rationally now
and in the future, always believes that his opponents always believe that their opponents
choose rationally now and in the future, and so on, ad in�nitum. It thus involves in�nitely
many conditions, which might suggest that this concept is demanding for real players in a
game. In this chapter we show, however, that this is not true. For �nite dynamic games we
present some �nite reasoning procedures that a player can use to reason his way towards
common belief in future rationality.

1. Introduction

If you make a choice in a game, then you must realize that the �nal outcome does not only
depend on your own choice, but also on the choices of your opponents. It is therefore natural
that you �rst reason about your opponents in order to form a plausible belief about their
choices, before you make your own choice. Now, how can we formally model such reasoning
procedures about your opponents? And how do these reasoning procedures a¤ect the choice you
will eventually make in the game? These questions naturally lead to epistemic game theory �a
modern approach to game theory which takes seriously the fact that the players in a game are
human beings who reason before they reach their �nal decision.

In our view, the most important idea in epistemic game theory is common belief in rationality
(Tan and Werlang (1988), see also Brandenburger and Dekel (1987)). It states that a player,
when making his choice, chooses optimally given the belief he holds about the opponents�choices.
Moreover, the player also believes that his opponents will choose optimally as well, and that
their opponents believe that the other players will also choose optimally, and so on, ad in�nitum.
This idea really constitutes the basis for epistemic game theory, as most �if not all �concepts
within epistemic game theory can be viewed as some variant of common belief in rationality.



For dynamic games there is a backward induction analogue to common belief in rationality,
namely common belief in future rationality (Perea (2011a)). This concept states that a player,
at each of his information sets, believes that his opponents will choose rationally now and in
the future. However, it does not require a player to believe that his opponents have chosen
rationally in the past! On top of this, the concept states that a player also always believes
that his opponents, at each of their information sets, believe that their opponents will choose
rationally now and in the future, and so on, ad in�nitum.

For dynamic games with perfect information, various authors have used some variant of the
idea of common belief in future rationality as a possible foundation for backward induction. See
Asheim (2002), Baltag, Smets and Zvesper (2009), Feinberg (2005) and Samet (1996). Among
these contributions, the concept of stable belief in dynamic rationality in Baltag, Smets and
Zvesper (2009) matches completely the idea of common belief in future rationality, although
they restrict attention to non-probabilistic beliefs. Perea (2007a) provides an overview of the
various epistemic foundations for backward induction that have been o¤ered in the literature.

Some people have critized common belief in rationality because it involves in�nitely many
conditions, and hence �they argue �it will be very di¢ cult for a player to meet each of these
in�nitely many conditions. The same could be said about common belief in future rationality.
The main purpose of this chapter will be to show that this critique is actually not justi�ed,
provided we stick to �nite games. We will show, namely, that in dynamic games with �nitely
many information sets, and �nitely many choices at every information set, common belief in
future rationality can be achieved by reasoning procedures that use �nitely many steps only!

Let us be more precise about this statement. Suppose a player in a dynamic game holds
not only conditional beliefs about his opponents�strategies, but also conditional beliefs about
his opponents�conditional beliefs about the other players�strategies, and so on, ad in�nitum.
That is, this player holds a full belief hierarchy about his opponents �an object that is needed
in order to formally de�ne common belief in future rationality. Such belief hierarchies can be
e¢ ciently encoded within an epistemic model with types, in which every type holds, at each
of his information sets, a conditional belief about the opponents�strategies and types. Within
such an epistemic model, we can then derive for every type a full hierarchy of conditional beliefs
about the opponents� strategies and beliefs. This construction is based on Harsanyi�s (1967�
1968) seminal way of encoding belief hierarchies for games with incomplete information. If a
belief hierarchy can be derived from an epistemic model with �nitely many types only, we say
that this belief hierarchy is �nitely generated. Such �nitely generated belief hierarchies will play
a central role in this chapter, as we will show that they are �su¢ cient�when studying common
belief in future rationality in �nite dynamic games.

Let us now come back to the question whether common belief in future rationality can be
achieved by �nite reasoning procedures. As a �rst step, we show in Section 3 that for a �nitely
generated belief hierarchy, it only takes �nitely many steps to verify whether this given belief
hierarchy expresses common belief in future rationality or not. So, although common belief in
future rationality involves in�nitely many conditions, checking these conditions can be reduced

2



to a �nite procedure whenever we consider belief hierarchies that are �nitely generated.
Next, we study the question whether there is an easy way to generate a belief hierarchy that

expresses common belief in future rationality. We answer that question in Section 4, where we
present an easy, �nite reasoning procedure that a player can use to produce some belief hierarchy
that expresses common belief in future rationality. The procedure starts by specifying, at every
information set, a choice for the active players at that information set, and some history of past
choices that leads to this information set. We call this a choice-history cobination. In the next
round this initial choice-history combination generates a new choice-history combination, essen-
tially by specifying, at every information set, choices that are optimal given the future choices
in the initial choice-history combination. By repeating these steps, the procedure generates a
chain of choice-history combinations. As long as the game is �nite, this chain of choice-history
combinations will eventually enter into a cycle after �nitely many steps. We then show that
this cycle of choice-history combinations can easily be transformed into a �nite epistemic model
in which every type expresses common belief in future rationality. In particular, this procedure
yields for every player some belief hierarchy that expresses common belief in future rationality.
As this procedure involves only �nitely many steps, we obtain an easy, �nite reasoning procedure
that a player can use to reason his way towards some belief hierarchy that expresses common
belief in future rationality.

In Section 5 our goal is more ambitious, as we wish to develop a �nite reasoning procedure
that leads a player towards all strategies he can rationally make under common belief in future
rationality. This reasoning procedure is based on the backward dominance procedure (Perea
(2011a)), which is a recursive elimination procedure that delivers all strategies that can rationally
be made under common belief in future rationality. For �nite dynamic games this algorithm
terminates after �nitely many steps. We then show how to construct � on the basis of this
algorithm � a �nite epistemic model in which every type expresses common belief in future
rationality. Moreover, for every remaining strategy in the algorithm there will be a type within
that epistemic model for which that strategy is optimal. Hence, for every strategy that can
rationally be chosen under common belief in future rationality, this reasoning procedure yields a
�nitely generated belief hierarchy, expressing common belief in future rationality, for which this
strategy is optimal. As this procedure ends within �nitely many steps, we thus o¤er a �nite
reasoning procedure that will lead the player to all strategies he can rationally make under
common belief in future rationality. Moreover, this procedure shows that for common belief in
future rationality it is enough to consider �nitely generated belief hierarchies. Namely, every
strategy that is optimal for some belief hierarchy � not necessarily �nitely generated � that
expresses common belief in future rationality, is also optimal for some �nitely generated belief
hierarchy that expresses common belief in future rationality.

Overall, we thus see that in �nite dynamic games the concept of common belief in future
rationality can be characterized by �nite reasoning procedures. Moreover, for such games it
is su¢ cient to use only �nitely generated belief hierarchies when focusing on common belief
in future rationality. So, although common belief in future rationality involves in�nitely many
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conditions, these conditions can be �reduced�to �nitely many steps in these games.
Static games are just a special case of dynamic games, where every player only makes a

choice once, and where all players choose simultaneously. It is clear that in static games, the
concept of common belief in future rationality reduces to the basic concept of common belief
in rationality. As such, the results in this chapter immediately carry over to common belief in
rationality as well. Hence, also the concept of common belief in rationality in �nite static games
can be characterized by �nite reasoning procedures, just by applying the reasoning procedures
in this chapter to the special case of static games.

This chapter can therefore be seen as an answer to the critique that epistemic concepts like
common belief in rationality and common belief in future rationality would be too demanding
because of the in�nitely many conditions. We believe this critique is not justi�ed. Similar
conclusions can be drawn for various other epistemic concepts in the literature � apart from
common belief in (future) rationality �as we will see in Section 6.

The outline of the chapter is as follows. In Section 2 we formally de�ne the idea of common
belief in future rationality within an epistemic model. Section 3 presents a �nite reasoning
procedure to verify whether a �nitely generated belief hierarchy expresses common belief in future
rationality or not. In Section 4 we develop an easy, �nite procedure that a player can use to
reason his way towards some belief hierarchy that expresses common belief in future rationality.
Section 5 presents a �nite reasoning procedure �based on the backward dominance procedure
(Perea (2011a)) �which yields, for every strategy that can rationally be chosen under common
belief in future rationality, some �nitely generated belief hierarchy expressing common belief in
future rationality which supports that strategy. We conclude the chapter with a discussion in
Section 6. For simplicity, we stick to two-player games throughout this chapter. However, all
ideas and results can easily be extended to games with more than two players.

2. Common Belief in Future Rationality

In this section we present the idea of common belief in future rationality (Perea (2011a)), and
show how it can be formalized within an epistemic model with types.

2.1. Main Idea

Common belief in future rationality (Perea (2011a)) re�ects the idea that you believe, at each
of your information sets, that your opponent will choose rationally now and in the future, but
not necessarily that he chose rationally in the past. In fact, in some dynamic games it is simply
impossible to believe, at certain information sets, that your opponent has chosen rationally in the
past, as this information set can only be reached through a suboptimal choice by the opponent.
But it is always possible to believe that your opponent will choose rationally now and in the
future. On top of this, common belief in future rationality also states that you always believe
that your opponent reasons in precisely this way as well. That is, you always believe that your
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opponent, at each of his information sets, believes that you will choose rationally now and in
the future. By iterating this thought process ad in�nitum we eventually arrive at common belief
in future rationality.

2.2. Dynamic Games

We now wish to formalize the idea of common belief in future rationality. As a �rst step, we
formally introduce dynamic games. As already announced in the introduction, we will restrict
attention to two-player games for simplicity, although everything in this chapter can easily be
generalized to games with more than two players. At the same time, the model of a dynamic
game presented here is a bit more general than usual, as we explicitly allow for simultaneous
choices by players at certain stages of the game. In our setup, a dynamic game is a tuple
� = (I;X;Z; (Xi; Ci;Hi; ui)i2I) where

(a) I = f1; 2g is the set of players;
(b) X is the set of non-terminal histories. Every non-terminal history x 2 X represents a

situation where one or more players must make a choice;
(c) Z is the set of terminal histories. Every terminal history z 2 Z represents a situation

where the game ends;
(d) Xi � X is the set of histories at which player i must make a choice. At every history

x 2 X at least one player must make a choice, that is, for every x 2 X there is at least some i
with x 2 Xi: However, for a given history x there may be various players i with x 2 Xi: This
models a situation where various players simultaneously choose at x: For a given history x 2 X;
we denote by I(x) := fi 2 I : x 2 Xig the set of active players at x;

(e) Ci assigns to every history x 2 Xi the set of choices Ci(x) from which player i can choose
at x;

(f) Hi is the collection of information sets for player i: Formally, Hi = fh1i ; :::; hKi g where
hki � Xi for every k; the sets hki are mutually disjoint, and Xi = [khki : The interpretation of
an information set h 2 Hi is that at h player i knows that some history in h has been realized,
without knowing precisely which one;

(g) ui is player i�s utility function, assigning to every terminal history z 2 Z some utility
ui(z) in R:

Throughout this chapter we assume that all sets above are �nite. The histories in X and Z
consist of �nite sequences of choice-combinations

((c1i )i2I1 ; (c
2
i )i2I2 ; :::; (c

K
i )i2IK );

where I1; :::; IK are nonempty subsets of players, such that
(a) ; (the empty sequence) is in X;
(b) if x 2 X and (ci)i2I(x) 2

Q
i2I(x)Ci(x); then (x; (ci)i2I(x)) 2 X [ Z;

(c) if z 2 Z; then there is no choice combination (ci)i2Î such that (z; (ci)i2Î) 2 X [ Z;

5



(d) for every x 2 X [ Z; x 6= ;; there is a unique y 2 X and (ci)i2I(y) 2
Q
i2I(y)Ci(y) such

that x = (y; (ci)i2I(y)):
Hence, a history x 2 X [ Z represents the sequence of choice-combinations that have been

made by the players until this moment.

Moreover, we assume that the collections Hi of information sets are such that
(a) two histories in the same information set for player i have the same set of available choices

for player i. That is, for every h 2 Hi; and every x; y 2 h; it holds that Ci(x) = Ci(y): This
condition must hold since player i is assumed to know his set of available choices at h: We can
thus speak of Ci(h) for a given information set h 2 Hi;

(b) two histories in the same information set for player i must pass through exactly the same
collection of information sets for player i; and must hold exactly the same past choices for player
i: This condition guarantees that player i has perfect recall, that is, at every information set
h 2 Hi player i remembers the information he possessed before, and the choices he made before.

Say that an information set h follows some other information set h0 if there are histories
x 2 h and y 2 h0 such that x = (y; (c1i )i2I1 ; (c2i )i2I2 ; :::; (cKi )i2IK ) for some choice-combinations
(c1i )i2I1 ; (c

2
i )i2I2 ; :::; (c

K
i )i2IK : The information sets h and h

0 are called simultaneous if there is
some history x with x 2 h and x 2 h0: Finally, we say that information set h weakly follows h0
if either h follows h0; or h and h0 are simultaneous.

2.3. Strategies

A strategy for player i is a complete choice plan, prescribing a choice at each of his information
sets that can possibly be reached by this choice plan. Formally, for every h; h0 2 Hi such that
h precedes h0; let ci(h; h0) be the choice at h for player i that leads to h0: Note that ci(h; h0) is
unique by perfect recall. Consider a subset Ĥi � Hi; not necessarily containing all information
sets for player i, and a function si that assigns to every h 2 Ĥi some choice si(h) 2 Ci(h): We
say that si possibly reaches an information set h if at every h0 2 Ĥi preceding h we have that
si(h

0) = ci(h0; h): By Hi(si) we denote the collection of player i information sets that si possibly
reaches. A strategy for player i is a function si; assigning to every h 2 Ĥi � Hi some choice
si(h) 2 Ci(h); such that Ĥi = Hi(si):

Notice that this de�nition slightly di¤ers from the standard de�nition of a strategy in the
literature. Usually, a strategy for player i is de�ned as a mapping that assigns to every informa-
tion set h 2 Hi some available choice �also to those information sets h that cannot be reached
by si: The de�nition of a strategy we use corresponds to what Rubinstein (1991) calls a plan
of action. One can also interpret it as the equivalence class of strategies (in the classical sense)
that are outcome-equivalent. Hence, taking for every player the set of strategies as we use it
corresponds to considering the pure strategy reduced normal form. However, for the concepts
and results in this chapter it does not make any di¤erence which notion of strategy we use.
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For a given information set h; denote by Si(h) the set of strategies for player i that possibly
reach h: By S(h) we denote the set of strategy pro�les (si)i2I that reach some history in h:

2.4. Epistemic Model

We say that a strategy is rational for you at a certain information set if it is optimal at that
information set, given your conditional belief there about the opponent�s strategy choice. In order
to believe that your opponent chooses rationally at a certain information set, you must therefore
not only hold conditional beliefs about the opponent�s strategy choice, but also conditional
beliefs about the opponent�s conditional beliefs about your strategy choice. This is what we
call a second-order belief. Moreover, if we go one step further and want to model the event
that you believe that your opponent believes that you choose rationally, we need not only your
belief about the opponent�s beliefs about your strategy choice, but also your belief about the
opponent�s beliefs about your beliefs about the opponent�s strategy choice �that is, your third-
order belief. Consequently, formally de�ning the idea of common belief in future rationality
requires us to consider in�nite belief hierarchies, specifying your conditional beliefs about the
opponent�s strategy choice, your conditional beliefs about the opponent�s conditional beliefs
about your strategy choice, and so on ad in�nitum.

A problem with in�nite belief hierarchies is that writing them down explicitly is an impossible
task, since we would need to write down in�nitely many beliefs. So is there a way to e¢ ciently
encode such in�nite belief hierarchies without writing too much? The answer is �yes�, as we will
see right now. Note that your belief hierarchy speci�es �rst-order beliefs about the opponent�s
strategy choice, second-order beliefs about the opponent�s �rst-order beliefs about your strategy
choice, third-order beliefs about the opponent�s second-order beliefs, and so on. Hence we
conclude that your belief hierarchy speci�es conditional beliefs about the opponent�s strategy
choice and the opponent�s belief hierarchy. Now let us call every belief hierarchy a type. Then,
every type can be identi�ed with its conditional beliefs about the opponent�s strategy choice and
the opponent�s type. This elegant and powerful idea goes back to Harsanyi (1967�1968), who
used it to model in�nite belief hierarchies in games with incomplete information.

Let us now implement this idea of encoding in�nite belief hierarchies formally. Fix some
�nite dynamic game � with two players.

De�nition 2.1 (Epistemic model). A �nite epistemic model for the game � is a tuple
M = (T1; T2; b1; b2) where

(a) Ti is the �nite set of types for player i; and

(b) bi assigns to every type ti 2 Ti and every information set h 2 Hi some probabilistic belief
bi(ti; h) 2 �(Sj(h)� Tj) about opponent j�s strategy-type pairs.

Remember that Sj(h) denotes the set of strategies for opponent j that possibly reach h: By
�(Sj(h)�Tj) we denote the set of probability distributions on Sj(h)�Tj : So, within an epistemic
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model every type holds at each of his information sets a conditional belief about the opponent�s
strategy choice and the opponent�s type, as we discussed above. For every type ti 2 Ti we can
now derive its complete belief hierarchy from the belief functions bi and bj : Namely, type ti holds
at information set h 2 Hi a conditional belief bi(ti; h) on Sj(h)� Tj : By taking the marginal of
bi(ti; h) on Sj(h) we obtain ti�s �rst-order belief at h on j�s strategy choice. Moreover, ti holds
at information set h 2 Hi a conditional belief about j�s possible types. As each of j�s types tj
holds �rst-order conditional beliefs on i�s strategy choices, we can thus derive from bi and bj
the second-order conditional belief that ti holds at h 2 Hi about j�s �rst-order beliefs about
i�s strategy choice. By continuing this procedure we can thus deduce, for every type ti in the
model, each of its belief levels by making use of the belief functions bi and bj : In this way, the
epistemic model above can be viewed as a short and convenient way to encode the in�nite belief
hierarchy of a player.

By means of this epistemic model we can in particular model the belief revision of players
during the game. Consider two di¤erent information sets h and h0 for player i; where h0 comes
after h: Note that type ti�s conditional belief at h0 about j�s strategy choice may be di¤erent
from his conditional belief at h; and hence a type ti may revise his belief about j�s strategy
choice as the game moves from h to h0: Moreover, ti�s conditional belief at h0 about j�s type may
be di¤erent from his conditional belief at h; and hence a type ti may revise his belief about j�s
type �and hence j�s conditional beliefs �as the game moves from h to h0: So, all di¤erent kinds
of belief revisions �about the opponent�s strategy, but also about the opponent�s beliefs �can
be captured within this epistemic model.

Note that in our de�nition above we require the sets of types to be �nite. This imposes a
restriction on the possible belief hierarchies we can encode, since not every belief hierarchy can
be derived from a type within an epistemic model with �nite sets of types. For some belief
hierarchies we would need in�nitely many types to encode them. Belief hierarchies that can be
derived from a �nite epistemic model will be called �nitely generated.

De�nition 2.2 (Finitely generated belief hierarchy). A belief hierarchy �i for player i is
�nitely generated if there is some �nite epistemic model M = (T1; T2; b1; b2); and some type
ti 2 Ti in that model, such that �i is the belief hierarchy induced by ti within M:

Throughout this chapter we will restrict attention to �nite epistemic models, and hence to
�nitely generated belief hierarchies. We will see in Section 5 that this is not a serious restriction
within the context of common belief in future rationality, as every strategy that is optimal for
some belief hierarchy �not necessarily �nitely generated �that expresses common belief in future
rationality, is also optimal for some �nitely generated belief hierarchy that expresses common
belief in future rationality. Moreover, �nitely generated belief hierarchies are much easier to
work with than those that are not �nitely generated.
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2.5. Common Belief in Future Rationality: Formal De�nition

Remember that common belief in future rationality states that you always believe that the
opponent chooses rationally now and in the future, you always believe that the opponent always
believes that you choose rationally now and in the future, and so on, ad in�nitum. Within an
epistemic model we can state these conditions formally.

We �rst de�ne what it means for a strategy si to be optimal for a type ti at a given information
set h: Consider a type ti; a strategy si and an information set h 2 Hi(si) that is possibly reached
by si: By ui(si; ti j h) we denote the expected utility from choosing si under the conditional
belief that ti holds at h about the opponent�s strategy choice.

De�nition 2.3 (Optimality at a given information set). Consider a type ti; a strategy si
and a history h 2 Hi(si): Strategy si is optimal for type ti at h; if ui(si; ti j h) � ui(s0i; ti j h)
for all s0i 2 Si(h):

Remember that Si(h) is the set of player i strategies that possibly reach h: We can now
de�ne belief in the opponent�s future rationality.

De�nition 2.4 (Belief in the opponent�s future rationality). Consider a type ti and an
information set h 2 Hi: Type ti believes at h in j�s future rationality if bi(ti; h) only assigns
positive probability to j�s strategy-type pairs (sj ; tj) where sj is optimal for tj at every h0 2
Hj(sj) that weakly follows h: Type ti believes in the opponent�s future rationality if he does so
at every information set h 2 Hi.

So, to be precise, a type that believes in the opponent�s future rationality believes that the
opponent chooses rationally now (if the opponent makes a choice at a simultaneous information
set), and at every information set that follows. As such, the correct terminology would be �belief
in the opponent�s present and future rationality�, but we stick to �belief in the opponent�s future
rationality�as to keep the name short.

We can then formally de�ne the other conditions in common belief in rationality in an
inductive manner.

De�nition 2.5 (Common belief in future rationality). Consider a �nite epistemic model
M = (T1; T2; b1; b2):

(Induction start) A type ti 2 Ti is said to express 1-fold belief in future rationality if ti believes
in j�s future rationality.

(Induction step) For every k � 2; a type ti 2 Ti is said to express k-fold belief in future rationality
if at every information set h 2 Hi; the belief bi(ti; h) only assigns positive probability to j�s types
tj that express (k � 1)-fold belief in future rationality.
Type ti 2 Ti is said to express common belief in future rationality if it expresses k-fold
belief in future rationality for all k:
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Finally, we de�ne those strategies that can rationally be chosen under common belief in future
rationality. We say that a strategy si is rational for a type ti if si is optimal for ti at every
h 2 Hi(si): In the literature, this is often called sequential rationality. We say that strategy
si can rationally be chosen under common belief in future rationality if there is some epistemic
model M = (T1; T2; b1; b2); and some type ti 2 Ti; such that ti expresses common belief in future
rationality, and si is rational for ti:

3. Checking Common Belief in Future Rationality

Some people have criticized the concept of common belief in rationality, because one has to verify
in�nitely many conditions in order to conclude that a given belief hierarchy expresses common
belief in rationality. The same could be said about common belief in future rationality. We will
show in this section that this is not true for �nitely generated belief hierarchies. Namely, verifying
whether a �nitely generated belief hierarchy expresses common belief in future rationality or not
only requires checking �nitely many conditions, and can usually be done very quickly. To that
purpose we present a reasoning procedure with �nitely many steps which, for a given �nitely
generated belief hierarchy, tells us whether that belief hierarchy expresses common belief in
future rationality or not.

Consider an epistemic model M = (T1; T2; b1; b2) with �nitely many types for both players.
For every type ti 2 Ti; let Tj(ti) be the set of types for player j that type ti deems possible at some
of his information sets. That is, Tj(ti) contains all types tj 2 Tj such that bi(ti; h)(cj ; tj) > 0
for some h 2 Hi and some cj 2 Cj : We recursively de�ne the sets of types T kj (ti) and T ki (ti) as
follows.

Algorithm 3.1 (Relevant types for ti). Consider a �nite dynamic game � with two players,
and a �nite epistemic model M = (T1; T2; b1; b2) for �: Fix a type ti 2 Ti:
(Induction start) Let T 1i (ti) := ftig.
(Induction step) For every even round k � 2; let T kj (ti) := [ti2Tk�1i (ti)

Tj(ti): For every odd

round k � 3; let T ki (ti) := [tj2Tk�1j (ti)
Ti(tj):

So, T 2j (ti) contains all opponent�s types that ti deems possible, T
3
i (ti) contains all types for

player i which are deemed possible by some type tj that ti deems possible, and so on. This
procedure eventually yields the sets of types

T �i (ti) = [kT ki (ti); and T �j (ti) = [kT kj (ti):

These sets T �i (ti) and T
�
j (ti) contain precisely those types that enter ti�s belief hierarchy in some

of its levels, and we will call these the relevant types for ti: Since there are only �nitely many
types in M; there must be some round K such that T �j (ti) = TKj (ti); and T

�
i (ti) = TK+1i (ti):

That is, this procedure must stop after �nitely many rounds.
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Now, suppose that type ti expresses common belief in future rationality. Then, in particular,
ti must believe in j�s future rationality. Moreover, ti must only consider possible opponent�s
types tj that believe in i�s future rationality, that is, every type in T 2j (ti) must believe in the
opponent�s future rationality. Also, ti must only consider possible types for j that only consider
possible types for i that believe in j�s future rationality. In other words, all types in T 3i (ti) must
believe in the opponent�s future rationality. By continuing in this fashion, we conclude that all
types in T �i (ti) and T

�
j (ti) believe in the opponent�s future rationality. So, we see that every

type ti that expresses common belief in future rationality, must have the property that all types
in T �i (ti) and T

�
j (ti) believe in the opponent�s future rationality.

However, we can show that the opposite is also true! Consider, namely, a type ti within
a �nite epistemic model M = (T1; T2; b1; b2) for which all types in T �i (ti) and T

�
j (ti) believe in

the opponent�s future rationality. Then, in particular, every type in T 1i (ti) believes in j�s future
rationality. As T 1i (ti) = ftig; it follows that ti believes in j�s future rationality. Also, every type
in T 2j (ti) believes in the opponent�s future rationality. As T

2
j (ti) contains exactly those types

for j that ti deems possible, it follows that ti only deems possible types for j that believe in i�s
future rationality. By contuining in this way, we conclude that ti expresses common belief in
future rationality.

The two insights above lead to the following theorem.

Theorem 3.2 (Checking common belief in future rationality). Consider a �nite dynamic
game � with two players, and a �nite epistemic model M = (T1; T2; b1; b2) for �: Then, a type
ti expresses common belief in future rationality, if and only if, all types in T �i (ti) and T

�
j (ti)

believe in the opponent�s future rationality.

Note that checking whether all types in T �i (ti) and T
�
j (ti) believe in the opponent�s future

rationality can be done within �nitely many steps. We have seen above, namely, that the sets
of relevant types for ti �that is, the sets T �i (ti) and T

�
j (ti) �can be derived within �nitely many

steps, and only contain �nitely many types. So, within a �nite epistemic model, checking for
common belief in future rationality only requires �nitely many reasoning steps. Consequently,
if we take a �nitely generated belief hierarchy, then it only takes �nitely many steps to verify
whether it expresses common belief in future rationality or not.

4. Reasoning Towards One Belief Hierarchy

Suppose you are a player in a �nite dynamic game. Is there a reasoning procedure that eventually
leads you to some belief hierarchy that expresses common belief in future rationality? We will
see that there is, and such a reasoning procedure only involves �nitely many steps.
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4.1. Procedure

The procedure works as follows. We start by prescribing a choice-history combination (c1; x1) =
(c1i (h); x

1
i (h))i2I;h2Hi where, for both players i and every information set h 2 Hi; we select a

choice c1i (h) for player i at h; and some history x
1
i (h) in h: Remember that a history in h is some

sequence of past choice-combinations that leads to h: The interpretation of the choice-history
combination (c1; x1) is that player i; at every information set h 2 Hi; believes that opponent j
has chosen according to x1i (h) in the past, and will choose according to c

1 now and in the future.
Moreover, we select the histories in such a way that, whenever h; h0 are two information sets

for player i; information set h0 follows h; and the history x1i (h) together with the choices in c
1

after x1i (h) lead to h
0; then x1i (h

0) contains exactly the past choice-combinations in x1i (h); and the
choices in c1 between x1i (h) and h

0: We say that the choice-history combination (c1; x1) satis�es
Bayesian updating, as it corresponds exactly to the well-known Bayesian updating condition for
belief revision when we restrict to probability 1 beliefs. Clearly, for any given choice-combination
c1; the histories x1 can always be chosen in such a way that Bayesian updating is satis�ed.

Subsequently we create a new choice-history combination (c2; x2) as follows. For player i we
start at his ultimate information sets �that is, his information sets h 2 Hi that are not followed
by any other information set h0 2 Hi: At such an ultimate information set h 2 Hi we select a
choice c2i (h) that is optimal for player i at h; given the opponent�s choices c

1
j (h

0) at information
sets h0 2 Hj weakly following h; and given the past choices leading to history x1i (h) in h:

We then look at the pen-ultimate information sets for player i �that is, the information sets
h 2 Hi that are followed by at least one other information set h0 2 Hi; but where all such h0
are ultimate information sets for player i: For such a pen-ultimate information set h for player
i; we select a choice c2i (h) that is optimal for player i at h; given the opponent�s choices c

1
j (h

0)

at information sets h0 2 Hj weakly following h; given the past choices leading to history x1i (h)
in h; and given his own future choices c2i (h

0) at ultimate information sets h0 for player i that
follow h:

By continuing this procedure, we �nally obtain a choice-combination (c2i (h))i2I;h2Hi where,
for both players i and all information sets h 2 Hi; the choice c2i (h) is optimal for player i at
h; given the opponent�s choices c1j (h

0) at information sets h0 2 Hj weakly following h; given i�s
own choices c2i (h

0) at information sets h0 2 Hi following h; and given the past choices leading to
history x1i (h) in h: The procedure to achieve this choice combination will be called the backward
induction method, as it proceeds backwards from the ultimate information sets of player i to the
�rst information sets of player i in the game.

To conclude step 2, we specify for both players i; and every information set h 2 Hi; some
history x2i (h) in h; such that the new choice-history combination (c2; x2) satis�es Bayesian
updating.

In step 3 we then take a new choice-history combination (c3; x3) which satis�es Bayesian
updating, and where, for both players i and every information set h 2 Hi; the choice c3i (h) is
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optimal for player i at h; given the opponent�s choices c2j (h
0) at information sets h0 2 Hj weakly

following h; given i�s own choices c3i (h
0) at information sets h0 2 Hi following h; and given the

past choices leading to history x2i (h) in h: Here, the choice combination c
3 is found by applying

the backward induction method above. And so on. This reasoning procedure thus generates a
chain of choice-history combinations, and can be formally de�ned as follows.

Algorithm 4.1 (Choice-history algorithm). Consider a �nite dynamic game � with two
players.

(Induction start) Let (c1; x1) = (c1i (h); x
1
i (h))i2I;h2Hi be an arbitrary choice-history combination

that satis�es Bayesian updating.

(Induction step) For every round k � 2; apply the backward induction method to �nd a choice-
combination ck = (cki (h))i2I;h2Hi where c

k
i (h) is optimal for player i at h; given the opponent�s

choices ck�1j (h0) at information sets h0 2 Hj weakly following h; given i�s own choices cki (h0) at
information sets h0 2 Hi following h; and given the past choices leading to history xk�1i (h) in
h: Then, choose for every information set h 2 Hi the history xki (h) in h in such a way that the
resulting choice-history combination (ck; xk) satis�es Bayesian updating.

This procedure generates a chain of choice-history combinations ((c1; x1); (c2; x2); :::): Since
there are only �nitely many information sets, choices and histories in the game, there must
be a round m such that (cm; xm) = (cm+l; xm+l) for some l � 1: But then, the chain of the
choice-history combinations between rounds m and m+ l will simply repeat itself over and over
again after round m+ l: That is, the chain of choice-history combinations will eventually enter
into a cycle

(cm; xm)! (cm+1; xm+1)! (cm+2; xm+2)! :::! (cm+l; xm+l) = (cm; xm):

From this cycle we will now construct a belief hierarchy for every player i that expresses
common belief in future rationality. In fact, for every choice-history combination (ck; xk) in this
cycle we will construct a type tki for both players i:

The conditional beliefs for the types about the opponent�s strategy-type pairs are as fol-
lows. Fix some choice-history combination (ck; xk) with k 2 fm+ 1; :::;m+ lg: Remember that
(cm+l; xm+l) = (cm; xm):

� At every information set h 2 Hi; type tki believes that, with probability 1, opponent j is
of type tk�1j :

� At every information set h 2 Hi; type tki believes that, with probability 1, opponent j has
made the choices in xk�1i (h) in the past, and will make the choice ck�1j (h0) at every player
j information set h0 that weakly follows h:
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By construction of the algorithm, player i�s choice cki (h) is optimal at h if he believes that
j chooses according to ck�1 now and in the future, if he believes that j has chosen according
to xk�1i (h) in the past, and given his own future choices in ck: As type tki has precisely this
belief about player j; we may conclude that at every information set h 2 Hi; the choice cki (h)
is optimal for type tki ; given i�s own future choices in c

k: We say that the choice combination
(cki (h))h2Hi is locally optimal for type t

k
i :

Moreover, it is clear that type tki also satis�es Bayesian updating when revising his beliefs,
as his conditional beliefs are derived from the choice-history combination (ck�1; xk�1) which
satis�es Bayesian updating by construction. But we know from Hendon, Jacobsen and Sloth
(1996) and Perea (2002) that, if a choice combination (cki (h))h2Hi is locally optimal for some
conditional belief vector, and the conditional belief vector satis�es Bayesian updating, then the
choice combination is also globally optimal. By the latter we mean that at every information
set h 2 Hi for player i; there is no other choice combination that as a whole would give him a
higher expected utility than (cki (h))h2Hi : We may thus conclude that, at every information set
h 2 Hi; the choice combination (cki (h))h2Hi generated by the procedure above is globally optimal
for type tki :

Note that type tki believes at every information set h 2 Hi that opponent j is of type tk�1j ; and

that opponent j chooses according to the choice combination (ck�1j (h00))h002Hj at information sets
h0 2 Hj that weakly follow h: We know from above that at every such information set h0 2 Hj
weakly following h; the choice combination (ck�1j (h00))h002Hj is globally optimal for type t

k�1
j :

This means, however, that type tki believes at every information set h 2 Hi that opponent j
chooses optimally at every h0 2 Hj weakly following h: In other words, type tki believes in the
opponent�s future rationality.

Since this applies to every type tki in the epistemic model above, we thus conclude that every
type in the epistemic model above believes in the opponent�s future rationality. But then, it
follows immediately from Theorem 3.2 that each of the types also expresses common belief in
future rationality. We thus have found a reasoning procedure that leads you to some belief
hierarchy that expresses common belief in future rationality.

Theorem 4.2 (Reasoning towards one belief hierarchy). Consider a �nite dynamic game
� with two players.

Suppose we apply the choice-history algorithm until we reach a cycle

(cm; xm)! (cm+1; xm+1)! (cm+2; xm+2)! :::! (cm+l; xm+l) = (cm; xm)

of choice-history combinations.

Then, de�ne for every choice-history combination (ck; xk) in this cycle, and both players i; some
type tki such that

(a) at every information set h 2 Hi; type tki believes that, with probability 1, opponent j is of
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Figure 1: Example of a dynamic game

type tk�1j ; and

(b) at every information set h 2 Hi; type tki believes that, with probability 1, opponent j has
made the choices in xk�1i (h) in the past, and will make the choice ck�1j (h0) at every player j
information set h0 that weakly follows h:

Then, every type so generated expresses common belief in future rationality.

Note that this is a �nite reasoning procedure, since the choice-history algorithm will enter
into a cycle after �nitely many steps, after which we can start the construction of types above.
So, a player in a �nite dynamic game can always reason himself in �nitely many steps towards
some belief hierarchy that expresses common belief in future rationality.

4.2. Example

We will now illustrate the reasoning procedure above by means of an example. Consider the
dynamic game in Figure 1. At the beginning, player 1 can choose between a and b: If he
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chooses b; the game ends, and the utilities for players 1 and 2 will be (4; 4): If he chooses a the
game continues, and players 1 and 2 must simultaneously choose from fc; d; e; fg and fg; h; i; jg;
respectively. The utilities for both players in that case can be found in the table following choice
a: Let us denote the beginning of the game by ;; and the information set following choice a by
h1: Hence, ; and h1 are the two information sets in the game. At ; only player 1 makes a choice,
whereas both players 1 and 2 are active at h1:

We will now use the reasoning procedure above to construct some belief hierarchies for players
1 and 2 that express common belief in future rationality. We start by applying the choice-history
algorithm to generate a chain of choice-history combinations until we reach a cycle.

Let us begin with an arbitrary choice-history combination, say (c1; x1) = ((a; f; j); a): Here,
the choice combination c1 = (a; f; j) speci�es the choice a at ;; and the choices f and j at h1:
The history x1 = a speci�es at h1 the history a; stating that player 2 believes at h1 that player
2 has chosen a in the past: Note that this is the only history possible, as at h1 it is evident that
player 1 has chosen a in the past.

Within the choice-history algorithm, this initial choice-history combination (c1; x1) induces a
new choice-history combination (c2; x2) as follows. We start at the ultimate information set h1:
Given player 2�s choice j in (c1; x1) at h1; it is optimal for player 1 to choose e at h1: Conversely,
given player 1�s choice f in (c1; x1) at h1; and given the history a in (c1; x1) at h1; it is optimal
for player 2 to choose j at h1: So, the new choice combination c2 speci�es the choices e and j
at h1: We then move to the pen-ultimate information set ;; which is the beginning of the game.
Given player 2�s future choice j in the previous choice-history combination (c1; x1) at h1; and
given player 1�s own future choice e in the current choice-history combination (c2; x2) at h1; it
is optimal for player 1 to choose b at ;: So, the new choice combination c2 speci�es the choice b
at ;: As a is the only history possible at h1; it follows that the new choice-history combination
is (c2; x2) = ((b; e; j); a):

By continuing in this fashion, the choice-history algorithm yields the following chain of
choice-history combinations,

((a; f; j); a) ! ((b; e; j); a)! ((b; e; i); a)! ((b; c; i); a)! ((b; c; g); a)!
! ((b; d; g); a)! ((b; d; h); a)! ((a; c; h); a)! ((a; c; g); a)! ((b; d; g); a)| {z }

cycle

which eventually enters into the cycle

((b; d; g); a)| {z }
(c6;x6)

! ((b; d; h); a)| {z }
(c7;x7)

! ((a; c; h); a)| {z }
(c8;x8)

! ((a; c; g); a)| {z }
(c9;x9)

! ((b; d; g); a)| {z }
(c6;x6)

:

The next step in the reasoning procedure is to transform this cycle of choice-history combina-
tions into an epistemic model in which every type expresses common belief in future rationality.
Every choice-history combination (c6; x6); (c7; x7); (c8; x8); (c9; x9) in the cycle will generate a
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type for both players, so the sets of types are given by

T1 = ft61; t71; t81; t91g and T2 = ft62; t72; t82; t92g:

According to the construction in Theorem 4.2, the conditional beliefs for the types are

b1(t
6
1; ;) = b1(t

6
1; h1) = (g; t

9
2);

b1(t
7
1; ;) = b1(t

7
1; h1) = (g; t

6
2);

b1(t
8
1; ;) = b1(t

8
1; h1) = (h; t

7
2);

b1(t
9
1; ;) = b1(t

9
1; h1) = (h; t

8
2);

b2(t
6
2; h1) = ((a; c); t91);

b2(t
7
2; h1) = ((a; d); t61);

b2(t
8
2; h1) = ((a; d); t71);

b2(t
9
2; h1) = ((a; c); t81):

Here, b1(t61; ;) = b1(t
6
1; h1) = (g; t92) means that player 1�s type t

6
1 believes, at ; and h1; that

player 2 will choose g and that player 2 is of type t92: Similarly for the other types of player
1. Moreover, b2(t62; h1) = ((a; c); t91) means that player 2�s type t

6
2 believes at h1 that player 1

chooses the strategy (a; c); and that player 1 is of type t91: Note that player 2 must believe at
h1 that player 1 chooses a strategy that starts with a; as at h1 it is evident that player 1 has
chosen a at ;: Similarly for the other types of player 2.

In this way, we have constructed an epistemic model M with �nitely many types, in which
every type expresses common belief in future rationality. Moreover, the epistemic model has the
special property that every type, at each of his information sets, assigns probability 1 to one type
and one strategy for the opponent. In other words, every belief hierarchy so constructed only
deems possible one opponent�s strategy and one opponent�s belief hierarchy at every information
set.

Note that strategy (a; c) is optimal for player 1�s types t81 and t
9
1; whereas strategy b is optimal

for the types t61 and t
7
1: Moreover, strategy g is optimal for player 2�s types t

6
2 and t

9
2; whereas

strategy h is optimal for the types t72 and t
8
2: Hence, the reasoning method above generates the

strategies (a; c); b; g and h as strategies that can rationally be chosen under common belief in
future rationality.

5. Reasoning Towards a �Su¢ cient�Set of Belief Hierarchies

In the previous section we have presented a �nite reasoning procedure that leads a player to
some belief hierarchies that expresses common belief in future rationality. However, in general
not every strategy that can rationally be chosen under common belief in future rationality will
be supported by some belief hierarchy generated by this procedure!
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In the dynamic game of Figure 1, for instance, the strategy i for player 2 can rationally be
chosen under common belief in future rationality, but is not supported by any belief hierarchy
generated by the procedure above. To see this, note that within the epistemic model constructed
above, player 2�s type t62 believes at h1 that player 1 chooses (a; c) while being of type t

9
1; whereas

type t72 believes at h1 that player 1 chooses (a; d) while being of type t
6
1: Moreover, both types

believe in the opponent�s future rationality. But then, we can add a new type t2 for player 2
that at h1 assigns probability 0.5 to player 1 choosing (a; c) while being of type t91; and that
at h1 assigns probability 0.5 to player 1 choosing (a; d) while being of type t61: Then, also t2
will believe in the opponent�s future rationality. Therefore, within the new enlarged epistemic
model, every type will believe in the opponent�s future rationality, and hence, by Theorem 3.2,
all types within the new epistemic model will express common belief in future rationality. In
particular, the new type t2 will express common belief in future rationality. As strategy i is
optimal for type t2; it follows that player 2 can rationally choose strategy i under common belief
in future rationality.

But strategy i is not supported by any belief hierarchy generated by the procedure in the
previous section. Indeed, for the types t62 and t

9
2 only strategy g is optimal, whereas for the types

t72 and t
8
2 only strategy h is optimal. One could argue that this maybe depends on the initial

choice-history combination ((a; f; j); a) we have chosen for this procedure. Perhaps by chosing
some other initial choice-history combination (c1; x1); we could eventually generate some di¤erent
epistemic model in which there would be some belief hierarchy expressing common belief in future
rationality that supports the strategy i for player 2. But this could never happen! Namely,
under common belief in future rationality, player 2 can at h1 only assign positive probability to
strategies (a; c) and (a; d): To see this, note that at h1; strategy (a; f) is always worse for player
1 than (a; e); and hence player 2 must believe at h1 that player 1 does not chose (a; f): But
then, strategy j will always be worse for player 2 at h1 than i; and hence player 1 must believe
that player 2 will not choose j at h1: But then, strategy (a; e) will always be worse for player 1
at h1 than (a; d); and hence player 2 must believe at h1 that player 1 does not choose (a; e) or
(a; f): In other words, player 2 must at h1 only assign positive probability to (a; c) and (a; d):

But the reasoning method in the previous section generates very special belief hierarchies,
which at every information set assign probability 1 to one particular opponent�s strategy. So,
no matter which initial choice-history combination we choose, the procedure above will always
generate belief hierarchies for player 2 that at h1 either assign probability 1 to (a; c); or assign
probability 1 to (a; d): But then, strategy i can never be optimal for such a belief hierarchy!
Hence, strategy i can never be supported by the reasoning method of the previous section,
although it can rationally be chosen under common belief in future rationality.

In this section our goal is more ambitious, in that we wish to �nd a reasoning procedure
that covers all strategies you can rationally choose under common belief in future rationality
in a given dynamic game. More precisely, the procedure must generate a �nite set of belief
hierarchies such that, for every strategy that can rationally be chosen under common belief in
future rationality, there will be a belief hierarchy in this set which supports that strategy. In
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that sense, the reasoning procedure must yield a su¢ cient set of belief hierarchies.

5.1. Procedure

To see how this reasoning procedure works, let us start with exploring the consequences of
�believing in the opponent�s future rationality�. Suppose player i believes at some information
set h 2 Hi that opponent j chooses rationally now and in the future. Then, player i will at h
only assign positive probability to strategies sj for player j that are optimal, at every h0 2 Hj
weakly following h; for some belief that j can hold at h0 about i�s strategy choice.

Consider such a future information set h0 2 Hj ; and let �0(h0) = (Sj(h0); Si(h0)) be the full
decision problem for player j at h0; at which he can only choose strategies in Sj(h0) that possibly
reach h0; and believes that player i can only choose strategies in Si(h0) that possibly reach h0:
From Lemma 3 in Pearce (1984), we know that a strategy sj is optimal for player j at h0 for some
belief about i�s strategy choice, if and only if, sj is not strictly dominated within the full decision
problem �0(h0) = (Sj(h

0); Si(h0)) by a randomized strategy rj : Here, a randomized strategy rj
for player j is a probability distribution on j�s strategies in Sj(h0) �that is, j selects each of his
strategies s0j with probability rj(s

0
j): And we say that the strategy sj is strictly dominated by

the randomized strategy rj in �0(h0) if rj always yields a higher expected utility than sj against
any strategy si of player i in �0(h0):

Putting these things together, we see that if i believes at h in j�s future rationality, then i
assigns at h only positive probability to j�s strategies sj that are not strictly dominated within
any full decision problem �0(h0) for player j that weakly follows h: Or, put di¤erently, player i
assigns at h probability zero to any opponent�s strategy sj that is strictly dominated at some
full decision problem �0(h0) for player j that weakly follows h: That is, we eliminate any such
opponent�s strategy sj from player i�s full decision problem �0(h) = (Si(h); Sj(h)) at h:

We thus see that, if player i believes in j�s future rationality, then player i eliminates, at each
of his full decision problems �0(h); those opponent�s strategies sj that are strictly dominated
within some full decision problem �0(h0) for player j that weakly follows h: Let us denote
by �1(h) the reduced decision problem for player i at h that remains after eliminating such
opponent�s strategies sj from �0(h):

Next, suppose that player i does not only believe in j�s future rationality, but also believes
that j believes in i�s future rationality. Take an information set h for player i; and an arbitrary
information set h0 for player j that weakly follows h. As i believes that j believes in i�s future
rationality, player i believes that player j; at information set h0; believes that player i will only
choose strategies from �1(h0): Moreover, as i believes in j�s future rationality, player i believes
that j will choose rationally at h0: Together, these two insights imply that player i believes
at h that j will only choose strategies sj that are not strictly dominated within �1(h0): Or,
equivalently, player i eliminates from his decision problem �1(h) all strategies sj for player j
that are strictly dominated within �1(h0): As this holds for every player j information set h0 that
weakly follows h; we see that player i will eliminate, from each of his decision problems �1(h);
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all opponent�s strategies sj that are strictly dominated within some decision problem �1(h0) for
player j that weakly follows h:

Hence, if player i expresses up to 2-fold belief in future rationality, then he will eliminate,
from each of his decision problems �1(h); all opponent�s strategies sj that are strictly dominated
within some decision problem �1(h0) for player j that weakly follows h: Let us denote by �2(h) the
reduced decision problem for player i that remains after eliminating such opponent�s strategies
sj from �1(h):

By continuing in this fashion, we conclude that if player i expresses up to k-fold belief in
future rationality �that is, expresses 1-fold, 2-fold, ... until k-fold belief in future rationality �
then he believes at every information set h 2 Hi that opponent j will only choose strategies from
the reduced decision problem �k(h): This leads to the following reasoning procedure, known as
the backward dominance procedure (Perea (2011a)). The procedure is closely related to Penta�s
(2009) backwards rationalizability procedure, and is equivalent to Chen and Micali�s (2011)
backward robust solution.

Algorithm 5.1 (Backward dominance procedure). Consider a �nite dynamic game � with
two players.

(Induction start) For every information set h; let �0(h) = (S1(h); S2(h)) be the full decision
problem at h:

(Induction step) For every k � 1; and every information set h; let �k(h) = (Sk1 (h); S
k
2 (h)) be

the reduced decision problem which is obtained from �k�1(h) by eliminating, for both play-
ers i; those strategies si that are strictly dominated at some decision problem �k�1(h0) weakly
following h at which i is active.

Suppose that h is an information set at which player i is active. Then, the interpretation of
the reduced decision problem �k(h) = (Sk1 (h); S

k
2 (h)) is that at round k of the procedure, player

i believes at h that opponent j chooses some strategy in Skj (h): As the sets S
k
j (h) become smaller

as k becomes bigger, the procedure thus puts more and more restrictions on player i�s conditional
beliefs about j�s strategy choice. However, since in a �nite dynamic game there are only �nitely
many information sets and strategies, this procedure must stop after �nitely many rounds!
Namely, there must be some round K such that SK+11 (h) = SK1 (h) and S

K+1
2 (h) = SK2 (h) for all

information sets h: But then, Skj (h) = S
K
j (h) for all information sets h and every k � K+1; and

hence the procedure will not put more restrictions on i�s conditional beliefs about j�s strategy
choice after round K: This reasoning procedure is therefore a �nite procedure, guaranteed to
end within �nitely many steps.

Above we have argued that if player i reasons in accordance with common belief in future
rationality, then his belief at information set h about j�s strategy choice will only assign positive
probability to strategies in SKj (h): As a consequence, he can only rationally choose a strategy si
that is optimal, at every information set h 2 Hi; for such a conditional belief that only considers
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j�s strategy choices in SKj (h): But then, by Lemma 3 in Pearce (1984), strategy si must not be
strictly dominated at any information set h 2 Hi if we restrict to j�s strategy choices in SKj (h):
That is, si must be in SKi (;); where ; denotes the beginning of the game. We can thus conclude
that every strategy si that can rationally be chosen under common belief in future rationality,
must be in SKi (;) �that is, must survive the backward dominance procedure at the beginning
of the game.

We can show, however, that the converse is also true! That is, every strategy in SKi (;) can
be supported by a belief hierarchy that expresses common belief in future rationality. Suppose,
namely, that player i has performed the backward dominance procedure in his mind, which
has left him with the strategies SKi (h) and S

K
j (h) at every information set h of the game.

Then, by construction, every strategy si 2 SKi (h) is not strictly dominated on SKj (h0), for every
information set h0 weakly following h at which i is active: Thus, by Lemma 3 in Pearce (1984),
every strategy si 2 SKi (h) is optimal, at every h0 2 Hi weakly following h, for some probabilistic
belief bsi;hi (h0) 2 �(SKj (h

0)): Similarly, every strategy sj 2 SKj (h) will be optimal, at every

h0 2 Hj weakly following h, for some probabilistic belief b
sj ;h
j (h0) 2 �(SKi (h0)):

Now we can construct the sets of types

Ti = ftsi;hi : h 2 H and si 2 SKi (h)g and
Tj = ftsj ;hj : h 2 H and sj 2 SKj (h)g;

where H denotes the collection of all information sets in the game. We de�ne the conditional
beliefs of the types about the opponent�s strategy-type pairs to be

bi(t
si;h
i ; h0)(sj ; tj) =

(
bsi;hi (h0)(sj); if tj = t

sj ;h
0

j

0; otherwise

for every h0 2 Hi; and

bj(t
sj ;h
j ; h0)(si; ti) =

(
b
sj ;h
j (h0)(si); if ti = t

si;h
0

i

0; otherwise

for all h0 2 Hj :
This yields an epistemic model M: Hence, every type tsi;hi for player i; at every information

set h0 2 Hi; only considers possible strategy-type pairs (sj ; t
sj ;h

0

j ) where sj 2 SKj (h0); and his
conditional belief at h0 about j�s strategy choice is given by bsi;hi (h0): By construction, strategy
si 2 SKi (h) is optimal for b

si;h
i (h0) at every h0 2 Hi weakly following h: As a consequence,

strategy si 2 SKi (h) is optimal for type t
si;h
i at every h0 2 Hi weakly following h: The same

holds for player j: Since type tsi;hi ; at every information set h0 2 Hi; only considers possible
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strategy-type pairs (sj ; t
sj ;h

0

j ) where sj 2 SKj (h0); it follows that type t
si;h
i ; at every information

set h0 2 Hi; only considers possible strategy-type pairs (sj ; t
sj ;h

0

j ) where strategy sj is optimal

for tsj ;h
0

j at every h00 2 Hj weakly following h0: That is, type tsi;hi believes in the opponent�s
future rationality.

Since this holds for every type tsi;hi in this epistemic model M; it follows directly from
Theorem 3.2 that every type in the epistemic model M above expresses common belief in future
rationality.

Now, take some strategy si 2 SKi (;); which survives the backward dominance procedure at
the beginning of the game. Then, we know from our insights above that si is optimal for the
type tsi;;i at every h 2 Hi weakly following ; �that is, at every h 2 Hi in the game. As the type
tsi;;i expresses common belief in future rationality, we thus see that every strategy si 2 SKi (;)
can rationally be chosen by some type tsi;;i that expresses common belief in future rationality. In
other words, for every strategy si 2 SKi (;) that survives the backward dominance procedure at
;, there is a belief hierarchy expressing common belief in future rationality �namely the belief
hierarchy induced by tsi;;i in the epistemic model M �for which si is optimal. This insight thus
leads to the following theorem.

Theorem 5.2 (Reasoning towards a su¢ cient set of belief hierarchies). Consider a �-
nite dynamic game � with two players.

Suppose we apply the backward dominance procedure until it terminates at round K: That is,
SK+11 (h) = SK1 (h) and S

K+1
2 (h) = SK2 (h) for all information sets h:

For every information set h; both players i; every strategy si 2 SKi (h) ; and every information
set h0 2 Hi weakly following h; let bsi;hi (h0) 2 �(SKj (h0)) be a probabilistic belief on SKj (h0) for
which si is optimal.

For both players i, de�ne the set of types Ti = ftsi;hi : h 2 H and si 2 SKi (h)g; and for every
type tsi;hi and every h0 2 Hi de�ne the conditional belief

bi(t
si;h
i ; h0)(sj ; tj) =

(
bsi;hi (h0)(sj); if tj = t

sj ;h
0

j

0; otherwise

about j�s strategy-type pairs. Then, all types in this epistemic model M express common belief
in future rationality. Moreover,

(1) for every strategy si 2 SKi (;) that survives the backward dominance procedure at ; there is
a belief hierarchy in M expressing common belief in future rationality for which si is optimal at
all h 2 Hi possibly reached by si �namely the belief hierarchy induced by tsi;;i ;

(2) for every strategy si =2 SKi (;) that does not survive the backward dominance procedure at ;,
there is no belief hierarchy whatsoever expressing common belief in future rationality for which
si is optimal at all h 2 Hi possibly reached by si.
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So, whenever a strategy si is optimal for some belief hierarchy that expresses common belief
in future rationality, this reasoning procedure generates one. In that sense, we can say that
this reasoning procedure yields a �su¢ cient� set of belief hierarchies. Note also that this is a
reasoning procedure with �nitely many steps, as the backward dominance procedure terminates
after �nitely many rounds, after which we only have to construct �nitely many types �one for
each information set h and each surviving strategy si 2 SKi (h) at h:

The theorem above also shows that �nitely generated belief hierarchies are su¢ cient when it
comes to exploring common belief in future rationality within a �nite dynamic game. Suppose,
namely, that some strategy si is optimal, at all h 2 Hi possibly reached by si; for some belief
hierarchy �not necessarily �nitely generated �that expresses common belief in future rationality.
Then, according to part (2) in the theorem, strategy si must be in SKi (;). But in that case,
the procedure above generates a �nitely generated belief hierarchy for which the strategy si is
optimal �namely the belief hierarchy induced by the type tsi;;i within the �nite epistemic model
M: So we see that, whenever a strategy si is optimal for some belief hierarchy �not necessarily
�nitely generated �that expresses common belief in future rationality, then it is also optimal for
a �nitely generated belief hierarchy that expresses common belief in future rationality.

Corollary 5.3 (Finitely generated belief hierarchies are su¢ cient). Consider a �nite dy-
namic game � with two players. If a strategy si is optimal for some belief hierarchy � not
necessarily �nitely generated � that expresses common belief in future rationality, then it is
also optimal for a �nitely generated belief hierarchy that expresses common belief in future
rationality.

Here, whenever we say that si is optimal for some belief hierarchy, we mean that it is optimal
for this belief hierarchy at every information set h 2 Hi possibly reached by si: This corollary
thus states that working with �nitely generated belief hierarchies is su¢ cient for the concept of
common belief in future rationality in �nite dynamic games.

5.2. Example

We shall now illustrate the reasoning procedure above by means of an example. Consider again
the dynamic game from Figure 1. We will �rst run the backward dominance procedure for
this example, and then build an epistemic model on the basis of that procedure, following the
construction in Theorem 5.2.

Recall that there are two information sets in this game, namely the beginning of the game ;;
at which only player 1 is active, followed by the information set h1 at which both player 1 and
player 2 are active. The full decision problems at both information sets are given in Table 1.
We will now start the backward dominance procedure. In round 1, we see that within the full
decision problem �0(;) at the beginning of the game, the strategies (a; d); (a; e) and (a; f) are
strictly dominated for player 1 by b: So, we eliminate (a; d); (a; e) and (a; f) from �0(;); but not
�yet �from �0(h1); as h1 follows ;: Moreover, within the full decision problem �0(h1) at h1;
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�0(;)
g h i j

(a; c) 0; 5 5; 0 3; 3 1; 0
(a; d) 3; 0 3; 5 2; 3 1; 0
(a; e) 1; 2 1; 2 1; 3 3; 0
(a; f) 0; 3 0; 3 0; 0 0; 5

b 4; 4 4; 4 4; 4 4; 4

�0(h1)

g h i j

(a; c) 0; 5 5; 0 3; 3 1; 0
(a; d) 3; 0 3; 5 2; 3 1; 0
(a; e) 1; 2 1; 2 1; 3 3; 0
(a; f) 0; 3 0; 3 0; 0 0; 5

Table 1: Full decision problems in the game of Figure 1

player 1�s strategy (a; f) is strictly dominated by (a; d) and (a; e); and hence we eliminate (a; f)
from �0(h1) and �0(;): Note, however, that we already eliminated (a; f) at �0(;); so we only
need to eliminate (a; f) from �0(h1) at that step. For player 2, no strategy is strictly dominated
within �0(;) or �0(h1); so we cannot yet eliminate any strategy for player 2. This leads to the
reduced decision problems �1(;) and �1(h1) in Table 2.

We now turn to round 2. Within �1(h1); player 2�s strategy j is strictly dominated by i:
Hence, we can eliminate strategy j from �1(h1); but also from �1(;); as h1 follows ;: No other
strategies can be eliminated at this round. This leads to the reduced decision problems �2(;)
and �2(h1) in Table 3.

In round 3, player 1�s strategy (a; e) is strictly dominated by (a; d) within �2(h1); and hence
we can eliminate (a; e) from �2(h1): This leads to the �nal decision problems in Table 4, from
which no further strategies can be eliminated. Note, for instance, that strategy i is not strictly
dominated for player 2 within �3(h1); as it is optimal for the belief that assigns probability 0.5
to (a; c) and (a; d):

We will now build an epistemic model on the basis of the �nal decision problems �3(;) and
�3(h1); using the construction in Theorem 5.2. At ;; the surviving strategies are (a; c) and b for
player 1, and g; h and i for player 2. That is, S31(;) = f(a; c); bg and S32(;) = fg; h; ig: Moreover,
at h1 the surviving strategies are given by S31(h1) = f(a; c); (a; d)g and S32(h1) = fg; h; ig:
Moreover, these strategies are optimal, at ; and/or h1; for the following beliefs:
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�1(;)
g h i j

(a; c) 0; 5 5; 0 3; 3 1; 0
b 4; 4 4; 4 4; 4 4; 4

�1(h1)

g h i j

(a; c) 0; 5 5; 0 3; 3 1; 0
(a; d) 3; 0 3; 5 2; 3 1; 0
(a; e) 1; 2 1; 2 1; 3 3; 0

Table 2: Reduced decision problems after round 1 of backward dominance procedure

�2(;)
g h i

(a; c) 0; 5 5; 0 3; 3
b 4; 4 4; 4 4; 4

�2(h1)

g h i

(a; c) 0; 5 5; 0 3; 3
(a; d) 3; 0 3; 5 2; 3
(a; e) 1; 2 1; 2 1; 3

Table 3: Reduced decision problems after round 2 of backward dominance procedure
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�3(;)
g h i

(a; c) 0; 5 5; 0 3; 3
b 4; 4 4; 4 4; 4

�3(h1)

g h i

(a; c) 0; 5 5; 0 3; 3
(a; d) 3; 0 3; 5 2; 3

Table 4: Final decision problems in the backward dominance procedure

� strategy (a; c) 2 S31(;) is optimal, at ;; for the belief b
(a;c);;
1 (;) 2 �(S31(;)) that assigns

probability 1 to h;

� strategy (a; c) 2 S31(;) is optimal, at h1 following ;; for the belief b
(a;c);;
1 (h1) 2 �(S31(h1))

that assigns probability 1 to h;

� strategy b 2 S31(;) is optimal, at ;; for the belief b
b;;
1 (;) 2 �(S31(;)) that assigns probability

1 to g;

� strategy (a; d) 2 S31(h1) is optimal, at h1; for the belief b
(a;d);h1
1 (h1) 2 �(S31(h1)) that

assigns probability 1 to g;

� strategy g 2 S32(;) is optimal, at h1 following ;; for the belief b
g;;
2 (h1) 2 �(S31(h1)) that

assigns probability 1 to (a; c);

� strategy h 2 S32(;) is optimal, at h1 following ;; for the belief b
h;;
2 (h1) 2 �(S31(h1)) that

assigns probability 1 to (a; d);

� strategy i 2 S32(;) is optimal, at h1 following ;; for the belief b
i;;
2 (h1) 2 �(S31(h1)) that

assigns probability 0.5 to (a; c) and probability 0.5 to (a; d):

On the basis of these beliefs we can now construct an epistemic model as in Theorem 5.2.
So, for both players i, both information sets h; and every strategy si 2 S3i (h); we construct a
type tsi;hi ; resulting in the type sets

T1 = ft(a;c);;1 ; tb;;1 ; t
(a;c);h1
1 ; t

(a;d);h1
1 g and T2 = ftg;;2 ; t

h;;
2 ; ti;;2 ; t

g;h1
2 ; th;h12 ; ti;h12 g:

26



The conditional beliefs for the types about the opponent�s strategy-type pairs can then be based
on the beliefs above. By using the construction in Theorem 5.2, this yields the following beliefs
for the types:

b1(t
(a;c);;
1 ; ;) = (h; th;;2 ); b1(t

(a;c);;
1 ; h1) = (h; t

h;h1
2 );

b1(t
b;;
1 ; ;) = (g; tg;;2 ); b1(t

b;;
1 ; h1) = (g; t

g;h1
2 );

b1(t
(a;c);h1
1 ; ;) = (h; th;;2 ); b1(t

(a;c);h1
1 ; h1) = (h; t

h;h1
2 );

b1(t
(a;d);h1
1 ; ;) = (g; tg;;2 ); b1(t

(a;d);h1
1 ; h1) = (g; t

g;h1
2 );

b2(t
g;;
2 ; h1) = ((a; c); t

(a;c);h1
1 );

b2(t
g;h1
2 ; h1) = ((a; c); t

(a;c);h1
1 );

b2(t
h;;
2 ; h1) = ((a; d); t

(a;d);h1
1 );

b2(t
h;h1
2 ; h1) = ((a; d); t

(a;d);h1
1 );

b2(t
i;;
2 ; h1) = (0:5) � ((a; c); t(a;c);h11 ) + (0:5) � ((a; d); t(a;d);h11 );

b2(t
i;h1
2 ; h1) = (0:5) � ((a; c); t(a;c);h11 ) + (0:5) � ((a; d); t(a;d);h11 ):

Here, b2(t
i;;
2 ; h1) = (0:5) � ((a; c); t(a;c);h11 ) + (0:5) � ((a; d); t(a;d);h11 ) means that type ti;;2 assigns

at h1 probability 0.5 to the event that player 1 chooses (a; c) while being of type t
(a;c);h1
1 ; and

assigns probability 0.5 to the event that player 1 chooses (a; d) while being of type t(a;d);h11 :
By Theorem 5.2 we know that all types so constructed express common belief in future

rationality, and that for every strategy that can rationally be chosen under common belief in
future rationality there is a type in this model for which that strategy is optimal. Indeed, the
backward dominance procedure delivers the strategies (a; c); b; g; h and i at ;; at hence we know
from Perea (2011a) that these are exactly the strategies that can rationally be chosen under
common belief in future rationality. Note that

� strategy (a; c) is optimal, at ; and h1; for the type t(a;c);;1 ;

� strategy b is optimal, at ;; for the type tb;;1 ;

� strategy g is optimal, at h1; for the type tg;;2 ;

� strategy h is optimal, at h1; for the type th;;2 ; and

� strategy i is optimal, at h1; for the type ti;;2 :

So, for every strategy that can rationally be chosen under common belief in future rationality,
we have constructed � by means of the epistemic model above � a �nitely generated belief
hierarchy that expresses common belief in future rationality, and that supports this strategy.
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Note, however, that there is some redundancy in the epistemic model above. Namely, it is
easily seen that the types t(a;c);;1 and t(a;c);h11 have identical belief hierarchies, and so do tb;;1 and

t
(a;d);h1
1 . The same holds for tg;;2 and tg;h12 ; for th;;2 and th;h12 ; and also for ti;;2 and ti;h12 : Hence, we

can substitute t(a;c);;1 and t(a;c);h11 by a single type t(a;c)1 ; and we can substitute tb;;1 and t(a;d);h11 by
a single type tb1: Similarly, we can substitute t

g;;
2 and tg;h12 by a single type tg2; we can substitute

th;;2 and th;h12 by a single type th2 ; and t
i;;
2 and ti;h12 by ti2: This eventually leads to the smaller �

yet equivalent �epistemic model with type sets

T1 = ft(a;c)1 ; tb1g and T2 = ft
g
2; t

h
2 ; t

i
2g

and beliefs

b1(t
(a;c)
1 ; ;) = b1(t

(a;c)
1 ; h1) = (h; t

h
2)

b1(t
b
1; ;) = b1(t

b
1; h1) = (g; t

h
2)

b2(t
g
2; h1) = ((a; c); t

(a;c)
1 );

b2(t
h
2 ; h1) = ((a; d); tb1);

b2(t
i
2; h1) = (0:5) � ((a; c); t(a;c)1 ) + (0:5) � ((a; d); tb1):

This redundancy is typical for the construction of the epistemic model in Theorem 5.2. In most
games, the epistemic model constructed in this way will contain types that are �duplicates�of
each other, as they generate the same belief hierarchy.

6. Discussion

6.1. Algorithms as Reasoning Procedures

In this chapter we have presented two algorithms that lead to belief hierarchies expressing
common belief in future rationality. The �rst algorithm can be viewed as an instance of a
best-reply dynamics, in which you start with a choice-history combination (c1; x1); then take a
choice-history combination (c2; x2) that is a �best reply� against (c1; x1), then take a choice-
history combination (c3; x3) that is a �best reply�against (c2; x2); and so on. The real novelty
here is that we interpret this algorithm as a reasoning procedure that some player �say player
i �performs in his mind to generate an �easy�belief hierarchy that expresses common belief in
future rationality. So, the complete procedure takes place in the mind of a single person, and
no real interaction is needed between the two players in order for player i to reason according
to this procedure. So, player i can perform the best-reply dynamics in his mind without there
being a real dynamics between him and the opponent.

The second algorithm is based on the backward dominance procedure proposed in Perea
(2011a). The di¤erence is that in this chapter we interpret this algorithm not as a computational
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tool for the analyst, but rather as a �nite reasoning procedure that some player inside the game
can use (a) to verify which strategies he can rationally choose under common belief in future
rationality, and (b) to support each of these strategies by a belief hierarchy expressing common
belief in future rationality.

Hence, one of the main messages in this chapter is that the two algorithms above for common
belief in future rationality do not only serve as a computational tool for the analyst, but can also
be used by a player inside the game as an intuitive reasoning procedure. Compare this to the
concepts of Nash equilibrium (Nash (1950, 1951)) for static games, and sequential equilibrium
(Kreps and Wilson (1982)) for dynamic games. There is no easy, �nite iterative procedure to
�nd one Nash equilibrium �let alone all Nash equilibria �in a game. In particular, there is no
clear reasoning procedure that a player inside the game can use to reason his way towards a Nash
equilibrium. Besides, we believe that Nash equilibrium imposes some implausible conditions on
a player�s belief hierarchy, as it requires a player to believe that his opponent is correct about the
actual beliefs he holds (see Perea (2007b), Aumann and Brandenburger (1995), Polak (1999),
Brandenburger and Dekel (1989), and Asheim (2006, p.5). In view of all this, we think that
Nash equilibrium is not a very appealing concept if we wish to describe the reasoning of players
about their opponents. The same actually holds for the concept of sequential equilibrium.

6.2. Simple Existence Proof for Common Belief in Future Rationality

The reasoning procedure in Theorem 4.2 shows, in particular, that for a �nite dynamic game it
is always possible to hold a belief hierarchy that expresses common belief in future rationality.
That is, common belief in future rationality is always possible in every �nite dynamic game. For
static games there is an analogous result which states that common belief in rationality is always
possible in every �nite static game. The traditional proof for this result, which is typically used
in textbooks, makes use of the existence of Nash equilibrium. The argument runs as follows:
For a given static game with �nitely many choices we know, by the work of Nash (1950, 1951),
that a Nash equilibrium in randomized choices (or mixed strategies) exists. Then, this Nash
equilibrium can be used to de�ne an epistemic model with one type for both players, say ti and
tj ; in which the belief of type ti about j�s choice is given by j�s randomized choice in the Nash
equilibrium, and similarly for type tj : Then, it can be shown that both types ti and tj express
common belief in rationality. However, this existence proof heavily relies of the existence proof
for Nash equilibrium, and is therefore not an elementary proof.

In a similar way we could prove the �existence� of common belief in future rationality for
�nite dynamic games, making use of the existence of sequential equilibrium (Kreps and Wilson
(1982)). A sequential equilibrium consists of a behavioral strategy for both players, specifying at
each of their information sets a probability distribution over the available choices, and a system
of beliefs, specifying for both players at each of their information sets a probability distribution
over the histories at that information set. For a given �nite dynamic game we know, by the
work of Kreps and Wilson (1982), that a sequential equilibrium exists. Then, this sequential
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equilibrium can be used to de�ne an epistemic model with one type for both players, say ti and
tj ; in which the conditional beliefs of type ti about j�s strategy choice are given by i�s system of
beliefs and j�s behavioral strategy in the sequential equilibrium, and similarly for type tj : In fact,
i�s system of beliefs in the sequential equilibrium generates i�s conditional beliefs about j�s past
choices, whereas j�s behavioral strategy generates i�s conditional beliefs about j�s future choices.
Then, it can be shown that both types ti and tj express common belief in future rationality. See
the literature section of Chapter 8 in Perea (2012) for more details on this line of argument.
However, this existence proof heavily relies on the existence proof for sequential equilibrium,
and is therefore not an elementary proof.

Our reasoning procedure in Theorem 4.2, on the other hand, does provide a completely
elementary existence proof for common belief in future rationality. There is no reference to any
equilibrium concept in this procedure, and the key insight that makes the procedure work is that
every chain of choice-history combinations must eventually enter into a cycle �something that
is immediately clear since there are only �nitely many choices and histories in the game. In that
sense, the reasoning procedure in Theorem 4.2 can be used as a simple and elementary proof
for the �existence�of common belief in future rationality in �nite games. Moreover, we believe
that this existence proof is also much more instructive than the one based on the existence of
sequential equilibrium, as it also illustrates how to construct a belief hierarchy that expresses
common belief in future rationality. The other existence proof assumes a sequential equilibrium,
but does not explain how a player reasons his way towards this sequential equilibrium. Such an
existence proof would therefore be much more opaque.

6.3. Finitely Generated Belief Hierarchies

In this chapter we have restricted our attention to �nitely generated belief hierarchies � that
is, belief hierarchies that can be derived from an epistemic model with �nitely many types.
By doing so we actually exclude some belief hierarchies, as not every belief hierarchy can be
generated within a �nite epistemic model. If we wish to include all possible belief hierarchies
in our model, then we must necessarily look at complete type spaces for dynamic games as
constructed in Battigalli and Siniscalchi (1999).

But for our purposes here it is actually su¢ cient to concentrate on �nitely generated belief
hierarchies. Theorem 5.2 implies, namely, that whenever a strategy si is optimal for some belief
hierarchy �not necessarly �nitely generated �that expresses common belief in future rationality,
then si is also optimal for some �nitely generated belief hierarchy that expresses common belief
in future rationality. Moreover, �nitely generated belief hierarchies have the advantage that they
are particularly easy to work with, and that checking for common belief in future rationality can
be done within �nitely many steps, as is shown in Theorem 3.2.
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6.4. Other Concepts

We have concentrated on the concept of common belief in future rationality in this chapter. For
this concept we have provided a particularly easy, �nite reasoning procedure that a player can
use to generate some belief hierarchy that expresses common belief in future rationality (see
Theorem 4.2), and another �nite reasoning procedure that yields, for every strategy si that
can rationally be chosen under common belief in future rationality, a belief hierarchy expressing
common belief in future rationality that supports this strategy si (see Theorem 5.2). Moreover,
the �rst reasoning procedure yields a belief hierarchy with a very simple structure, as it assigns at
every information set probability 1 to one particular strategy and one particular belief hierarchy
for the opponent.

We could also look at other concepts in the epistemic game theory literature, and see whether
we can �nd associated �nite reasoning procedures like the ones we found for common belief in
future rationality. These epistemic concepts include the basic notion of common belief in ratio-
nality (Tan and Werlang (1988), Brandenburger and Dekel (1987)) which is based on the concept
of rationalizability (Bernheim (1984) and Pearce (1984)), and re�nements of common belief in
rationality like permissibility (Brandenburger (1992). Börgers (1994)), proper rationalizability
(Schuhmacher (1999), Asheim (2001)) and common assumption of rationality (Brandenburger,
Friedenberg and Keisler (2008)) for static games with lexicographic beliefs, and common strong
belief in rationality (Battigalli and Siniscalchi (2002)) for dynamic games.

For each of the epistemic concepts above there exists a �nite recursive procedure that yields
all choices (or strategies, if we have a dynamic game) that can rationally be chosen under the
concept. We list these procedures, with their references, in Table 5. Among these procedures,
iterated elimination of weakly dominated choices is an old algorithm with a long tradition in
game theory, and it is not clear where this procedure has been described for the �rst time in
the literature. The procedure already appears in early books by Luce and Rai¤a (1957) and
Farquharson (1969). An overview of these epistemic concepts and their associated recursive
procedures can be found in Perea (2012).

In fact, each of these recursive procedures can be interpreted not only as algorithmic methods
for the analyst, but can also be understood as reasoning procedures that a player inside the game
can use to reason his way towards the choices or strategies he can rationally make under the
epistemic concept at hand. Namely, some of the references in Table 5 contain proofs which
show that the recursive procedures select precisely those choices or strategies that are optimal
for some belief hierarchy that meets the requirements in the associated epistemic concept. In
particular, these proofs construct, for every choice or strategy surviving the procedure, some
belief hierarchy that supports this choice or strategy, and which satis�es all conditions imposed
by the epistemic concept �similarly to Theorem 5.2 in this chapter. A player inside the game
can then use the recursive procedure, together with this construction, to reason his way towards
a �su¢ cient set of belief hierarchies�for this particular epistemic concept.

Moreover, for most of the epistemic concepts in Table 5 there is an easy recursive procedure
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Epistemic concept Recursive Procedure

Common belief in rationality
(Tan and Werlang (1988)

Iterated elimination of strictly
dominated choices (based on
Pearce (1984), Tan and Werlang (1988))

Permissibility
(Brandenburger (1992), Börgers (1994))

Dekel-Fudenberg procedure
(Dekel and Fudenberg (1990))

Proper rationalizability
(Schuhmacher (1999), Asheim (2001))

Iterated addition of preference restrictions
(Perea (2011b))

Common assumption of rationality
(Brandenburger, Friedenberg and Keisler (2008))

Iterated elimination of weakly
dominated choices

Common belief in future rationality
(Perea (2011a))

Backward dominance procedure
(Perea (2011a))

Common strong belief in rationality
(Battigalli and Siniscalchi (2002))

Iterated conditional dominance procedure
(Shimoji and Watson (1998),
based on Pearce (1984), Battigalli (1997))

Table 5: Overview of epistemic concepts and their recursive procedures

that generates some belief hierarchy meeting the epistemic conditions, by constructing a chain
of choices or beliefs �similarly to the chain of choices and histories constructed in Theorem 4.2
�and showing that this chain enters into a cycle. This chain can then be transformed into a
�nite epistemic model where all types satisfy the epistemic conditions imposed by the concept,
similarly to our construction for common belief in future rationality in Theorem 4.2.

In fact, such a construction works for all epistemic concepts in the table, except for common
assumption of rationality and common strong belief in rationality � see Perea (2012) for an
overview. This method does not work for common assumption of rationality and common
strong belief in rationality because for these concepts, in order to verify that a given belief
hierarchy meets the epistemic conditions in the concept, it is not su¢ cient to only look at this
particular belief hierarchy, but we must consider su¢ ciently many alternative belief hierarchies
as well. That is, the conditions in common assumption of rationality and common strong belief
in rationality cannot be checked locally, but need a global perspective instead �something that
cannot be achieved by constructing a chain of beliefs similarly to Theorem 4.2. For each of the
other concepts in Table 5 such a local perspective is su¢ cient. Namely, for the other concepts,
in order to verify that a belief hierarchy meets the epistemic conditions imposed by the concept,
it is su¢ cient to only look at this single belief hierarchy.

Similarly to what we have seen for common belief in future rationality, the constructions
above � generating chains of choices or beliefs � can serve as easy and elementary existence
proofs for the concepts of common belief in rationality, permissibility and proper rationalizability.
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There is, however, no such easy existence proof available for the concepts of common assumption
of rationality and common strong belief in rationality.
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