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Abstract. In this study we will focus on piece-wise linear state space models
for gene-protein interaction networks. We will follow the dynamical systems ap-
proach with special interest for partitioned state spaces. From the observation that
the dynamics in natural systems tends to punctuated equilibria, we will focus on
piecewise linear models and sparse and hierarchic interactions, as for instance de-
scribed by Glass, Kdiman, and de Jong. Next, the paper is concerned with the
identification (a.k.a. reverse engineering and reconstruction) of dynamic genetic
networks from microarray data. We will describe exact and robust methods for
computing the interaction matrix in the special case of piecewise linear models
with sparse and hierarchic interactions from partial observations. Finally, we will
analyze and evaluate this approach with regard to its performance and robustness
towards intrinsic and extrinsic noise.

Keywords: piecewise linear, robust identification, hierarchical networks, gene ex-
pression data, gene regulatory networks.

1 Introduction and problem statement

This paper is concerned with the identification of dynamic gene-protein interaction net-
works with intrinsic and extrinsic noise from empirical data, such as a set of microarray
time series.

Prerequisite for the successful reconstruction of these networks is the way in which
the dynamics of their interactions is modeled. The formal mathematical modeling of
these interactions is an emerging field where an array of approaches are being at-
tempted, all with their own problems and short-comings. The underlying physical and
chemical processes involved are multifarious and hugely complex. This condition con-
trasts sharply with the modeling of inanimate Nature by physics. While in physics huge
quantities of but a small amount of basic types of elementary particles interact in a uni-
form and deterministic way provided by the fundamental laws of nature, the situation
in gene-protein interactions deals with tens of thousands of genes and possibly some
million proteins. The quantities thereby involved in the actual interactions are normally
very small, as one single protein may be able to (in)activate a specific gene, and thereby
change the global state of the system. For this reason, gene regulatory systems are much



more prone to stochastic fluctuations than the interactions involved in normal anorganic
reactions. Moreover, each of these interactions fieint and involves its own pecu-

liar geometrical and electrostatic details. There afiedint processes involved like
transcription, translation and subsequent folding. Therefore, the emergent complexity
resulting from gene regulatory networks is much mof@dalilt to comprehend.

In the past few decades a number dfelient formalisms for modeling the interac-
tions amongst genes and proteins have been presented. Some authors focus on specific
detailed processes such as the circadian rhythnirasophilaand Neurosporg10],

[11], or the cell cycle inSchizosaccharomycégBission yeast) [14]. Others try to pro-
vide a general platform for modeling the interactions between genes and proteins. For
a thorough overview consult de Jong (2002) in [2], Bower (2001) in [1], and others [6],
[13].

We will focus on dynamical models, and not discuss static models where the re-
lations between genes are considered fixed in time. In discrete event simulation mod-
els the detailed biochemical interactions are studied. Considering a large number of
constituents, the approach aims to derive macroscopic quantities. More information on
discrete event modeling can be found in [1].

2 Modeling gene-protein interactions as a piecewise linear system

The traditional approach to modeling the dynamical interactions amongst genes and
proteins is by considering them as biochemical reactions, and thus representing them
as 'rate equations’. The concept of chemical rate equations consists of a sgenf di
ential equations, expressing the time derivative of the concentration of each constituent
of the reaction as some rational function of the concentrations of all the constituents
involved. Though the truth of the underlying biochemical interactions between the con-
stituents is generally accepted, a rate equation is not a fundamental law of Nature, but
a statistical average over the entire ensemble of molecular collisions that contribute to
an actual chemical reaction [22]. So, rate equations are statistical approximations that
— under certain conditions — predict the average number of reactive collisions. The ac-
tual observed number will fluctuate around this number, depending on the details of the
microscopic processes involved. In case of biochemical interactions between genes and
proteins the applicability of the concept of rate equations is valid only for genes with
suficient high transcription rates. This is confirmed by recent experimental findings by
Swain and Elowitz [5], [16], [18], [19].

From the above, we may conclude that modeling can only be successful for genes
with suficiently high transcription rates. Even in the optimal case, we would obtain
a high-dimensional (reflecting the number of genes, RNAs, and proteins involved —
so tens of thousands), non-linearffeiential equation, that is subject to substantial
stochastic fluctuations. Much more problematic is the fact that the precise details of
most reactions are unknown, and therefore cannot be modeled as rate equation. This
could be compensated by a well-defined parametrized generic form of the interactions,
such that the parameters could be estimated frofficgnt empirical data. A generic
form based on rational positive functions is proposed by J. van Schuppen [23]. However,
in the few cases where parts of such interaction networks have been described from



experimental analysis, like the circadian rhythms in certain amoeba [10], or the cell
cycle in fission yeast [14], it is clear that such forms have a too extensive syntax to be
of any practical use.

Let us for the moment forsake these problems, and consider the dynamics of gene-
RNA-protein networks. When we assume a stochasfiemintial equation as model for
the dynamics of the interaction network, the relation can be expressed as:

x = f(x ulf) + £(t) 1)

Herex(t), called the state-vector, denotes tiggene expressions ardd RNA/protein
densities at timé— possibly involving higher order time derivativegt) denotes thé&
controlled inputs to the system, such as the timing and concentrations of toxic agents
administered to the system observéft) denotes a stochastic Gaussian white noise
term. This expression involves a parameter veé{dhat contains the coupling con-
stants between gene expressions and protein densities. We can consider this system as
being represented by the state vectfij that wanders through the (at leady) £ M)-
dimensional space of all possible configurations. In the formalism of dynamic systems
theory, eventuallx will enter an area of attraction, and become subject to the influence
of an attractor. An attractor here can be an uniform convergent attractor, a limit cycle, or
a 'strange attractor’. We can understand the entire space as being partitioned into cells,
where such attractors — or their antagonists so-called repellers — reign. Thus, the be-
havior of x can be described by motion through this collection of cells, swiftly moving
through cells of repellers, until they enter the basin of attraction of an attractor. Under
the dfects of external agents via the veatigt) or by stochastic fluctuations vigt) they

can leave this cell, and start wandering again, thereby repeating the process. Now, a vital
assumption is that in each cell the behavior is governed by specific (un)stable equilib-
rium points, and therefore it is possible to make a linear approximation of equation 1 in
the cell with indeX as:

X(t) = Fix(t) + Gu(t) )

In case of a uniform attractor the largest eigen-valug ofill be negative, and in case

of a uniform repeller the smallest eigen-value will be positive. We can now formalize
the qualitative behavioral dynamics of gene-protein interactions as predominantly lin-
ear behavior near the stable equilibria — called the steady states, interrupted by abrupt
transitions where the system quickly relaxes to a new steady state, either externally
induced or by process noise.

In biology such behavior is frequently observed, as for instance in embryonic growth
where the organism develops by transitions through a number of well-defined 'check
points’. Within each such checkpoint the system is in relative equilibrium. There is an
ongoing debate on mathematical modeling of cell divisiomrtasckpoint mechanisms
versuslimit-cycle oscillators see [20]. We will follow the view ofpiecewise linear
behavior(PWL, also known more appropriately as piecevagme behavior). This ap-
proach corresponds to the piecewise linear models introduced by Glass affich&@u
[9], and the qualitative piecewise linear models described by de Jong et al. [2], [3].



3 The identification of piecewise linear network®y
L,-minimization

Next, we will be concerned with the identification (a.keverse engineeringr recon-
struction of piecewise linear gene regulatory systems from microarray data. The nature
of our problem — few microarray experiments and lots of genes — implies that we are
dealing withpoor data(as opposed tach data), where the number of measurements

is a priori insuficient to identify all parameters of the system. One standard approach
to circumvent this problem is by dimension reduction through the clustering of related
genes. We consider the case where time series of genome-wide expression data is avail-
able. The case of the identification o$implelinear system is discussed in Peeters and
Westra [15], [26], and Yeung et al. in [27]. In the following, we will be concerned with

the identification opiecewisdinear systems. Our aim is to obtain the gene-gene inter-
action matrix. This matrix can be interpreted as a connectivity matrix, and so directly
relates to the graph of the gene regulatory network. With this network we are able to
make statements like: 'the expression of this gene causes that and that cluster of genes
to alter their expression in this and this way’.

Let us in the following assume a dynamical input-output sysIetimat switches ir-
regularly betweek linear time-invariant subsyster(is;, 2o, ..., 2k }. LetS = {s1, S, . . ., Sk-1}
denote the set of — possibly unknown — switching times, i.e. the time instaats
5 that the system switches from subsyst&rto 2,,. Similarly as with the simple
linear networks, we assuméankel matrices X= (x[1], X[2],...,x[M]), andU =
(u[1],u[2],...,u[M]) at M sampling timesT = {t,t,,...,tm}, representing full ob-
servations of theN states and® inputs. The interval between two sample instants is
denoted asy = tx.1 — tk. In first instance we assume that the system is sampled on reg-
ular time intervals, i.e. that the sample intervals are equalWdithin one subsyster,
the relation between the inputi§t) and outputg/(t) is represented as a state-space sys-
tem of first-order dierential (for continuous time systems) offdrence equations (for
discrete time systems), using an auxiliary vect) spanning the so-called subspace.

Continuous time:

X(t) = Fix(t) + Gu(t), 3)
y(t) = Hix(t) + Ju(t). 4)
Discrete time:
X[k + 1] = AX[K] + Biu[K], (5)
ylk] = Cix[K] + Dyu[K]. (6)

The relation between these is given by:

A| — TF|, (7)
B =€"G,. 8)

with X[K] = x(t) .



3.1 Determination of the new state equilibrium points

Moreover, in each new state the new equilibrium pgint RN has also to be estab-
lished. The linearization near can be written as:

0
a(ﬂl + (X =) = Fi(x— ) + Gu+ O(lIx — 1% 9)
which can be rewritten ax = F;x + G, with:

Gi = (G| - Fiu), (10)
b= (i) (11)

The reasoning is similar in the discrete case, and we obtgtir: 1] = A X[K] + BTi[K].
Therefore, we can follow the original formulation and, usingather tharu as input,
estimateA, andBy, and using:

B = (Bl - Au), (12)

to computgy andB. We will follow this approach, and from here on drop tilde, and
simple writeB, for (B — Ays), andu[K] for (”[1"] )

3.2 General dynamics of switching subsystems

In the context of piecewise linear systems of gene regulatory systems, the dynamics
is slightly different to the case of simple linear systems as in [15]. In our context we
assume that we obsera#t N genes, and that there is no direct through-put. This means
thatC, = | andD, = O for all |. Therefore, we can $lice with equation 5 corrected for

the equilibrium point:

X[k + 1] = AX[K] + Biu[K]. (13)

We furthermore assume that the system matrices in these equations are constant dur-
ing intervals f, 541 >, and abruptly change at the transition between the intervals at
t = 5,1. We assume that on the time scalthe system has relaxed to its new state.
This means that we do not obsemixed stateswhich would severely complicate the
problem of identification.

Finally, we define thaveights wy, as the membership functions of observatdo
subsystenty; if observation{x[K], u[K]} belongs to syster; thenwy = 1, if {x[K], u[k]}
does not belong t8; thenwy = 0. This definition allows for fuzzydefinition of weight,
such thatwy € [0, 1]. A priori, we thus can state two constraintsven

Yiawi € [0, 1], (14)
Y ZWH =1 (15)
|



To make sure that there’ll be no frequently switchings between tfereint systems
and we can talk about a perfect block-matrix, the weight matfiwill be optimazed
by adding an extra constraint:

M-1

D 11 = Whal = 1
k=1
K-1M-1
D Wiy = Wil = 2
=2 k=1
M-1

(16)

This constraint takes care that the number of one-blocks (vector existing only of ones)
will be as small as possible so that first system one, than system two, ... and finally
system K will be activated. By consequence the first columiVofthe first system,

W) starts with an one-block and jumps on the first switching ti®g,over into a
zero-block (vector existing only of zeros). The last columf\bfthe last system),
behaves in the opposite way. It starts with zeros and jumps at the last switching time,
Sk_1, over into ones and remains this. Between the first and the last system, all other
systems/, start with zeros and switch on switching tirBe ; over into an one-block.

Until switching timeS, is reached, then the ones will be switched again into zeros.

The challenge in system identification is to estimate the relevant model parameters
in piecewise linear dynamics from empirical observations. The success of this approach
depends on the amounts of empirical data availalbdeh-or poor, the validity of the
mathematical model, the levels of process noise and measuring noise, and the nature of
the sampling process. In case of regular sampling the discrete model 5 can be applied
which leads to more straightforward techniques than the continuous model 3 that should
be used in case of irregular sampling. In the following sections we will study a number
of these conditions in more detail.

3.3 Identification of PWL models with unknown switching and regular sampling
from poordata

The assumption that the switching times between the linear subsystems are completely
known suits various experimental conditions, as for instance when toxic agents are ad-
ministered. In many biological situations, however, the exact timing between subsys-
tems is not known, as during embryonic growth and in many metabolical processes.

As an extension to the simple linear systems in case state derivatives are avail-
able When a sfiiciently accurate record of estimates of the state derivati/es

{X[1], X[2], ..., x[M]} is available, we can simply rewrite this problem as a special case
of the method described in the case of a simple linear problem as in [15]. In fact, by



exploiting the dataD = {X,U, X}, the problem can be stated as a linear equation in
terms of new matricebl; andH, as:

X = HiX + HoU. (17)

In this equation the matriceld; and H, relate to the — unknown — system matrices
{A1, By, ..., A, Bk} and ditto unknown weightswy} as:

vec(Hy) = W - vec(A), (18)
vec(Hy) = W - vec(B). (29)

The matriced;, B, andW are composed as follows:
Ay B, W1,1|N2 Wl,KINZ
A=|...|, B=|...], W=welp=| ... ... ... |, (20
Ax

Bk WM,llNZ e WM,KINZ
where® is the Kronecker-product, ang. is the N?> x N? identity matrix. Note that
equation 17 is not anymore a linear problem, as the unknown maticBs andW
appear in a non-linear way in the equation. This equation is exactly of the type of
simple linear networks as in [15]. Therefore, its solution method is fully applicable, so
that an dicient and accurate algorithm is available for solving this problem in terms of
H; andH,. However, now the problem has shifted to solving two additional non-linear
equations:

Wo A=Hy, (21)
Wo B = H,. (22)

whereA, B, andW have to be solved from the known — i.e. computed — matrites
andH,. The operatiorr makes the relations in equations 21 and 19 explicit. This is
an underdetermined system that can only be solved by additional information, such as
assuming sparsity foA, and a block structure fow, such as the two constraints in
equations 14 and 15.

This non-linear problem can thus be solved in termblpndH,, but not in terms
of A, B, andW. It is a bilinear problem in terms oA and B for fixed W, otherwise
it is a quadratic problem. As a quadratic programming problem this is not a a well-
posed problem, i.e. it has a nonsingular Jacobian at optimality and is ill-conditioned
as the iterates approach optimality. Therefore, we followfizint approach and split
the problem in two LP-problems that are well-posed. The approach is as follows: (i)
initialize A, B, andW, (ii) perform the iteration:

1. ComputeH; andH,, using the approach from Peeters and Westra [15] on equation
17,

2. Using fixed values for the weight¥, computeA andB using equations 21, and 22,

3. Using fixed values for matrice’s and B, compute the weightg/ using equations
14,15, 21, and 22,



until: (iii) a cumulative weighted error criteriof has converged sliciently — or a
maximum number of iterations has passed. A proper choice for the criterion function
is:

E(A BWID) = > Wil AX(K] + BiulK] - X(KI3 (23)
kil

This problem can be solved by minimizing the quadratiecriterion subject to men-
tioned constraints, for instance by a gradient descent method. We can, however, formu-
late a diferent approach for solving this problem by defining an alternative criterion
function&, namely as a linedr; -criterion:

E1(A. B,WID) = > wial AXIK] + Biu[k] - (Kl (24)
kil

This expression allows for an LP-formulation of the problem, in wigiglserves as the
objective function. Thus, we can split the non-linear optimization problem as two sep-
arate LP-formulations that are successively applied in the iteration; (i) an LP-problem
LP, for obtaining the system matricésand B from minimizing objective functior®,
with given weightsw, subject to the constraints in equations 21 and 22; and (ii) an LP-
problemLP, for obtaining the weightsy from minimizing objective functior&; with
given system matrice& andB , subject to the constraints in equations 14, 15, 21, and
22.

We will revisit this philosophy in the next Section, when reviewing the more realistic
case when the state derivatives of the gene expressionstaeailable.

4 Numerical experiments and performance of the approach.

This approach resulted in afffieient and fast algorithm that is able to accurately es-
timate the gene-gene coupling matrix for tens of thousands of genes based on only
several hundred genome wide measurements, and that is robust towards measurement
noise. With increasing measurement noise or decreasing number of measurements the
approach retains the strongest gene-gene coupling links - i.e. the largest modal value
of the coupling matrixA - longest, see Figure 1. A basic assumption in the approach

is the sparsity of the underlying gene-gene coupling matrix, represented by the number
of non-zero entries per row. If this number grows above a certain threshold the per-
formance of the approach is severeffeated, see Figurea2 A number of numerical
experiments were performed with this approach. These controlled experiments consist
of the comparison of reconstructed network with the - known - original network struc-
ture. They were all performed on a PC with an Intel pentium M processor of 1.73 GHz
and 1 GB RAM memory under Windows XP professional, using Matlab 6.5 release
13 including the optimization toolbox. The Matlab routihinprog was used to solve

LP problems; its default solution method is a primal-dual interior point method, but an
active set method can optionally be used tear. larger problems it turned out to be
essential for obtaining reasonable computation times, that the LP problems were solved
by application of the active set method on the dual problem formulation. Therefore this
method was adopted throughout all the experimentine with the definitions above,



we use the parameteb$, M, K to quantify the size and complexity of the input. In
addition, the sparsity of the interaction matfixs measured by the number of nonzero
entries per row and denoted kywhich should be much less th&). To quantify the
quality of the resulting approximatiofg; of A* two performance measures are intro-
duced: the number of erroi and the CPU-timd& . as clocked on the same platform.

1. The number of errors N
Errors in the reconstruction are generated by the failure of the algorithm to identify
the true non-zero elements of the original sparse vegtorhese errors stem from
false positives and false negatives in the reconstructed vegctdheir numbers are
added up to produce the total number of erfdgs

2. The CPU-time T.
Using internal clocking, the tim&. required to perform the full computation was
measured. As all numerical experiments are executed on the same platform under
similar conditions, this provides a measure to compare problem instances.

The numerical experiments clearly demonstrate the range where the approach is ef-
fective. For relatively moderate noise levels and a high degree of sparsity i.e., a small
numberk of nonzero elements in the rows of matéx- and not too many external
stimuli p and switching time«, the approach allows one to reconstruct a sparse ma-
trix with great accuracy from a relative small number of observatidns< N. For
example, a row ofA with 30,000 components of which all but 10 are equal to zero,
can be éiciently reconstructed from just 150 independent measurements, see Figure
2b. The sparsity property oh fits in nicely with the technique of;-minimization,
which automatically will always set many entries of the solutidnto zero, whereas
L,-regression would spread out the error over all components, thus creating many small
components. Reconstruction of large networks from this approach is straightforward:
each of the rows of the gene-gene interaction matrix can be computed independently
from the same set of micro-array experiments.

What will happen if the number of genes gmidthe number of measurements increases

is presented by figures 3 and 4. The higher the number of gengs anelasurements,

the higher the CPU-timél, of the algorithm will be. When we observe the influence

of the number of subsystenks we can constatate the same, nl. an increasement of the
number of subsystems influences the increasement of the computation time, in a pos-
itive way. This last part depends on the fact that the simple linear model will be used
for the computation of each subsystem. Figure 5 shows us the rate of error in function
of the number of measurements. When the number of subsystems iK end, and

the number of genes is smal, = 10, (figure &) there are only a small number of
measurements necessary to have an acceptable errorrate. When the number of subsys-
tems increases (figurdopmore measurements are necessary to have approximately the
same errorrate. To be more exact, Br= 1 only 10 measurements and fir= 3,

30 measurements have to be available. This we can explain as follows: the available
measurements will be devided over the subsystems. So if there are 3 subsystems and
30 measurements, each subsystem will have approximately 10 measurements. By keep-
ing figure @ in mind, we can conclude that this number of measurements is enough to
have an acceptable low rate of error for each subsystem. And so the errorrate for the
complete system will be small too. The last figure, figure 6, indicates respectively the



relation between the CPU-time and the errorrate with the number of subsystems. For
both, the number of subsystems has a same impact. The more subsystems, the more
possibilities there are for the identification of the weight matvik,which can be re-

flected as an exponential grow in functionkof
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Fig. 1. The influence of increasing intrinsic noise on the identifiability. The plot shows the corre-
sponding values of the gene-gene matix vedA), and increasing zero-mean Gaussian noise
added toA. The red dots indicate the true valueayfand the blue line the reconstructed values
a*. For low noise levels, like 0.1, the non-zero values@fre recovered without exception. At
noise level 0.4 only the largest modulus maxima values have a chance to be found.

Remark that the test results arise from computations on a normal PC as described
above. When we do the same computations on a more powerful PC (dual XEON proces-
sor of 3.2 GHz and 4096 MB RAM memory) the time results will be much smaller and
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Fig. 2. a: Number of errors as a function of the number of nonzero eritrins¢, for M = 150,
K =1, m =5, N = 50000,b: Dependency of the critical valué,, required to compute the
matrix free of error versus the problem side

a higher number of genes can be taken into account. For example figure 7, which gives
an presentation of the CPU-time in function of the number of genes,Nvith60000.

5 Discussion

In this work we have presented an approach for modeling and identification of gene
regulatory networks from near genome wide expression profiles with a relative small
amount of time instances using a piecewise linear state space model. The state space
model is a rich and flexible metaphor from mathematical systems theory that applied
to this case allows for hierarchical activation through master genes, representing the
effects of multiple external inputs, hidden states such as none-observed genes or protein
densities, and theffects of process and measurement noise. For this piecewise linear
state space modeling we have presented an identification technique, based on a coupled
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Fig. 3. CPU-time, T, as a function of the problem si2¢, for figurea: M = 10,K = 1 and for
figureb: M = 20,K = 3.

set of two linear programming problems. This approach resulted iffigreat and fast
algorithm that is able to accurately estimate the gene-gene coupling matrix for tens of
thousands of genes based on only several hundred genome wide measurements, and
that is robust towards measurement noise.

There remain a number offficulties with regard to the system identifiability of this
approach, i.e. the potential to reconstruct the interaction network from empirical data.

1. Due tothe huge costs anfliarts involved in the experiments, only a limited number
of time points are available in the data. Together with the high dimensionality of
the system, this makes the problem severely under-determined.

2. In the time series many genes exhibit strong correlation in their time-evolution,
which is not per se indicative for a strong coupling between these genes but rather
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4.CPU-time as a function d¥l, for figurea: K = 1, N = 10 and for figuré: K = 3,N = 10.

induced by the over-all dynamics of the ensemble of genes. This can be avoided by
persistently exciting inputs.

. Not all genes are observed in the experiment, and certainly most of the RNAs and

proteins are not considered. therefore, there are ratdenstates.

. Because the identification techniques proposed below work on the rows, the hier-

archical principle does not cause a problem, as the gene-gene interaction matrix is
highly row-sparse but not column-sparse. In fact, the method utilizes the sparsity
of the matrix as an implicit constraint, namely that the value of the components of
the matrix should be zero.

. Hffects of stochastic fluctuations on genes with low transcription factors are severe

and will obscure their true dependencies.

With this approach it is possible to reconstruct the steady states and the associated

switching times of a metabolic processes from a set of micro-array experiments. In each
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Fig. 5. Number of errors as a function M, for figurea: K = 1, N = 10 and for figureb: K = 3,
N = 10.

steady state the gene-gene interaction matrix defines the network topology. The micro-
array technique exhibits a strong increase fificeency and a simultaneous decrease

in associated costs. In the near future this will enable the registration of large time
series of genome wide expression profiles and associated protein densities. The future
availability of such data makes the further development of the mathematical modeling
and associated identification of dynamic gene expression, as the approach presented
here, an important condition for deducing and understanding the underlying interactions
between genes and their environment.
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