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Abstract 

For an (m X n)-matrix A the set C(A) is studied containing the constraint vectors b of E'~ without strongly 
redundant inequalities in the system (Ax < b, x > 0). C(A) is a polyhedral cone containing as a subset the cone 
Col(A) generated by the column vectors of A. This paper characterizes the matrices A for which the equality 
C(A) = Col(A) holds. Furthermore, the matrices A are characterized for which C(A) is generated by those 
constraint vectors ~i ~ C(A), i ~ {1, 2 . . . . .  m}, for which the feasible region {x ~ R~_ : Ax </3 i} equals {x ~ R+ : 
(Ax) i < 1}. Necessary conditions are formulated for a constraint vector to be an element of C(A). The class of 
matrices is characterized for which these conditions are also sufficient. 

Keywords: Linear inequality systems; Strong redundancy; Polyhedral cones; Extreme directions 

1. Introduct ion  

In  the theory  o f  l inear p rog ramming  one is part icularly interested in computa t ional  aspects. One  of  
these aspects is the size reduct ion  of  the problem by considering redundancy.  A constraint  in a l inear 
inequality system (Ax  < b, x > 0), with A an (m x n)-matrix and b an m-vector,  is redundant if the 
removal  of  this constraint  f rom the system does not  affect the feasible region {x ~ R+:  Ax < b}. A 
constra int  inequality, say (Ax)  i < bi, is strongly redundant if it is r edundan t  and for each feasible solution 
x we have strict inequali ty (Ax)  i < b  i. A comprehens ive  enumera t ion  o f  methods  for testing and 
determining r edundancy  can be found  in Karwan e.a. [1] and Telgen  [3]. 

Here ,  we will deal with l inear inequality systems in which strongly r edundan t  constraints  are in fact 
absent.  

A constraint  vector  b is called sharp if none  of  the constraints  in (Ax  < b ,  x > 0) is strongly 
redundant .  Thus,  b is sharp if the feasible solution set {x ~ E~_: Ax < b and (Ax)  i = b i} (the facet 
cor responding  to the i-th constraint)  is non-empty  for  each i ~ {1, 2 . . . . .  m}. 

Let  C ( A )  deno te  the set of  all sharp constraint  vectors  with respect  to the matrix A.  To  our  
knowledge  this set has not  been  discussed before,  and in this paper  our  pr imary concern  is to obtain 
insight in the s tructure of  the set C(A) .  It  turns out  to be a polyhedral  cone in E'~ and, therefore,  a finite 
genera t ing set for C ( A )  exists (cf. Klee [2]). Unfor tunate ly ,  there  are no  direct  methods  available to 
const ruct  such subsets in general .  I t  is, however,  possible to describe some of  the sharp constraint  vectors 
which are  conta ined in any genera t ing set, up  to a scalar multiplication. These  so-called extreme 
directions will be descr ibed in Section 3 where  a sufficient condi t ion is given for  a column vector  of  A to 
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b e  an extreme direction of C ( A ) .  Also, the sharp constraint  vector ~i for which {x ~ R~_: Ax </3 i} 
equals {x ~ •+ : (Ax)  i < 1}, if existing, turns out to be extreme in C ( A ) ,  with i ~ {1, 2 , . . . ,  m}. 

For  two sharp constraint vectors b and c for the matrix A the algebraic sum of the corresponding 
feasible regions not necessarily corresponds to the vector b + c. For example, consider the (2 x 3)-matrix 

A _ _ ( 2  1 1)  
1 2 1 ' 

b = (1, 2) t and c = (2, lY. The reader  is invited to check that the sum {x ~ R 3 : Ax < b} + {x ~ R3+ : 
Ax < c} equals the intersection {x E ~3+ : Ax _< b + c} A {x ~ R3: (1, 1, 1)x < 2} which is strictly contained 
in {x ~ R 3 +: A x  <_b+c}.  

However,  each facet of  {x ~ R n • Ax < b + c} has a non-empty intersection with {x ~ N~_ : Ax < b} + {x q - -  

Nn. AX < C}. This follows from the observation that for x ' ~  {x ~ N~_: Ax < b, (Ax)  i = b i} and for . b .  - -  

x" ~ {x ~ R~_: A x  < c, ( A x )  i = ci}, with 1 _< i < m arbitrary, we have x'  + x "  > 0, A ( x '  + x " )  <_ b + c and 
( A ( x '  + x"))  i = b i + c i = (b + c) i. 

This observation shows that a decomposition of a sharp constraint vector b into a weighted sum of 
sharp constraint vectors from a well described generating set W, say b' = ~2 b ~ wPb b, can be of help in 
case the feasible regions of  the decomposition parts b, b ~ W, are known and one is interested in (some 
of) the elements in the facets of {x ~ N+ : Ax < b'}. In general this method is impractible since there 
exists no feasible decomposition method for arbitrary cases. In Sections 4, 5 and 6 three classes of 
matrices are characterized with a computationally clear structure, so that for these matrices decomposi- 
tion methods exist and, thus, to which the above approach can be applied. The paper  therefore provides 
a mathematical  tool for a further  examination of the above ment ioned observations. 

In Section 4 a necessary and sufficient condition is given in order  to have equality between C ( A )  and 
the cone C o l ( A )  = {Ax: x e N~_} which is generally a subset of C ( A ) .  

Section 5 concerns the characterization of positive matrices A for which C ( A )  equals the cone 
generated by the constraint vectors /3 i, i ~ {L 2 ,  . . . .  m}. This characterization is considered in more 
detail for the case n = 2. 

In Section 6 we will formulate an upper  bound set for the sharp constraint set. For  this upper  bound 
set it is computationally easy to decide whether  or not a constraint vector is an element  of it. We will 
characterize the class of matrices for which the upper  bound set coincides with the sharp constraint set. 

In conclusion a summary is given of the results. 
Throughout  the paper  we assume that A is an (m × n)-matrix with coefficients ai~, i ~ {1, 2 . . . .  , m}, k 
(1, 2 . . . .  , n}. x t and A t denote the transpose of a vector x and matrix A. The notations for the origin 

and a unity vector are 0 and el; the dimension o f  these vectors will be  clear from the context. 

2. The sharp constraint set 

Le t  I i denote  the (m × m - 1)-matrix obtained from the identi ty matrix by deleting the i-th column. 

Lemma 1. The sharp constraint set C ( A )  equals the intersection o f  the cones generated by the column 
vectors o f  the ( m  × n + m - 1)-matrices ( A ,  Ii); 1 <_ i <_ m.  

Proof. A constraint vector b is an clement of  C ( A )  if and only if 

{x ~ ~ _ :  Ax_<b and ( A x ) i = b i }  ¢ ¢ for each i ~  {1, 2 , . . . , m } .  (1) 

Using slack variables (1) is equivalent to 

b ~ { ( A ,  I i ) z :  z ~ N +  +m-l}  f o r e a c h i ~ { 1 , 2  . . . .  , m } .  

The lemma now follows. [] 
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The  Sharp constraint  set C ( A )  is therefore  a finite intersect ion of  polyhedral  cones Col(A,  P) ,  i 
{1, 2 . . . . .  m}, yielding 

Theorem 2. The sharp constraint set is a polyhedral cone. 

The  dimension of  C ( A )  can easily be detec ted  with the help of  the following 

Theorem 3. C( A )  is fully dimensional if  and only i f  no two rows o f  A are equal up to a scalar multiplication 
factor. 

Proof.  Suppose that  row i and row j are multiples of  each other ,  say ( e i ) t z  : a(eY)~l, with a ~ ~. Let  
y = a e  y - e  i if a > 0, otherwise we let y to be e i --c~e j. Note  that  y tz  > 0 for  all e lements  z of  
Col(A,  I i) and y t z ~ O  for all e lements  z of  Col(A,  IJ). This implies y t z = O  for all z ~  
f1 1 <_ lc <_ mC°I( A ,  Ik )  = C(A) .  Therefore ,  C ( A )  is not  fully dimensional.  

O n  the o ther  hand,  suppose C ( A )  is not  fully dimensional.  Consider  the following two cases: 
1) Col(A,  I i) is not  fully dimensional  for a part icular  i ~ {1, 2, , . . ,  m}. This only occurs if row i of  A is 

the zero vector,  which is a multiple of  each of  the o ther  rows. 
2) The  cones Col(A,  P),  i ~ {1, 2 , . . . ,  m}, are fully dimensional.  Because  its intersection, C(A) ,  is not  

fully dimensional,  indices i, j ~ {1, 2, . . . ,  m} exist such that  Col(A,  I i) f1 Col(A,  I j) is not  fully 
dimensional.  Let  y ~ ~m be such that  ytz  = 0 for  all z ~ Col(A,  P )  A Col(A,  P) .  It  follows that  
y~ = 0 for k ~ {1, 2 . . . . .  m } \ { i ,  j}. F r o m  y54 = 0 t it follows that  row i and row j are multiples of  each 
o the r .  [] 

The  following l emma charac ter izes  those column vectors  of  A which are r edundan t  in the determina-  
t ion of  C ( A )  in the sense that  delet ing these columns does not  affect the sharp constraint  set. 

L e m m a  4. Let A '  be the (m × n -  D-matrix obtained f rom A by deleting a column vector. Then 
C(A ' )  ~ C(A) .  Furthermore, C (A ' )  = C ( A )  i f  and only i f  the deleted column vector is a sharp constraint 
vector o f  A'. 

Proof.  Note  t h a t  Col(A',  I i) is conta ined in Col(A,  I i) for each i ~ {1, 2 , . . . ,  m}. This shows the first 
par t  of  the lemma. 

To prove the second part,  suppose  that  Ae  ~ is the deleted column vector.  I f  A e g ~  C(A ' )  then  
C(A ' )  -~ C(A) ,  and if A e  k ~ C(A ' )  then Ae  k ~ Col(A',  Ii), implying Col(A',  I i) = Col(A,  Ii), with 
i ~ {1, 2 , . . . ,  m} arbitrary; thus C(A ' )  coincides with C ( A )  [] 

3. Extreme directions of  C(A) 

Extreme directions of  C ( A )  can be found  among  the column vectors  o f  the matrix A.  The  next 
the0rem formulates  a sufficient condi t ion for a co lumn vector  to be extreme in C(A) .  It  is not  a 
necessary condi t ion as will be shown by an example. 

Theorem 5. A column vector Ae  k is extreme in C ( A )  i f  there is a constraint i such that e ~ is the only 
element in the corresponding facet,  i.e. {e k} = {x ~ ~n÷.. Ax  < A e  k, ( A x )  i = (Aeg)i}. 

Proof.  Suppose  A e  g = b a + b 2,  with b 1, b z ~ C(A) .  Let  z r be an e lement  of  {x ~ ~_  : Ax < b r and 
( A x )  k = b~}, r = 1, 2. T h e n  A ( z  1 + z 2) < b 1 + b 2 = A e  k and ( A ( z  I + z2))i = b ] + b 2 = (Aek) i  . Hence,  

- -  t 

z I + z a ~ {x ~ R~: A x  < A e  k and (Ax)  i =Aei  k} = {ek}. Thus,  using the fact that  z I and z 2 are non-nega-  
tive vectors  we conclude that  z 1 and z 2 are non-negat ive multiples of  e k. Fur thermore ,  f rom b 1 + b 2 = 
A e  k = A ( z  I + z  2) = A z  1 + A z 2 <  b 1 +  b 2 we conclude that  A z  r equals b r, r = 1, 2. Hence ,  b 1 and b 2 are 
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non-nega t ive  mul t ip les  of  A e  k. This  proves  tha t  Ae  ~ cannot  be  wri t ten  as a non-tr ivial  non-negat ive  
combina t ion  of  e lements  o f  C(A) .  T h e  t h e o r e m  now follows. [] 

Fo r  a row i ~ {1, 2 , . . . ,  m} of  A with posit ive coefficients  the  set  {X ~ ~ +  : (Ax)  i < 1} is the  convex hull 
of  the  origin 0 and  the  e lements  (a i k ) - l e  k, 1 < k < n. Thus,  there  is a sharp  constra int  vector ,  deno ted  by 
/3 i, such tha t  {x ~ ~n+.. Ax </3 i} = {x ~ ~+  : (Ax)  i < 1}. T h e  coefficients  of  this const ra in t  vec tor  are  given 
by 

i - m i n ( { f l  ~ ~+:  ( e j ) t A < ~ ( e i ) t A } )  (2)  / 3 j -  

max(0 ,  m a x  ajk /a ik ) ,  1 < j  < m .  (3) 
l<k<__n 

Note  tha t  /3~ equals  1. 
Le t  I ( A )  deno te  the  set  of  row indices i ~ {1, 2 , . . . ,  m} with aik > 0 for  all k ~ {11 2 , . . . ,  n}. 

T h e o r e m  6. /3i is an extreme direction o f  C ( A )  for all i ~ I (A ) .  

Proof.  Le t  b be  a sharp  const ra in t  vec tor  and  let x l , . . . ,  x m be  non-nega t ive  n-vectors  such tha t  Ax j < b 
and (AxJ)  i = bj, 1 < j  < m.  Using (2) we have bj = (eJ)54x j < (/3~(ei)tA)x j =/3~(Ax) i </3~bi, 1 < j  < m,  and 
we conclude  tha t  for  each  b ~ C ( A )  it holds tha t  

b <bi/3 i for  each  i ~ I ( A ) .  (4)  

Now let /3i = b I + b e for  two sharp  const ra in t  vectors  b 1 and b 2. App ly ing  (4) we  obta in  /3 i = b 1 + b 2 < 
b]/3 i + b2/3 i = (b 1 + b2)i/3 i =/3[/3 ~ =/3  i. Hence ,  b 1 = b~/3 i and b 2 = b2/3 i. This  proves  the  extremal i ty  of  /3i 
in C ( A ) .  [] 

Consider  the  (3 × 3)-matr ix  (11 ) 
A =  1 1 2 • 

1 2 4 

Using (3) one  easily obta ins  /31= (1, 2, 4) t, /32= (1, 1, 2) t and  /33= (1, 1, 1) t, which are  all co lumn 
vectors  of  A.  E a c h  facet  co r respond ing  to one  of  the  constraints  in the system (Ax  < (1, 1, 2) t, x > 0) 
trivially con ta ins  ,e 2. Wi th  little effor t  one  can  check tha t  the  facet  cor responding  to the  first constra int  

1 3 is an e l emen t  of  the facets  cor responding  to the  o the r  two constraints .  T h e  also contains  e 1, and r e  
condi t ion m e n t i o n e d  in T h e o r e m  5 is, therefore ,  not  satisfied a l though the  co lumn vec tor  (1, 1, 2) t is 
ex t reme  since it equals /32 .  

T h e  next  example  shows tha t  the  sharp  const ra in t  set  m a y  possess ex t reme direct ions which do not  
co r respond  to the co lumn vectors  or  to the  vec tors /3 i ,  i ~ I (A ) .  

Let  b be  a sharp  const ra in t  vec tor  of  the  (4 × 3)-matr ix 

A =  2 1 
2 3 " 
3 1 

For  each  non-nega t ive  3-vector  x with Ax < b we have 

( Z x ) 4  = 3x 1 -}-X 2 -}- 3X 3 < 3x I + 2 x  2 + 3 x  3 = ( A X ) l  + ( A x ) 2  _~ b I + b 2. 

T h e n  b 4 < b  1 + b 2 since b is sharp.  Similarly, 3b 1 > b 3 and 3b 2 > b 3. Hence ,  C ( A )  is con ta ined  in 
{b ~ ~4: bl + be _ b4 > O, 3b I - b 3 _> 0, 3b 2 - b 3 >__ 0}. T h e  la t ter  set  is a polyhedra l  cone for  which 

= (1, 1, 3, 2)  t is an ex t reme  direction.  O n e  easily checks tha t  6 is an e l emen t  of  C ( A )  and, therefore ,  it 
ha s  to be  ex t reme  in C ( A )  also. No te  tha t  it is no t  a mul t ip le  of  one  of  the co lumn vec tors  or  the vectors  
/31 = (1, 2, 3, 3) t, /32 = (2, 1, 3, 3) t, /3 3 = (1, 1, 1, 1½) t and /34 = (1,  1, 3, 1) t. 
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The extremality of a column k in Col(A) is equivalent t o  the property that the intersection of all 
facets in {x ~ ~_ : Ax <Ae k} equals {ek}. The condition stated in Theorem 5 is stronger and the next 
example shows that it cannot be weakened to the mentioned property. Let  A' be the matrix in the 
previous example enlarged with the column vector Ae2+ 6; i.e., 

1 1 2 2 / 
A ' =  2 1 1 

2 3 2 " 
3 1 3 

By straightforward calculations one shows that the facets in {x ~ N4+ : A'x  <A'e 4} are Conv({e 4, 2e 2, e 3, 
(1, 1, g,1 0)}), Conv({e 4, 2e 2, e 1, (½, 1, ½, 0)}), Conv({e 4, 2e2}) and Conv({e 4, e 1, e 3, (½, 1, 4½, 0)}). The 
intersection of these sets equals {e4}, showing the extremality of A'e 4 in Col(A'). Of course, A'e 4 =A'e  2 
+ 6 is not extreme in C(A').  

It is till now still a problem to characterize all extreme directions of C ( A )  in terms of properties of the 
corresponding feasible region or of the matrix A. 

4. The  case C ( A )  = Col (A)  

Let us call a set C ~ R ~ maximum-closed if for each two elements x, y of C also its coordinate-wise 
maximum max(x, y ) =  (max(xi, yi)) i ~{1,2,...ik} is contained in C. 

Examples o f  maximum-closed sets are the cones Col(A, I i) with 1 < i  < m .  This follows from the 
observation that for arbitrary elements Ax + z and Ay + z'  of  Col(A, I i) with x, y ~ ~ .  and z, z' 
~rn r +, Z i = Z i = 0, we have max(Ax + z, Ay + z ' )  =A x  + z", with z" the non-negative m-vector defined by 

t !  _ _  ! t /  z i - max(0, (A(y  - x ) ) ;  + z i ~ z]), j ~ {1, 2 , . . . ,  m}. Assuming that (Ax) i > (AY)i holds we have z i = O, 
implying Ax + z" ~ Col(A, P).  

Intersections of maximum-closed sets are, again, maximum-closed. Therefore,  C(A)  is maximum-closed 
by Lemma 2. 

Moreover, we have 

T h e o r e m  7. The sharp constraint set C( A ) equals Col(A) if  and only if  Col(A) is maximum-closed. 

Proof. The maximum-closedness of C(A)  proves the 'only if'-part of the theorem. Thus, suppose Col(A) 
is maximum-closed. Let  b be an arbitrary sharp constraint vector. For  each i ~ {1, 2 , . . . ,  m} an element 
exists, say x i ~ Nn such that Ax i < b and (Axi)i  = b i. The maximum-closedness of Col(A) implies the 

- I - '  - -  

existence of an element 2 ~ R~_ such that A2 equals the maximum of the vectors Ax i, i ~ {!, 2 . . . . .  m}. 
It easily follows that .42 = b which proves the inclusion C(A)  c_ Col(A). Equality follows since C(A)  D_ 
Col(A) holds in general. [] 

In the first example of the previous section Col(A) is maximum-closed since the maximum of each two 
column vectors is again a column vector. In fact the column vectors are queued in increasing order. 
Other  examples of matrices A with Col(A) maximum-closed are the (2 × n)-matrices with non-negative 
entries. This follows from the fact that each cone included in N 2 is maximum-closed. + 

Corollary 8. C(A)  = Col(A) for a non-negative (2 × n)-matrix A.  

For a square matrix A we have the following 

Theorem 9. Let A be an invertible (m × m)-matrix. Then C(A)  = Col(A) if  and only if each row vector of 
A -  1 has at most one negative coefficient. 
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Proof. One easily proves that a closed halfspace { z ~  Ern: y t z  >_ 0} is maximum-closed if the normal 
vector y ~ Rrn has at most one negative coefficient. Therefore, if each row vector of A - 1  has at most 
one negative coefficient then A l<_i<_,n{Z: (e i ) tA- l z  >_ 0} is maximum-closed. The latter set obviously 
equals {z: A - l z  > 0} which coincides with {Ax: x ~ E~} = Col(A).  Thus, Col(A)  is maximum-closed 
yielding C ( A )  = Col(A)  by Theorem 7. 

Now suppose there is a row of A - 1 =  (a'iy)i,j~l,2 . . . . .  m }  with at least two negative coefficients, say 
a' , i  < 0 and a'~, i < O, i-~j .  Let z denote the sum of the columns of A except column m, z = 

v A - - 1  i r v ,' ., A(1, 1 . . . . .  1, 0) t. For the vector y = a m , j A  e - a ' m , i A - l e  y we have Y m = a r n , j a m , i - - a m , j a r n , i = O ;  thus 
there is an e > 0 such that both x I = (1, t . . . . .  1, 0) t + ey and x 2 = (1, 1 , . . . ,  1, 0) t - ey are non-negative 
vectors. Then Ax 1, A x 2 ~  Col(A).  Now Ax 1 equals z + e A y  = z + eam.je' i _ ea, m iel and Ax 2=  z - 

v i v j • r i v j earn j e  + eam,ge. Therefore, the maximum of these two vectors equals z' = z - eamde - eam,i  e . Note 
' - - 1  v - - 1  v ,, ,' t that ( A  z )rn = ( A  z)rn - 2earn,jam, i = 0 - 2earn,yarn,i < 0 and, therefore, z'  cannot be an element of 

Col(A).  This shows that Col(A)  is not maximum-closed, yielding C ( A )  ~ Col(A) .  [] 

Theorem 9 can also be proven using Theorem 7 and the fact that a polyhedral cone is maximum-closed 
if and only if it can be written as a finite intersection of closed halfspaces with normal vectors for which 
there is at most one negative coefficient. The proof of the latter equivalence follows the same line as the 
second part of the proof  of Theorem 9. 

5. The case C ( A )  = Cone(~j3i: 1 <_ i <_ m})  

In this section we characterize matrices A for which the sharp constraint set is generated by the 
vectors /3 i, i ~ {1, 2 . . . . .  m}. These vectors exist only if all coefficients of the matrix A are positive. We 
therefore assume now that A is positive. For matters of convenience we furthermore assume that A 
does not contain rows which are multiples of each other. Thus, C ( A )  is fully dimensional according to 
Theorem 3. 

Let Q denote the (m ×m)-mat r ix  consisting of the columns /31, 132 . . . . .  /3m, i.e., qij = 
max 1 _< ~ _< n(ayk/aik) for i _< i, j _< m. Of course, C ( A )  ~ Col(Q). 

Theorem 10. The sharp constraint set of  A equals the cone generated by the sharp constraint vectors 
/31,/32 . . . .  ,/3rn, i.e., C ( A )  = Col(Q), if  and only if  the following two conditions are satisfied: 
(i) each column vector o f  A is contained in Col(Q); 
(ii) Q is invertible and each row vector o f  Q - 1 contains at most one negative coefficient. 

Proof. Let us first show the 'iF-part. Since each column vector of A is an element of Col(Q) we have 
C(Q) = C (A ,  Q) according to the second statement of Lemma 4. The column vectors of Q are elements 
of C(A) .  Thus we also have C ( A ) =  C(A ,  Q). implying C ( A ) =  C(Q). Theorem 9 and (ii) imply 
C(Q) = Col(Q). Hence, C ( A )  = Col(Q). 

The 'only if-part.  Suppose C ( A )  = Col(Q). Now (i) is valid since Col(A)  c__ C ( A )  = Col(Q). Thus, we 
have 

Col(Q)  = C ( A )  = C ( A ,  Q) = C ( Q ) .  (5) 

Now suppose yQ = 0 t for an m-vector y. Then ytb = 0 for each element b of C(A) .  Using the full 
dimensionality of C ( A )  we conclude that y = 0. Therefore, Q-1  exists and according to (5) and Theorem 
9 it must fulfil the second condition in (ii). [] 

Little is known about necessary and sufficient conditions on the matrix A to assert that the 
corresponding matrix Q is invertible. Of course, it is necessary that no two row vectors of A are 
multiples of each other to assert the invertibility of Q. It can be shown that it is also sufficient in the case 
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A consists of maximally 4 rows. The following example illustrates that sufficiency does not hold in 
general.Consider the (5 × 5)-matrix 

2 2  
2 1 2 1 

A =  2 2 1 1 . 
2 2 2 1 
3 3 3 2 

With little effort one shows that the matrix Q corresponding to A equals A itself. Note that 
(1, 1, 1, - 1, - 1)A = 0 t which implies that Q is not invertible. 

If A is a positive (m × 2)-matrix for which none of the row vectors are multiples of each other, then A 
and the corresponding matrix Q fulfil conditions (i) and (ii) in theorem 10. To show this, we consider A 
to have the following normalized form: 

1 1 . . .  1 
A = al  a2 . . .  am 

Then /3~ = max(l,  a j / a i ) ,  i , j  
vector of A equals/3 m and the 
and dx, d 2 . . . .  , d m as follows• 

( 0 
ci = I a i / ( a i  - a i - 1 )  

Let 

- - e l  - -  d 1 

C 2 

Q ' =  0 

0 

t w i t h 0 < a l < a 2 <  . . .  < a m "  

{1, 2 . . . . .  m}. N o t e  that condition (i) is satisfied since the first column 
second column vector of A equals al/3!. Now define scalars Ca, c 2 . . . . .  c m 

if i = 1 ,  
i f l < i < m ,  

i f l < i < m ,  

if i = m .  

d 1 0 

- c 2 - -  d 2 d2 

c 3 - c 3 - d 3 

0 0 

0 

0 

0 

- -  C m - -  d m 

With straightforward calculations one shows that Q ' Q  equals the identity matrix, i.e., Q' = Q - k  The only 
negative coefficients of Q' are the diagonal elements. Therefore ,  Q fulfils (ii) of Theorem 10. 

C o r o l l a r y  11. C ( A )  = C o l ( Q )  f o r  a posi t ive  ( m  × 2)-matr ix  A .  

Let A be the (3 × 2)-matrix 

(1 t 1 

1 1 • 
1 3 

Then Q equals 

( i  1 1)  1 1 • 

3 1 
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Fig. 1. D e c o m p o s i t i o n  of  a 2 -d imens iona l  feas ib le  region.  

0 
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3 1 F r o m  A we derive c 1 = 0, c 2 = 2, c 3 = ~ and  d 1 = 1, d 2 = 7 and d 3 = - 1. T h e n  

- 1  1 0 
5 1 Q , =  2 - 3  

0 _3 1 
2 2 

Apply ing  T h e o r e m  10 we conclude  tha t  C(A)  = {b ~ ~3+ : Q'b > 0}. 
I t  is genera l ly  known tha t  a 2-dimensional  feasible  region can be  d e c o m p o s e d  in a way as is i l lustrated 

in Fig. 1. I f  the  feasible  region in the  f igure equals  {x ~ ~2+ : Ax < b} for  a posit ive ( m  × 2)-matr ix  A and 
sharp  cons t ra in t  vec tor  b, then  the  t r iangular  like sets on the  r igh t -hand  side are  the  sets (Q'b)i{x ~ ~2 : 

A x  "< ~ i }  = { x  E ~ 2  . ( A x )  i <_~ (Q,b)i} ' i ~ {1, 2 . . . . .  m}. 

6. An upper bound set for C(A) 

In  this sect ion we still a s sume  tha t  A is a posit ive matrix.  
Fo r  a const ra in t  vec tor  b for  which (4) is not  fulfilled, i.e., the re  is an index j ~ {1, 2 , . . . ,  m} with 

b~ > bfl~, the  facet  co r respond ing  to cons t ra in t  j in the  system (Ax < b, x > 0) is empty.  This  follows 
f rom the fact  tha t  for  each  n-vector  x > 0 with Ax < b we have  (e/)54x < (flj(e~)tA)x < fl~b i < bj. 

Let  M ( A )  deno te  the set  o f  all m-vec to rs  b for  which (4) holds, i.e., 

M ( A ) = { b ~ m :  b<_bit9 i, l < i < m } .  

T h e  following l e m m a  descr ibes  the  e lements  of  M ( A )  m o r e  specifically. 

L e m m a  12. b ~ M ( A )  i f  and only i f  each two of  the sets {x ~ ~ n  + : ( A x )  i = bi}, 1 < i < m, have a non-empty 
intersection. 

Proof.  First  observe  tha t  the  non-empt ines s  of  the  in tersect ion of  {x ~ ~ _ :  ( A x )  i = b i} and {x ~ ~ _ :  
(Ax) j  = bi}, with i 4: j  arbi t rary,  is equivalent  to the  existence of  two indices k and  k '  w i t h  (aik)- lbi  <~ 
(a/k)-lbj  and ( a i k , ) - l b i > ( a y ) - l b j  (see Fig. 2). Using (3) we obta in  the  equivalence  of  {x ~ R+:  
( A x )  i = b i} A {x ~ N~_: ( A x )  i = bj} 4: ¢ with b e ~_~ bj~ i and bj < biffS. F r o m  this equivalence  the  l e m m a  
easily follows. [] 

T h e  sharp  const ra in t  set  C(A)  is con ta ined  in M ( A )  since we showed tha t  each  sharp  constra int  
vec tor  fulfils (4). T h e  advan tage  of  the  set  M ( A )  is, in compar i son  with C(A),  the  computa t iona l  ease  to 
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3 

bj~3. 

bi/ai 3 ~ ) j  = bj 

// n ~'~ {Ax,i" bi 

y hl,j, 
- bi/a ~ 

2 
Fig, 2. Intersection of two hyperplanes in N3+. 

test whether  a constraint vector is contained in M(A) .  Therefore,  one may be interested in the class of 
matrices A for which the sharp constraint set equals M(A) .  A characterization will be presented.  

First let us consider M ( A )  more  closely. M ( A )  is a polyhedral cone and it is easily checked that the 
vectors [3 i, i ~ I (A) ,  are extreme directions. In fact M ( A )  is the smallest  cone containing these vectors 
and which is minimum-closed: if b 1, b 2 ~ M ( A )  then min(b 1, b 2) (min(b~, 2 = bi ) ) i  ~ {1, 2 ...... } is an element 
of  M ( A ) .  This follows easily from the fact that each minimum-closed cone M containing the vectors [3 i, 

b i m 1 < i < m, also contains /~ = mint_<i~m i ~  , with b ~ ~+ arbitrary. Now [9 = b if and only if b ~ M ( A )  
and, thus, M contains M ( A )  as a subset. 

We conclude that the following theorem holds. 

Theorem 13. C(A)  = M ( A )  if and only if  C (A)  is minimum-closed. 

Note that  M ( A )  equals {b ~ ~m. b >_>_ bjaJ; 1 <j  < m} with the m-vectors a j, 1 < j  < m, defined as 

• i -1 
a ~ = ( / 3 j )  , i ~ { 1 , 2  . . . .  ,m} .  (6) 

One easily shows that  the vectors a j, 1 < j  < m, are (extreme) elements of M ( A )  and by t h e  same 
reasoning as above one shows that M ( A )  is the smallest maximum-closed cone containing these vectors. 

With the help of these vectors a j, 1 < j  < m, we formulate a method to decide whether  or not C(A)  is 
minimum-closed. 

Theorem 14. C(A)  is minimum-closed if and only if each vector a j, 1 < j ~ m, is a sharp constraint vector 
of A. 

Proof. Let  C ( A )  be minimum-closed. Then  C(A)  = M ( A )  implying a j ~ C(A) ,  1 < j < m. 
Now suppose ot j ~ C(A) ,  1 <j  < m . N o w  C(A)  is maximum-closed and, therefore, it must contain as a 

subset the smallest maximum-closed cone containing a j, 1 < j  < m ;  i.e., M ( A ) =  C(A).  Thus, equality 
M ( A )  = C ( A )  holds. [] 

The  next lemma shows that  one easily detects the sharpness of the vectors ot j, 1 <j  < m. 



J.J.M. Derks / European Journal of Operational Research 81 (1995) 652-662 661 

L e m m a  15. For j ~ {1, 2 , . . . ,  m} the following three statements are equivalent: 
a) a j = (ajk)-lAe k for a column k ~ {1, 2 . . . . .  n}, 
b) a i ~ C(A) ,  : 
c) The facet corresponding to constraint j in {x ~ ~+ : Ax  < a i} is non-epmty. 

Proof .  No te  tha t  the  only non-obvious  pa r t  of  the  p r o o f  is the  one  of  c ) ~  a). Thus,  let x J be  a 
non-nega t ive  n-vec tor  with Ax J < ot j and ( A x 0 j  = a j  = (/3j) - a  = 1. Accord ing  to (2) the n-vector  [3j(ei)tA 
- (ei)54 is non-nega t ive  for  each  i ~ {1, 2 . . . . .  m}. There fo re ,  

O < ( f l j ( e i ) t A  t t J - ( e 0 A )  xJ=13~( A x J ) i -  ( AxJ) j  < ~g~di - a j  = 0 

for  each  i ~ {1, 2 , . . . ,  m}. W e  conclude tha t  for  a posit ive coeff icient  o f  x j the cor responding  coeff icient  
o f  each  of  the  vectors  fl~(ei)tA - (e J)54, 1 < i < m,  equals  0 implying tha t  for  a k e {1, 2 , . .  , ,  n} with 
x~ > 0 we  mus t  have 0 = (fl~(ei)tA - (eJ)tA)g = (a~i)-laig - ajk, with i e {1, 2 , . . . ,  m} arbitrary.  There fo re ,  
ceJ = (ajk)-lAe k. [] 

Consider  the  (3 × 3)-matr ix ' • .... 

A =  2 • 
3 

T h e n  i l l =  (1, 4, 3) t, /32= (1, 1, l l y  and  /33= (1, 2, lY. Thus,  a 1 =  (1, 1, 1) ¢ which equals  the  first 
co lumn vec tor  of  A,  a 2 = (J ,  1, ½)t = ¼(1, 4, 2Y = }Ael 3 and a3 = (5'1 3,2 1)t = }Ael 2. Hence ,  C(A)  must  
be  min imum-c losed  implying C ( A ) =  M(A) .  

Using L e m m a  12 one  easily shows tha t  wheneve r  we have C ( A ) =  M(A) ,  each  facet  of  the  feasible 
region cor responding  to a sharp  const ra in t  vec tor  contains  an e l emen t  of  one  of  the  axes of  E+ This  
p rope r ty  trivially holds for  posit ive (2 × n) -mat r ices  A. T o  show tha t  in this case C ( A )  equals  M ( A )  we 
assume  tha t  A admits  the  normal ized  fo rm 

( 1 1 "  " l ) with O < al < a2 < " " < an a2 • . .  a n , 

T h e  2-vectors ~1 and ~ 2  equal  (1, an) t and ( a l  l, 1) t. The re fo re ,  a 1 = (1, al )t =Ae 1 and Og 2 : ( a n  1, 1) = 
a~ 1Aen. W e  conclude  tha t  C(A)  is min imum-c losed ,  yielding C ( A ) =  M(A) .  

7. Summary 

W e  have shown tha t  for  an ( m  × n) -mat r ix  A the  set  of  const ra in t  vectors  

C ( A ) = { b E ~ m :  { x ~ + :  A x < b a n d ( A x ) i = b i } 4 = O ,  l < i < m }  

is a max imum-c losed  po lyhedra l  cone,  which is fully d imens ional  wheneve r  no two rows are  mul t ip les  of  
each  other .  

A co lumn vec tor  Ae k of  A is ex t r eme  in C(A)  if one  of  the  facets  of  the  cor responding  feasible region 
consists only of  e k. For  a row i ~ {1, 2 , . . . ,  m} with only posit ive coefficients  the  const ra in t  vector  
[3 i ~ C(A) ,  with {x ~ ~n _ n .  _ + : Ax </3  i} = {x ~ R+.  ( A x )  i < 1}, is an ex t reme  direct ion of  C(A).  I t  is an open  
p r o b l e m  to charac te r ize  all ex t r eme  direct ions in t e rms  of  the  cor responding  feasible  regions or  the  
mat r ix  A.  

W e  have  shown tha t  C(A)  equals  the  cone Col(A) g e n e r a t e d  by the  columns of  A if and only if 
Col(A) is maximum-c losed .  

Assuming  tha t  the  matr ix  A consists of  posit ive coefficients  and  wi thout  rows which are mult iples  of  
each  other ,  the  const ra in t  vec tor  set  C ( A )  equals  the  cone  g e n e r a t e d  by the  const ra in t  vectors  
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j~l j~2,....,j~m, i.e., C ( A )  = Col(Q) with Q = (/31, . . . ,  ~m), if and only if Col(A)  c_Col(Q) and Q - 1  exists 
with at most  one  negative coefficient  in each row. W e  have discussed the case n = 2 in which equality 
C ( A )  = Col(Q) holds for  each matrix A fulfilling our  assumptions.  

Aga in  assuming the positiveness of  A,  each e lement  b of  C ( A )  fulfils the inequalities b <_ bz~ i, with 
i ~ {1, 2 . . . . .  m}. Therefore ,  the minimum-closed  polyhedral  cone 

M ( A ) = { b ~ R m :  b<bi]3 i, l < i < m }  

contains C ( A )  as a subset. We  have C ( A )  = M ( A )  if and only if the vectors a j, j c {1, 2 , . . . ,  m}, defined 
by a{ = (/3~) -1 for  i ~ {1, 2 . . . . .  m}, are multiples of  some of  the co lumn vectors  of  A.  
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