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Abstract

The Rubinstein alternating offers bargaining game is reconsidered under
the assumption that each player is loss averse and the associated refer-
ence point is equal to the highest turned down offer of the opponent in the
past. This makes the payoffs and therefore potential equilibrium strate-
gies dependent on the history of play. A subgame perfect equilibrium is
constructed, in which the strategies depend on the history of play through
the current reference points. It is shown that this equilibrium is unique
under some assumptions that it shares with the equilibrium in the classical
model: immediate acceptance of equilibrium offers, indifference between
acceptance and rejection of such offers, and strategies depending only on
the current reference points. It is also shown that in this equilibrium loss
aversion is a disadvantage. Moreover, a relation with asymmetric Nash
bargaining is established, where a player’s bargaining power is negatively
related to own loss aversion and positively to the opponent’s loss aversion.

JEL-Classification: C78
Keywords: Bargaining, Alternating offers, Loss aversion, Reference-dependence.

1 Introduction

One of the characteristics of the Stahl (1972) and Rubinstein (1982) non-co-
operative approach to the classical problem of dividing a pie between two players
is that preferences are time dependent but do not otherwise depend on the
history of play of the game. In real life bargaining situations it is very likely
that this assumption is violated and that the share of the pie that an agent
finally obtains is evaluated in terms of the history of offers and counter-offers
made so far. In particular, it is likely that a share of 2% is evaluated less if a
share of y% with y > x has been within reach at an earlier stage of the game.
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This is the phenomenon of loss aversion, and the objective of this paper is to
study the effect of loss aversion in the Rubinstein alternating offers bargaining
game.

Loss aversion was introduced by Kahneman and Tversky (1979). We adopt
the simple and elegant version of Shalev (2002). In this version, an agent’s
preference is characterized by a basic utility function, a reference point, and
a loss aversion coefficient: outcomes below the reference point are regarded as
losses and their basic utility values are scaled down by the loss aversion factor. It
is essential that this reference point be endogenous (see Kahneman and Tversky,
1984). In particular, in a game-theoretic context, what is regarded as a loss is
likely to depend on the (history of play of the) game.

In the present paper we make the natural assumption that the reference
point of a player is equal to the highest turned down offer of the opponent,
since that represents the share of the pie that could have been obtained with
certainty so far. It turns out that this results in a non-trivial modification of
the Rubinstein alternating offers bargaining game: through changed reference
points the game with loss aversion depends on the history of play. Indeed, while
all subgames in the classical Rubinstein model starting with either a proposal
by a player or an acceptance/rejection decision are essentially identical, in our
case these subgames depend on the effect the history of play has on preferences.
This makes the analysis of the game and, in particular, the characterization of
subgame perfect equilibria, much more complicated.

Thus, we consider the Rubinstein alternating offers bargaining game with
loss averse players, where the discount factor is interpreted as the probabil-
ity of continuation of the game after rejection of a proposal. For this game, we
construct a subgame perfect equilibrium that shares some features with the sub-
game perfect equilibrium of the classical game without loss aversion: immediate
acceptance of equilibrium offers — implying that agreement is reached immedi-
ately as well; indifference between acceptance and rejection of such offers; and
strategies depending only on the current reference points. It turns out that the
equilibrium strategies depend on nine different regions describing the location
of the players’ reference points. For instance, if the reference points are high
then we are essentially back in the classical case since higher offers are not going
to be made in equilibrium and, thus, the reference points will no longer change.
But if reference points are low — we assume them to be zero initially — then the
equilibrium proposals are influenced by the possibility of future higher reference
points. We also show that the constructed equilibrium is the unique subgame
perfect equilibrium with the three mentioned properties, but have to leave it as
an open problem whether these properties are necessary for uniqueness.

We include an extensive comparative statics analysis of the constructed sub-
game perfect equilibrium. We establish the intuitive result that higher loss
aversion leads to a lower equilibrium share of the pie. We also extend our re-
sults to the case of different discount factors (probabilities of continuation of
the game), and to more general (increasing and concave) basic utility functions.
Finally, we establish an asymptotic relation with non-symmetric Nash bargain-
ing solutions, in the spirit of Binmore et al. (1986). In particular, we show



that a player’s bargaining power is negatively related to own loss aversion and
positively to the opponent’s loss aversion.

Further related literature

Loss aversion with a fixed reference point can be regarded as a special case of
risk aversion. The effect of risk aversion in the Nash (1950) and Rubinstein
(1982) bargaining models has been studied before, initially in Kihlstrom et al.
(1981) and Roth (1985) in the context of expected utility. For the more general
context of rank dependent utility, see Safra and Zilcha (1993) and K&bberling
and Peters (2003). In all this work the utility functions are fixed and do not
change as a result of (play of) the game.

Closer to the present context is Shalev (2002), who applies a loss aversion
transformation to the discount factor, and obtains the unique subgame per-
fect equilibrium of Rubinstein with the transformed discount factors. Li (2007)
assumes that bargainers prefer disagreement over any share that is below the
highest they have been offered in the past, and finds a unique subgame perfect
equilibrium in this setting. Thus, Li’s way of updating reference points dur-
ing play of the game bears some resemblance with our approach. However, Li
assumes that reference points grow over time. Moreover, the utility functions
in Li’s model have a discontinuous jump that explicitly ensures that, in equi-
librium, each offer made to a player exceeds the previous offer made to that
player.

Compte and Jehiel (2003) assume that after breakdown of the negotiations,
the game starts anew at a fixed cost. The first mover is randomly chosen from
the two bargainers, and in each such new bargaining phase, they have a constant
reference point which is based on the proposals made in the previous phases.
The subgame perfect equilibrium they find in this setting has in common with
Li’s that bargainers do not achieve agreement instantaneously.

Organization of the paper

Section 2 describes the model and in Section 3 we construct a subgame perfect
equilibrium. Section 4 concerns uniqueness of this equilibrium, and Section 5
collects our comparative statics results. Section 6 concludes. Because of their
length, all proofs are collected in three Appendices A, B, and C.

2 The alternating offers bargaining model with
loss aversion

In this section we describe the alternating offers bargaining model of Rubinstein
(1982) and introduce the concept of loss aversion in this model. We will try to
be as nontechnical as is possible without becoming imprecise. A completely
formal treatment is presented in Appendix A.



One unit of a perfectly divisible good, the pie, has to be divided among two
bargainers, 1 and 2. The set of all possible partitions of the pie is denoted as

Z:={(21,22) ER? | 21 + 22 =1, 21,22 > 0} .

Bargaining takes place at time ¢t = 1,2,... At odd moments, player 1 makes
a proposal z = (z1,22) € Z and player 2 decides to accept (V) or to reject
(N) this proposal. At even moments, the roles of the players are reversed. If a
proposal (21, z2) € Z is accepted, then the game ends and each player i obtains
z;. If a proposal is rejected then the game continues to the next moment with
probability 0 < § < 1, and stops with probability 1 — §. In the latter case,
the game ends in disagreement and no player receives anything, i.e., the shares
(0,0) result. If the game continues forever — which happens with probability 0
— then again the shares (0, 0) result.

A strategy f for player 1 in this game specifies for each odd moment a
proposal in Z, where this proposal may depend on the complete history of play
of the game so far; and for each even moment an answer Y or N, where this
answer may depend on the current proposal and on the rest of the history of
play of the game. A strategy g of player 2 is defined similarly, with the roles of
odd and even moments reversed.

So far, this is the Rubinstein alternating offers mechanism. From here,
however, we deviate by assuming that the players are loss averse. We assume
that the basic utility for a player ¢ of obtaining a share z; of the pie is just equal
to z;, but that shares z; below some reference point r; € [0,1] are regarded as
losses and scaled down by a loss aversion coefficient \; > 0. More precisely,
player i evaluates z; by the function

2 if z; > 7y,
2 — AZ(T’L — Zz) if z; <7y .

’LU(ZZ', i, )\z) = {

or, equivalently, by
w(zi, T, )\1) = (1 + )\z)zz - )\z max{m, Zi} . (1)

Loss aversion was first introduced by Kahneman and Tversky (1979). We use the
simplified version of Shalev (2002). We assume that the loss aversion coefficients
of the bargainers are given and fixed. The reference points of the players,
however, are determined endogenously, in the following way.? At some moment
t, consider all the offers made to player ¢ by the other player j so far, possibly
including the offer that is on the table at moment ¢. These represent all the
shares of the pie that player i could have obtained up to this moment with
certainty. Then, it is natural to assume that the maximum of those shares is
player i’s reference point, since this is what he could have obtained: lower shares

1This assumption will be relaxed in Section 5.

2Endogeneity of the reference point is an essential assumption in prospect theory, see
Kahneman and Tversky (1984). If we would assume exogenous, fixed reference points then
our model would reduce to a special case of the standard Rubinstein bargaining model.



represent losses with respect to this reference point, and are evaluated according
to (1).

Thus, we assume that the initial reference points are 0 and write r{ = 7 = 0;
and that at any moment ¢ > 1, player 1’s and 2’s reference points are equal to

rt =max{0,25 | s =2,4,... <t}, rh =max{z5 | s =1,3,... < t},
if 21, 22,...,2" € Z are the proposals made up to time ¢. Observe that incor-
porating loss aversion in this natural way causes a crucial difference with the
classical Rubinstein bargaining game: the game is no longer history indepen-
dent. For instance, subgames starting at odd moments are no longer identical
copies of the whole game, since reference points and therefore payoff functions
may have changed during the play of the game.

Recall that the unique subgame perfect equilibrium (SPE) in the classical
Rubinstein bargaining game (without loss aversion) has the following character-
istics: (i) it is time and history independent, that is, players always make and
accept the same proposals; (ii) in equilibrium every proposal is immediately ac-
cepted; and (iii) in equilibrium a player is always indifferent between acceptance
and rejection. Also in our model with loss aversion we look for an SPE but,
clearly, we cannot expect to find a history independent equilibrium. In the next
section, we will construct an SPE in which, instead, the strategies of the players
are stationary Markov strategies: proposals and acceptance/rejection decisions
depend only on the current reference points, and not on time or on the history
of play of the game otherwise than through the effect on reference points. This
equilibrium will still satisfy (ii) and (iii) and, in fact, we will show that it is
the unique SPE with stationary Markov strategies and satisfying (ii) and (iii).
Whether dropping one or more of these three conditions allows for different SPE
is an open question.

3 A subgame perfect equilibrium

Heuristically, the SPE in the Rubinstein model is based on the idea that the
proposal of a player ¢ should make his opponent j indifferent between that
proposal and the proposal of j himself in the next round. We will employ the
same idea to construct an SPE in our model with loss averse players.

Consider an odd time moment ¢, where player 1 makes a proposal z € Z.
Suppose that after rejection player 2 makes the proposal y € Z at time ¢ + 1.
Let 9 be player 2’s reference point at time ¢t — 1 (so re = x9 at t = 1). To make
player 2 accept the proposal z we would need

(1 + )\2)172 — )\2 max{rg, IQ} Z (2)
5 [(14 A2)y2 — Ao max{ys, max{ra, x2}}] — (1 — 6) Ao max{ra, 2} .

That is, player 2 should value the offer = at time ¢ at least as highly as his own
offer y in the next period after having rejected x. The analogous inequality at



even moments is

(14 A1)yr — My max{ry,y1} > (3)
O [(14+ M)y — A max{xy, max{ry,y1}}] — (1 — 6)A\y max{ri,y1} .

To construct the equilibrium, we assume that the inequalities (2) and (3) are
equalities. Let p; := 14+ X;(1—0) for i = 1,2. Then elaborating (3) with equality
yields the following three cases:

1. r1 >z >yp: 6y = y1 -
2. x1 >ry > Y1: 5171 = (1 +)\1)y1 —5A1’r’1 .
3. 1 >y1 =11 0T = Yy -

These three cases are exhaustive — it is easy to check that the case y; > z
cannot occur. From (2) we obtain three similar cases:

I. ro > Yg > Ta: 6y2=$2.
II. Yo > Tg > Tt 6y2 = (1 + )\2)1’2 — 6)\27‘2 .
1. yo > x9 > ro: dys = poxs .

By combining these equations we obtain a partition of the unit square [0,1]2
of all possible pairs of reference points (r1,72) into nine sets. These sets are
accurately depicted in Figure 1, and denoted by Xir,..., X3 1. Within one
and the same set X.. the equilibrium proposals of the players take the same
form, which may or may not depend on the specific values of the reference
points within the set.
A formal description of these nine sets and of all associated equilibrium proposals
is given in Appendix A. Here we limit ourselves to the main aspects.

In the set X;1 the reference points are relatively high and the classical
Rubinstein proposals

11 1 1) 11 1) 1
= > y Yo = ) :
146146 146" 1+96

obtain. These are independent of the values of the reference points.

Also in the sets X 11 and X371 the equilibrium proposals are constant and
do not depend on the reference points. In X3 111, which is the relevant set for
the equilibrium outcome in Theorem 3.1 below, the equilibrium proposals are

AT _ (ul(m —0) 6(m —9) ) A (5(M2 —0) pa(m — 5)) '

papiz — 027 puypig — 62 papiz — 027 puypig — 82

Again, these proposals do not depend directly on the reference points.

In Xy 11 and X311 the equilibrium proposals depend explicitly on player 2’s
reference point but not on player 1’s reference point; and in X5 1 and Xs 111 the
equilibrium proposals depend explicitly on player 1’s reference point but not
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Figure 1: The partition Xq7,..., X3 11

on player 2’s reference point. In X511 the proposals depend on both players’
reference points. Thus, only intermediate valued reference points turn up in the
equilibrium proposals explicitly. An equilibrium share is above the reference
point if this is low, and below the reference point if this is high.

We now define strategies f for player 1 and g for player 2 based on the sets X,
and associated proposals z, y*, where w € {1,1 ,..., 3,IIT}. Consider player 1.
At any odd moment ¢ and for any reference point (r1,r2), take the (unique) X,
containing (r1,72): then player 1 makes the corresponding proposal 2. At any
even moment ¢ and for any reference point (r1,72), take again the relevant set
X, then player 1 accepts a proposal z if and only if z; > y¢’. This defines the
strategy f . The strategy ¢ for player 2 is defined similarly.
We now have the following result.

Theorem 3.1 The strategy profile (f,§) is an SPE. The outcome is
1 g <#1(H2 —0) 0(m —0) ) '
pape — 027 puypig — 62
The proof of Theorem 3.1 is in Appendix A.

4 A uniqueness result

Let (f,g) be a pair of strategies and consider the following possible conditions

on (f,g).



(U1) f and g are stationary Markov strategies. Specifically, the proposal pre-
scribed by f at each odd moment is time independent and depends only
on the reference points at that moment, and the Y/N decision prescribed
by f at each even moment depends only on player 2’s proposal and the
reference points at that moment. Similarly for g.

(U2) Immediate acceptance. Any proposal made by player 1 according to f is
accepted by player 2 according to g, and conversely.

(U3) Accept-reject indifference. According to (f,g), player 2 is indifferent be-
tween accepting (Y) or rejecting (N) a proposal made by player 1, and
conversely.

Note that these conditions are satisfied by the subgame perfect equilibrium in
the classical model (without loss aversion). The equilibrium (f, §) in Theorem
3.1 was in fact constructed using these assumptions, which makes the following
result intuitive.

Theorem 4.1 (f,§) is the unique SPE strategy profile satisfying (U1), (U2),
and (U3).

The formal (lengthy) proof is presented in Appendix B. We now proceed with
a discussion of these conditions.

The condition that the equilibrium strategies are stationary Markov strate-
gies implies that they depend on the history of play of the game only through
the effect this play has on the players’ reference points. Note that this does not
imply that the players are restricted to stationary Markov strategies: the SPE
( f ,§) is resistent to deviations also with other strategies.

The second condition means that any proposal is immediately accepted. We
can in fact show that any SPE must satisfy this condition in some subgames,
namely those where the reference points are higher than the (equilibrium) shares
of the pie. This is intuitive, cf. the extreme case where the reference points are
equal to 1 and, thus, are fixed throughout the rest of the game, so that such a
subgame is equivalent to the classical game without loss aversion.

The third condition, finally, requires that each player is indifferent between
accepting and rejecting the proposal made by the other player. Note that it
follows from the basic equilibrium condition that accepting a proposal must
make a player at least as well off as rejecting it. In the classical model with
loss neutral players a player j cannot be strictly better off since otherwise the
proposing player ¢ could lower the share of j in the proposal and, thus, increase
his own share and be better off. This argument, however is based on the fact
that in the classical model the payoffs of the players do not change as a result
of playing the game. In our model we cannot exclude the possibility that such
a deviation by the proposing player ¢ may lead to rejection by j since j’s new
reference point resulting from the rejection may be lower as it would have been
from rejecting the equilibrium proposal. This may effect not only player j’s
future payoff but also the play of the game after rejection.



Based on many failed attempts to construct different equilibria we are in-
clined to think that the conditions (U1)-(U3) are implied by SPE, but, as
mentioned, the question is still open.

5 Analysis of the equilibrium

In this section we analyze the SPE (f,§) with respect to the loss aversion co-
efficients A\; and Ay and the probability of continuation §. We consider what
happens if § goes to 1 and if the players have different §’s. We also consider
what happens if the time lapse between proposals tends to zero, and establish
a relation with asymmetric Nash bargaining solutions.

5.1 Comparative statics of the loss aversion coefficients

The result of playing the equilibrium ( f ,§) is the proposal and immediate ac-
ceptance of some distribution of the pie. Here we investigate the dependence of
this distribution on the players’ loss aversion coefficients. We restrict ourselves
to the set of reference point pairs X3 iy1, since this is the relevant set at the
beginning of the game. Moreover, the comparative statics results in subgames
where the reference points are in different sets X, are similar. Recall that

23T <ﬂ1(ﬂ2 —0) 6(m —9) )

pape — 027 puypg — 62

where p; = 14+ X\;(1 — 6). It is sufficient to restrict the analysis to one player,
because what one player gains is exactly what the other player loses. Differen-
tiating with respect to A\; and Ay yields

iy 0%(1—6)% (14 Xo) <0
dAy (H1p2 — 62)? 7

and

dzP™ _ Sur(1—=68)%(1+ 1) <0
dAz (H1p2 — 62)? '

Thus, players are hurt by their own loss aversion and benefit from their oppo-
nent’s. This result also holds for the other subgames. However, if a player’s
reference point is very high, i.e., 1y > a¥ where w € {1,I, 1,II, 1,1II} or ro > 3%
where w € {3,1, 2,1, 1,I}, then the equilibrium is independent of this player’s
degree of loss aversion. For instance, if (r1,r2) € X1 11, then A1 has no influence
on the equilibrium partition, but A has a positive effect on player 1’s payoff
and a negative effect on player 2’s.



5.2 Convergence results with respect to the probability of
continuation
5.2.1 Convergence of the SPE for a common §

The question we consider here is what happens to the equilibrium if § tends to
one. Using I’Hopital’s rule we derive

lim 2> = ) T Az

551t 24+ A+ X
and hence

lim 231 1+ XM

512 2+ A1+ Ao '

Observe that player ¢’s payoff is conversely proportional to 1+ A;, where ¢, j €
{1,2} and i # j.

We can repeat this for all subgames. Figure 2 shows the nine sets of Fig-
ure 1 in the limit for ¢ going to 1 and the limit equilibrium proposals, for the
case where Ay > A;. The limit outcome in X1 is an equal split of the pie,

T2
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1A :
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Figure 2: The equilibrium partitions for 6 — 1, with Ay > A;.
(1/2,1/2). In X3y and Xj 1 the limit equilibrium partition is (1 — 72,72),

while in Xoq1 and Xog it is (1,1 —71). In X3 the limit equilibrium parti-
tion is (1/(2+ A1), (1 +A)/(2+ A1), and in Xy r it is ((14 A2)/(2+ A2),

10



1/(2+ X2)). Set Xam collapses to the line piece r1 + rg = 1 where r; €
(1/(24+ M), (14 A2)/(2 + A2)). The limit equilibrium partition associated with
this set is (r1,72).

5.2.2 Convergence of the SPE for §; # 6

We generalize the model to the situation where the players have individual con-
tinuation probabilities 41 and d2. In our setting, §; is interpreted as the proba-
bility that the game continues after player ¢ rejected j’s proposal. Inequalities
(2) and (3) generalize to

(1 + )\2)%2 — A max{rg,xg} >
02((1 4 A2)y2 — Ao max{ys, max{rs,z2}}) — (1 — d2) Ao max{ry, x2}

and

(1+ A1)y — A max{ry, y1} >
51 ((1 + A2)y2 — A max{yz, max{re,z2}}) — (1 — §1) A2 max{re, z2} .

All prior results also apply to this more general model. In particular, we obtain
a solution to the above inequalities, considered as equalities, from which we
construct a strategy profile. This strategy profile is the unique SPE satisfying
(U1)—(U3).

A further generalization that leaves the previous results intact, is when there
is a time lapse A between proposals, and the waiting time for breakdown of
the game after player i, i = 1,2, rejected the last proposal, is exponentially
distributed with survival rate 3;. Then the probability that the game continues
after player i rejected a proposal is §2, where §; = exp (—1/43;). Since the game
starts with the reference points in X3 111 , we limit the analysis to this case. The
SPE outcome is

1 g < pape = 08) 05 (1 — o7 >
fripz — 0008 papip — 0705

y3,111 _ (51A(M2 — 52A) pa (1 — 51A) )
puapiz = 0005 puaio — 0305

where now p; := 14 X\;(1 — 62) for i = 1,2. We can derive

i 3T — ( (14 X2)logda (14 A1) logd >
A0 (14 X1)logdr + (14 A2)logda’ (1 + A1)logdy + (1 + A2)logda )
In a similar way we obtain

lim 5?1 = Jim 2310

A—0 A—0 '

Note that this is an asymmetric Nash bargaining solution as described by
Harsanyi and Selten (1972) and Kalai (1977). That is, it is the solution to
the optimization problem

a l-—a
argmax zy z.
z€Z 172 ’

11



where
(1+ X2)logds

= . 4
“ (14 X1)logdi + (14 A2)logds 4)

In Appendix C, we extend this result to the situation where players have concave
utility functions v; : [0,1] — [0,1], and the feasible set associated with the
partitions of the pie is

Z:={(1(7),v2(1 7)) [0 <y < 1},

We construct an SPE, resulting in an = € Z, which is a function of 6 and 6.
Using an argument from Binmore et al. (1986) we show that if A goes to zero,
then the SPE outcome 2 converges to 2~ where

N = argmax 22y @

z2€EZ

3

with « as defined by (4). Thus, increased loss aversion of a player results in
increased ‘bargaining power’ of the opponent.

6 Concluding Remarks

In this paper we have investigated the effect of loss aversion in the strategic
bargaining game of alternating offers introduced by Rubinstein (1982), by con-
structing a subgame perfect equilibrium in the extended model, and performing
a comparative statics analysis on the outcome with respect to the bargainers’
loss aversion coeflicients. We find that being loss averse has a negative effect
on a player’s equilibrium share. We further find that the outcome of the bar-
gaining procedure converges to an asymmetric Nash bargaining solution if the
exogenous probability of breakdown goes to zero, such that higher loss aversion
leads to higher bargaining power of the opponent.

This subgame perfect equilibrium is the unique SPE that shares three dis-
tinguishing features — stationary Markov strategies, immediate acceptance, and
accept-reject indifference — with the unique SPE of Rubinstein. It is an open
question whether uniqueness also holds without all or some of these conditions.

12



A The formal model and the SPE

In this section we formally complete the description of the model and show that
the constructed strategy profile (f, ) is an SPE (i.e., we prove Theorem 3.1).

A.1 Formal model

We divide T = N into Toaq := {1,3,...} and Teyen = {2,4,...}. We assume
that players have full information about the history of play: at any time t € T',
they know all previous proposals, their own as well as those of the other player.

Define ht, the history of the game at time ¢ € T, as a vector of players’
proposals which have taken place before and at time ¢. Specifically, h? :=
(z%,...,2), where 2° € Z for all s < t. Furthermore, define H' as the set of
all possible histories h? of the bargaining procedure at time ¢t € T. That is,
H' :=[['_, Z. Furthermore, let H® := {h°}, where h® is the empty history.
Henceforth, the term ‘history’ is used to indicate non-empty histories.

The players’ strategies are elements in F' or G where F' is the set of infinite
sequences of functions (f*);er where

fort=1: ftez,
fort>1landt€T,qq: fP:H'™'—Z,
for t € Tepen : ftHY — {Y, N},

and G the set of infinite sequences of functions (g*)ier where

for t € Toqq: g¢': H' — {Y, N},
for t € Topen : ¢t : H7 ' — Z.

An agreement path (ht,a) is a history ht € H? ending in acceptance of the
time ¢ proposal. The set

At = {(h',a) | W' € H'}
contains all time ¢ agreement paths. The set
A=A
teT

contains all histories ending in agreement. Similarly, we define a disagreement
path (ht,d) as a history ht € H® ending in breakdown of the negotiations upon
rejection of the time ¢ proposal. We define D' := {(h',d) | h* € H'} and
D :=J,cr D' The set C* contains all objects of the form (h',c), i.e. histories
that do not end at time t. Finally, we define

H>® :={(z",2%..) |2 € Z forall t € T},
and refer to elements of H* as infinite paths. Then

H:=H®UAUD

13



is the set containing all paths of the game. Observe that a strategy profile
(f,g) € F x G determines a specific play of the game or, equivalently, a set of
paths in H. In particular, if (f,g) leads to agreement on a partition at time ¢,
then the set of paths associated with that strategy profile contains ¢t — 1 paths
in D and one in A. If (f, g) never induces an agreement, then this set contains
a single path in H*°, and countably many in D.

We introduce the function & : H \ H>® — [0, 1] that specifies for each finite
path in H the (physical) share of the pie bargainer i obtains. Specifically, for
all ht € H, ht = (2%,...,2"), we have

&(h' a) := 2!, and
& (Rt d) = 0.
We define player i’s utility function for (dis)agreement paths as
ui(ht,a) == w(&(h', a), ri(h), \), wi(h,d) := w(&(h, d),r;(h'), \;) .

Furthermore, player ¢’s utility evaluation of paths in H*, i.e., perpetual dis-
agreement, is defined as —\;. That is,

u;(h) := =\, for all h € H™.

Finally, we define the expected utility function U; : FF x G — R. Let t € T be
the point in time up until which the history is known, and let players play the
strategy profile (f,g) € F x G from then on. Then we say they play (f|h?, g|h?)
at time t + 1, and we denote by U;(f|ht, g|h?) player i’s time ¢ expected utility
from the strategy profile (f,g) € F' x G. This can be exactly calculated, and is
known to both players.

The strategy profile (f, g) is a subgame perfect equilibrium (SPE) if for every
t € T and every h! € H', we have

Ui(f|h', g|h") > Ui(f|h, g|h") for all f, and
Us(f|R', g|ht) > Us(f|h, g|h") for all g.

A.2 Proof of Theorem 3.1

We first formally describe the nine sets, also referred to as regions, and associ-
ated proposals on which the definition of (f, ) is based.

A.2.1 Definition of X, and z*, y*

¢ Region 1,1

1 1
X1 = 0,1]? .
1,1 {(T17T2)€[7 ] ‘7“1> 1+6’T2>1+5}
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The equilibrium proposals in X 1 are

11 1 1) 11 1) 1
T = > y Yo = ) :
146146 146" 1+96

[Thus, if both players’ reference points lie above 1/(1 + 4), then the regular
Rubinstein outcomes are obtained. In Figure 1, the Rubinstein outcome is the
South-West corner point of this set.]

¢ Region 1,IT1

14+ A )
Xy = {(7’1,7”2) €01 |r 2 }

> <
Lo T e to 211 mt0

The equilibrium proposals in X 111 are

LI _ 1+ Ao 1)
14+X+8"14+Xa+6

LI _ 0(1+A2) 14 X2(1—9)
Y I1+X+6" 1+X+46

[Observe that this set is a square, and that its North-West corner point lies on
the line r; +ro = 1.

e Region 3,1

1) 14+ XM
Xaog = 0,1]2 <— 1Ly L 5(
31 {(mﬂ“z)e[a ] ’T1—1+,\1+5’ T2>1+/\1+5}

This set is similar to X 111, but with the roles of the players reversed. The
equilibrium proposals are

A T+XM01=48) 6(1+XN)
14X+ "1+ +6

r 5 14\
LA VS Vi L i Wi B

[This set is again a square , and its South-East corner point lies on the line
Ty + Ty = 1]

e Region 3,111

6(p2 —9) d(p1 —9)
= 2 < —= < —=7.
Xs1m1 {(T17T2) e, |n < Y A —

The equilibrium proposals are

LA _ (ul(m —0) O(m —9) ) A (5(M2 —0) pa(p — 5)) _

pape — 627 puypig — 62 pape — 627 puypig — 62

15



e Region 1,IT

X1 = {(Tl,TQ) €[0,1]? | o> (p2 —90) 2(1—12) } |

< -
Tt h)—02  Tihid 25110
The equilibrium proposals are

LI _ <(/L2 —0) +0X(1—12) 6(1-9)+ 5/\27”2)>

v T+ r) =02 (1+ )02
vt ((0(p2 = 0) + 02 X1 —712) (2 = 8) + 6% Xar
v 1+ X) — 2 (1 A =02

[Observe that these proposals now depend on player 2’s reference point.]

e Region 3,11

5(#2 -0+ 5)\2(1 — 7’2))
pr(l4A2) =62

d(p1 — 9) L+ M\ }
— = < ——m—— .
g —02 2= T t0

The equilibrium proposals are

R <#1(H2 — 04+ X0(1—19)) 6(p1 —0+ )\27’2#1)>

X3 = {(7‘177”2) €[0,1]? ‘ r <

pi(l 4+ Ag) — 62 T (14 Ag) — 02
3,11 _ <5(,u2 - 5 + 5A2(1 — TQ)) (,ul — 5)(1 + )\2) + 52A27’2>
Y pr(l4A2) =62 pi(l4+Ag) — 62

[In this set player 1’s reference point is low, which explains that the equilibrium
proposals do not depend on it.]

e Region 2,1

Xo1 = {(7’171"2)6 [0,1]2 ’ J 1 (u1—5)+6/\1(1—r1)}.

S <
it ST T A oo
The equilibrium proposals are

21 _ ((ul —0) +6%Mr (p —6) + 82\ (1 —rl))

(14+XM)—02 7 (14 A1) — 02
21 _ 5(1 — 5) + 5)\17"1) (/Ll — 5) + 5/\1(1 — Tl)
_< (T4 X)) — 42 ’ (14 X) — 42 )

[This set is similar to X1 11.]

¢ Region 2,IT1

5(#2—5)< < 1+ X

X =4 (r1,m2) €0,1]2 r Ty 5
2,111 {(1 2) €[ ]’/L1H2—52_1_1+)‘2+5
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T2

0((p1 = 0) + M (1 — 1)) }
- (1 + A1)pg — 62 '

The equilibrium proposals are

L2 ((1 + A1) (p2 — 8) + 2 r 6((p — ) + M (1 — rl)))

(1+A)p2 — o2 ’ (1 + A1)pg — 62
S (5((N2 —0) + padir1) pa((pn —0) + o (1 — Tl)))
(1—|—)\1),u2—52 ’ (1+)\1),LL2 —52 '

[In this set player 2’s reference point is low, which explains that the equilibrium
proposals do not depend on it.]

¢ Region 2,IT
The boundaries of X5 11 are described by the boundaries of the neighboring sets,
see Figure 1. The equilibrium proposals > and y>™ are given by

20 (1+ A1) ((n2 — 8) 4+ 6A2(1 —r2)) + 62 A7

! (14 A1) (L+X) — 62 ’
21 _ 00 =0+ 00 (1 —711) + Ao (1+ M)ra)
2 (14 A1) (14 Ag) — 62 ’

orr O(p2 — 0+ 6Xa(1 —12) + A (L4 Ao)ry)

o= T+ )1+ ) — 82 ’
oo 0t A2)((p1 — 0) + A1 (1 —11)) + 6% dor
2 (1+)\1)(1+)\2)—52 ’

A.2.2 Proof of Theorem 3.1

To prove Theorem 3.1, we use the one-deviation property. The one-deviation
property says that for a strategy profile (f,g) € F x G to be a subgame perfect
equilibrium it is sufficient that no player can improve by deviating only once,
i.e., at one point in time.

Hendon et al. (1996) showed that the one-deviation property holds in infinite-
horizon extensive-form games which are continuous at infinity. Continuity at
infinity is defined as follows. For any € > 0 there is a number ¢ € T' such that
if two strategy profiles (f,g), (f’,¢') € F x G are such that (f*,¢%) = (f'%,¢'%)
for all s <¢, then |U;(f,g) — U:i(f',¢')] < e.

Lemma A.1 The bargaining game with loss averse players is continuous at
nfinity.

Proof. Let ¢ > 0, and let (f,g) and (f’,¢’) be strategy profiles in F' x G
satisfying (f*,¢%) = (f'%,¢’®) for all s < ¢, where t > max;—1 2logse/(1+ \;).
Observe that the largest payoff difference between two such strategy profiles

3 Another requirement concerns Bayesian updating, but this is automatically fulfilled since
our game is one of perfect information.
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would emerge when the one yields player ¢ the whole pie at time ¢ + 1, while
the other leads to perpetual disagreement. In the former case, player ¢ would

obtain
t

Ui=0"+(1-6)Y 6 ui(h®,d),

s=1
while in the latter he would obtain
Uy =(1-08)> 6" ui(h*,d).
s=1

From the fact that w;(ht,d) > —\; for all t € T, it follows that

U= (1-8) 38wk, d) + (1 - 0) i 5y (h*, d)
s=1

s=t+1

> (1-6)> 6" uy(h*,d) + 6" (1 — 5)(—&)%

t
= =0+ (1=6)> 5" ui(h,d).

s=1
From this and the fact that U; — U, > 0, we obtain

t

Ui(fo9) = Uilf' g <Ti = U; < 6"+ (1=0) Y 6" hui(h®, d)

s=1

t
00N = (1=0) ) 6wkt d) = 6 (1+\) < e

s=1

Hence, the game is continuous at infinity. ([

It follows from Lemma A.1 that we can use the one-deviation property.
Denote @ = {1.I1,...,3.IIL.}.

Proof of Theorem 3.1. To show that (f,§) is SPE, it is sufficient to show
that there is no subgame in which player 1 (2) can profitably deviate from f
() at a single time ¢ € T, given that player 2 (1) plays strategy § (f). Assume
player 2 plays strategy g. We denote the utility player 1 obtains by following
strategy f by u].

Let ht~! € C*~1 i.e. h'~!is a history continuing to the next period. Assume
ht=1 is such that (r1(ht=1),ra(ht71)) € X, with w € Q, and that ht = (h'~1, 2)
with z € Z. If t is odd (even), then z is proposed by player 1 (2). If the proposal
z is rejected, then the game continues with probability § to the next period or
ends with probability 1 — §. If the game continues to time ¢ + 1, then it ends
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in immediate acceptance of the proposal at ¢ + 1, since ( f ,§) is the prevalent
strategy profile.

To show that f is a best reply to g we distinguish two cases, namely ¢ is odd
and ¢ is even. For each case, we consider three subcases. The reference point
pair (r1,72) is in X, where

Case 1. w e {11, 1II, 1,ITIT}. Then r1 > a¥% > y¥, and y{ = da¥.

Case 2. w € {2,I, 2,IT, 2]IIT}. Then x¥ > 71 > y¥, and y¥ = %ﬁlﬂl).

Case 3. w € {31, 3,IL, 3,I1T}. Then af >y > 71, and yf = a5

t odd, case 1. We distinguish between the following cases:

e 21 = z%: In this case player 1 follows strategy f . Player 2 accepts, so
uf =up(h' a) = (14+ \)2y — Ay max{r;,z¢} = (1+ \)zy — A7y

e 21 < z%: Then 29 > 2%, so player 2 accepts. Player 1’s payoff is uj(h',a) =
(1+ A1)z1 — Ay max{ry, 21}. Observe that r1 > x¢ > 27 implies that

ul(ht,a) = (1+)\1)21 —Al’l”l.

Then z; < 2% implies u;(h',a) < u}. Hence, the proposal z is not optimal.
e z1 > a%: Then 2o < 2%, so player 2 rejects and proposes y* if the game
continues. Hence, player 1 obtains

Suy (K a) + (1 = 8)uy (B', d)
= §((1 4+ M)yy — Mmax{yy,r}) — (1 = 6)Air
(T4 A)oyy — oA — (1 =)\
(L4 M)dyy — Airy.

Since z¢ > §6%x¢ = dy¥, we have dus (R, a) + (1 — 8)uq (ht, d) < uj. Thus, the
proposal z is not optimal.

t odd, case 2. We distinguish between three cases:

e z; = x%: In this case player 1 follows strategy f . Player 2 accepts, so
ui =ui(ht,a) = (14 )y — A\ max{z¥{,r} = z¥.

e z; < x¢: Since then zy > x4, player 2 accepts. Player 1’s payoff is u1 (h?,a) =
(14 A1)z1 — Ay max{ry, 21}. From

(14 M)z — Mymax{ry,z1} < z1 < z{ =],

it follows that the proposal z is not optimal.
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e 21 > x%: Since then zo < x4, player 2 rejects, and proposes y* if the game
continues. Hence, player 1 obtains
Suq (R a) + (1 — 8)uy (R, d)
= (14 M\)dyy — oA max{yy,r1} — (1 — d)Am
= (1 =+ /\1)5y({) — 7.

From y¢ = 75(1;;:)’\\11”) it follows that dzf = (1 4+ A1)y} — 0A171. Therefore,

1
5

Thus, the proposal z is not optimal.

ul =2 = (1+ M) =yd — A > (14 Ap)dyy — A

t odd, case 3. We distinguish between three cases:

e z; = z%: In this case player 1 follows strategy f . Player 2 accepts, so
uf =ui(ht,a) = (14+ X))y — A\ max{zy,r} = z%.

e z; < x¥: Since then zo > z¥, player 2 accepts. Player 1’s payoff is ui (h?,a) =
(14 X)z1 — Ay max{ry, 21 }. From
(14+ M)z — AMmax{r;,z1} < 21 < a2y,

it follows that u} > u1(h',a). Thus, the proposal z is not optimal.
e z; > aY: Since zo < x4, player 2 rejects, and proposes y“ if the game
continues. Hence, player 1 obtains
Suqp (R a) + (1 — 8)uy (R, d)
= (14 M\)dyy — oA max{yy,r1} — (1 — d)A\m
= 5y‘f - (1 - 5)A1’I‘1.
Observe that
uy =y > yy > oyy > oy — (1 — )My,

Hence, the proposal z is not optimal.
t even, case 1. Assume player 2 proposes some z € Z. Accepting gives player 1
up(ht,a) = (14 A\1)z1 — Ay max{ry, 21 }.

Rejecting makes his reference point switch to max{r, z1 }; if the game continues,
he proposes z*, and player 2 accepts. Since 1 > z¢ and y{ = dz%, we have
Suy (W' a) + (1 — 8)ui (Rt d)
= (14 X\)dz¥ — 0A; max{x¥, max{ry, z1}} — (1 — §)A; max{ry, 21}
= (14 A)oxy — oA max{ry,z1} — (1 — )\ max{ry, z1 }
= (14 M)yy — My max{ry, z1}.
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Hence, it is optimal to accept the proposal z if z; > y¢, and to reject it otherwise.
That is, to play strategy f.

t even, case 2. Assume player 2 proposes some z € Z with z; < x‘f/ where
o' e {11, 1,IT, 1,IIT}. Accepting gives player 1

uy(ht,a) = (14 A1)z — A\ max{ry, z; }.

If he rejects and the game continues, then the reference point ry (k') is max{ry, z1 }.
Thus, at t + 1 we enter a new game in which (max{r, z1},72) is the prevalent
reference point pair. Since (max{r1, 21}, 72) € w where w € {2,I, 211, 2 TIT}, we
have ¢ > max{r1, z1} > y¢, where y¥ = §(z{ + A\ max{ri,21})/(1 + A1). At
t 4+ 1 player 1 proposes z§ and player 2 accepts, so rejecting z yields
Suy (W a) + (1 — 8)ui(ht, d)
= (14 A)oxy — oA max{x?, max{ry, z1}} — (1 — 6)A\; max{ry, 21}
= 0x¢ — (1 — 6)\ max{ry, z}
= (14 X\)yy — My max{ry, z1}.
If player 2 proposes z € Z with z; > x‘f/, then accepting yields ui(ht,a) = 21
and rejecting
Suq (R a) + (1 — 8)ui (Rt d)
= (14 M\)dz¢ — 6A max{z? , max{ry, z1}} — (1 — &)\ max{ry, z;}
= (1 + Al)yiu/ - )\121.
Since z; > 2% > y¢', we have ui(ht,a) > dui(h't? a) + (1 — &)uy(ht,d). In
general, it is optimal to accept the proposal z if z; > %%, and to reject it
otherwise. That is, it is optimal to follow strategy f.

t even, case 3. Assume player 2 proposes some z € Z with z; < y{. Note that
r1 < x%. Hence, rejecting yields
Sup (R a) + (1 = 6)uy (R, d)
= (14 A)dzy — oAy max{zy, max{r1,z1}} — (1 — )A; max{ry, 21} (5)
=6x% — (1 — §)\y max{ry, z1 }.

Accepting yields uy (h',a) = (1 4+ A\1)z1 — Ay max{ry, z1}. Since y¢¥ = l%:z:‘f, we
have

up (k' a) = (14 A\)z; — Ay max{ry, 21}
= (14 M)z — A max{ry, 21} — (1 — 0)A; max{ry, 21}
< (T4 M)yy — A max{r1,y7} — (1 — )M\ max{ri,z1}  (6)
= (1+M)yy — oyy — (1 — 0 i max{ry, z1}

payy — (1= 6)A max{ry, 21}
dzy — (1 — &) Ay max{ry, z1 }.

21



Thus, it is optimal to reject z. If player 2 proposes z € Z with z; > y{, then
accepting yields

ur(ht a) = (14 M)z — Ay max{r;, 21} = 1.

Let 21 < y‘l", where ' € {11, 1,II, 1,IIT}. If player 1 rejects and the game
continues, then ri(h') = 21, and (z1,72) € W’ where w” € {2,1, 211, 2,IIT}.
Note that then y$ < 23 <z . Thus, rejecting yields
Sup (R a) + (1 — 8)ui (', d)
= (14 M\)d2¢" — oA max{z¥ 21} — (1= §)A\iz
=02y — (1= 6)\z (7)
= (1 + Al)y({)” - )\121 .
Since z; > y‘l"”, also z3 > (1 + /\1)yj"” — A121. If player 2 proposes z € Z with
z1 > Y, then rejecting yields
Sur (b a) + (1 — &)uy(ht, d)
= (14 A1)z — 6A max{z¢” max{ry, z:}} — (1 — 6)A\; max{ry, 21}
= (1 + )\1)51"{}/ — 6)\12’1 — (1 — 5))\121 (8)
= (1 + )\1)51“{ — A121-

Observe that z; > x‘f, implies z; > 51:‘1’,. It follows that z; > (1—|—/\1)5le —A121,
i.e. accepting z is optimal.

Thus, we have shown that player 1 can not profitably deviate from f at any
single time ¢, given that player 2 plays strategy g. The proof that player 2 can
not profitably deviate from ¢ at any single time ¢, given that player 1 plays f )
is analogous. Lemma A.1 implies that (f,§) is an SPE. O
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B Proof of Theorem 4.1

Throughout this section, we assume that conditions (U1)—(U3) are satisfied.

B.1 Preliminary lemmas

Define a bargaining round as an offer made by player 1 and a counter offer made
by player 2. Bargaining rounds are indexed with i € {0,1,2,...}. Then (r},r})
is the reference point pair prevalent at the beginning of bargaining round 7. In
view of (U1) it makes sense to define

ri""l = max{ri,yl(ri,ré+l)}, and ré"'l = max{ré,xg(ri,ré)}. (9)

This allows us to show the following.

Lemma B.1 When z(ri,r}) is player 1’s SPE proposal and y(rl, 1) player
2’s counterproposal, we have

§ = Syi(ri,r5™) if ry > ya(ri,r5th) > @ (rf,3)
wa(rl,rh) = § SR SnCLn T (0 ) > 0 > aa(rd, 1)
LSyl i gl i) > alr ) 2
and
§ = 8z (ry™, 13" if ri > o (st >y (e ™)
g (i, ritly = 5(1J;il/\rli“) _ sz(r;:\l ) if @1 (P PN > s g (i
2= (gt if e (7Tt > (g, g™ >
Proof.  This follows from (U2) and (U3), and the definition of the players’
utility functions. O

For each w € © we introduce the following sets P,, and @, of pairs of reference
points:

Pry={(r{,r8) |5 > ya(rf,r3*),rd > aa (77, ry™)}

Py = {(rf,rd) |5 > wa(rf,ry™), a1 (17 ry™h) 2l > 0 (], ™)}
Pyy={(rf,rh) | rh > pa(ri,ry™), s (], ™) > i}
i+1

Pra={(rf,rd) [ y2(rf,r5) > 7 > @a(rf,rh),rf > aa (77, ™)}

Por = {(rf,78) | y2(rfurs™) 2 0% > wa(rf, ), an (™ ™) 2 0 > i (3™}
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Pygri={(r},75) [y2(r],m571) 2 15 > wa(rf, ),y (], my™) > 1}
P = {(r}, rd) | w2(r}, ry) > ri, vt > a1 (r{ rith)}
Py o= {(r{, rd) | xa(ri,rh) > v, ar (r7 e >0 > g (r], r5th)}

Py = {(ri,rh) | wa(ri,rh) > v,y (rf, rs™) > i}

Qui={(rl,r5™) i > a0 ) gt > ()}

Quu = {(ri,r5™) | rl > e (r7™ 5™, g (i ™) > et > (i )}
Quuu = {(r}, 75™) [ rd > @ (T rEt) ma (e ) > et

Qa1 = {(r}, rsth) [ (P rg™) 2l > pn (e ™), s > (T e}

Q2 II -= {(T§7 H_l) | T ( i+1774§+1> > Tli > yl(rzi7r2 ) 92(74?_1771?_2) 2 r?_l >

wa(ry 3t}

Qountt = £, ) | 20 (P ) > 0 s g (i) g (L D) > ity
Qs = {(r{,r5™) [y (rf,r5™h) 2 1 ry™ > w20y ™))
Qs = {(r}, 5t [y (P, 5t > rd g (1 75 72) > rgtt > o (et}

Qaam = {(rf,m5") [sn(rf,ry™) =l 22 (1™ ry™) 2 ™)

We derive a series of lemmas for reference point pairs in these sets.

Lemma B.2 For all (ri,r}) € P, we have

i+1 z+1)

wa(r,r3) = w2(ry & wa(ry, 1) < 5.

1+1)

Similarly, for all (r%, € @, we have

(™) Z () e () <
Proof. Letw = 1,Iand (r%,r}) € P,. By definition of P 1 we have

i+1

i i i+l il
Ty > yo(ri, 5

)andr§>x1(rl e ).

From Lemma B.1 we obtain

;Cg(?“i,?“é) = 06— (5y1(r17 hLl)
5= 5(5 = Swa (Y L))
§— 62 4 8o (1t it (10)
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Suppose 2o (rit, ritt) > 2o(ri, ry). Then by (10)
To(ri,rh) =6 — 62 + 82w (ritt ety > 6 — 6% + 8o (rl, rh).
It follows that
. 5 —62 ) LI
x2(ry,ry) > -2 145" Ty
Suppose zo(rit 75t < a9 (ri, 75). Then by (10)
zo(ri,rh) =6 — 62 + 82w (ritt ritt) < 6 — 6% + 82wa(ri, rh),
implying z2(ri, r) < :E2’ . Therefore,
wa(rl,rh) > wa(riT rgh) & wa(rf ) <yl
Similarly, let w = 1,I and (r%, H'1) € Q.. By definition of Q1
r> oy (Pt by and rbT > ye (it riT2).
Then by Lemma B.1
yi(ri,ry™) =0 = dwa (™)
=006 =y (i, r5™)
= §— 6% + 8%y (it rit?),
which implies
yi(rt 5t 2 () & (st <o
The proof for w € 2, w # 1,1, is analogous. O

The following lemma says that if the reference point pair is in P,, now and at all
future odd time points, then player 1 must propose . A similar result holds

for Q.

Lemma B.3 If (r},r§) € P, for all k > i, then xo(ri,ry) = . Similarly, if
(¥, 5ty € Q, for all k > i, then yi(ri, rith) = y%.

Proof. Observe that if (r§,r5) € P, for all k > i, then by Lemma B.1 it follows
that xo(r?, %) is either independent from the reference point pair (ri, %), or no
offer is ever made that changes that reference point pair. Hence, x2(r},r%) can
be obtained as the sum of a geometric series. For instance, let (r§,r5) € P
for all £k > i. Then by Lemma B.1,

xo(ri,rd) = 6 — 6%+ 82w (ritt rith)

= (1= 0) +82(0 — 62 + 02wa(ri*2, rit2))
= (1 —08)(1+0%) + §*wa(rit2 rit?)
= 61— 5)(1+52+54 )

= o 5)><1_52

. 1,I

= 2t
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The proof for P, where w # 1,1 and for @, where w € Q is analogous to the
proof for P 1. O

The following lemma establishes some restrictions on how reference points can
move through the sets P and Q.

Lemma B.4 If (ri,ry) € Py 1, then (r}, ZJrl) ¢ Qi1
If (r{,75) € Po,r, then (1, ritl) ¢ Qar.

If (ri, r5™) € Qs,q, then (r{™' ri™) ¢ Py p.

If (ri, r5™Y) € Qs,11, then (1} it 5t ¢ Pron.

Proof.  Let (ri,r}) € Py and assume (r},r5™") € Q11. Then from the

definitions of P; 111 and Q11 we have

y2(ri,ry™h) > wa(ry, ) 2 1),

7“1 > xl(riﬂ ”1) > (rl,r2+1), and

S a2 > a (i),

Since 7§ > y1(r}, 75" ) and 75T > @o(riTh 7 we have ritt

5t by (9). From (U1) it follows that

yz(ﬁﬂ"%“) = yz(ﬁ“ 7”§+2)-

— i i+2 _
=rjand ry° =

Furthermore, since zo(r%, %) > 4, (9) implies 5™ = 2o(r%, 75). Thus,
s > (T ) = ya(r iy > 562(7‘11'77‘3) =75

This is a contradiction.
The proofs of the other statements are analogous. O

B.2 Proof of Theorem 4.1

In this section we prove a series of lemmas which are used in the proof of
Theorem 4.1.

Lemma B.5 Let w € {1,I, LII, 2,1, 2,I1}. Then for all (ri,ry) € P, we have
x(rt,ry) = x¥. Similarly, for all (ri,ritt) € Q. we have y(ri, ritt) = y~.

Proof. Let (ri,r%) € P, where w € {1,1,1,11,2,1,2,11}. Then 7“1 > gy (r}, it
and 7% > xo(ri, r). By (9) this implies ri™' = % and 75" = ri. By (U1),

za(ri,ry) = wa(ri™, rith).

By Lemma B.2 zo(ri, ry) = 2% . The case for Q,, is similar. O
Lemma B.6 If (ri,r5™) € Qs then
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i Y1 (rl,réﬂ) 2 yi?’I

iy (rf, 3t < !

z+1)

Thus, y1(rt, = yf’l

Proof of Lemma B.6, part i. Let (r},75"") € Q1. From the definition of
Q3,1 we have

T (TiJrl T?Ll) > yl(rivréle) > Tiv and

Lo (it ) > aarf ),
Assume y1 (rf, r5™) < yf’l. By Lemma B.2, y1(r},r5"™") > y1 (r{T",74?). Since
vy (ry, ra™) > vl we have from (9) that ritt = gy (r,ri™h). Hence, ritt >

y1 (rith rit2). We have two possibilities:

a. ri“ > 1 (Ti“ Z“) > (ri“ r? ), i.e. (ri“ Zle) € P

b. :101(7"?L2 Z“) > r s yl(rlfrl ré”) ie. (ri“ Zle) € P

By Lemma B.4, case a. can be ruled out. Hence, (ri* rit1) € P,1. By Lemma

B.5, zo(ri, ;‘H) = 23", Since (},75"") € Q31, Lemma B.1 implies

. s 5 o
1 i+1 1+1
yi(ri,ry — = 2l T
(rore™) = o= e ()
o 0 o1
=——-—x
H1 o 1
5o
p
By (9), we have rit1 = 4y (ri 7i™1). Note that 2! is a function of 711, and

therefore of yy (%, r5t1). That is,

i1 1) % (/Ll - 6) + 62)\1Ti+1

yl(r17r2 ) = I (1+ ) — 62
_ 0 = 0) + 8 hmn ()
H1 (1+ A1) — 02 '
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Solving for yi (r}, r5™) yields
) Mm1 — 1)
1+1 — %
yl(r17r2 )= M1 1+)\1—52—52)\1%
_ 6(p —9)
(T4 X)p1 — 021 — 03N
_ S(p —9)
(14 A)p1 — 82 — 8201 + 03X — 63
__ 8(m—9)
(L4 A1) (p1 —62)
B )
14+ M +6
31
= yl )

where we used the fact that

(L4 M) (i —6%)

(14+ )1+ M (1=06) =62

(T+A)((1T4+6)1 =06+ (1-9))
(T+A)(1 =01+ XM +9)
(
=(

1-04+MA=-08)1+ A +9)
1 —0)(1+ A +9).

Observe that y; (r},r51) = 42" is contradicting yy (ri,7it1) < y¥!, our initial

assumption. ([

Before we can prove Part . we must make a similar argument for Qs 1.

Lemma B.7 If (ri,75™") € Qs.11, then

3,11
>y1 .

i U1 (’f‘l,’f‘grl) < y3 II

i yi(rf,ry™)

z+1) S’H

Thus, yl(rlv =y’

Proof of Lemma B.7, Part i. Let (r},75"") € Q3 11. From the definition
of Q311 it follows that

(i)

y2(7“§“ ry ) 2 gt > wa (it ).

> yl(rl,r2 ) > ri, and

Assume yy (1}, i) < y . Thus, yi (r}, 75™) > yy (rith ri™?) by Lemma B.2.

Since yl(ri,r;l) > 7t we have 7t = 4 (ri, ri™!) by (9). Hence, it >

y1(rit, rit?), leaving two possibilities:

a. 7"11+1 > xl(r’f”z l+2) > yp(r] i+l r12+2) ie. (7“11+1 Hrl) € Py
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i+2 42 i+1 i1 042y i+1 i+l

b. 21 (riT2,r52) > it S g (7 riR) e (T i) € Py

Case a. is ruled out by Lemma B.4. Hence, (ri"',r5™') € Py, and thus
by Lemma B.5, 2p(rit!, rit?) = 221
Lemma B.1 that

. Since (r},rit) € Qs.11, we have from

. ) ) )
yl(riv ;Jrl) = E_Ix (TiJrlvT;Jrl)
:i_ixzn
M1 M1
_i 2,11
H1 !

Note that yy (1, 75T1) = ri*! and that 2> is a function of i*t1. That is,

g (ri rit1) = (L+A)((p2 = 8) + Ao (1 — r5™)) + 0% Mary™

’ I+ A1) (1 + Ag) — 02
(L+A0)((p2 = 8) + Ao (L = r5™)) + 8Ny (rf, ™)
(T4 X)) (14 Ag) — 82 '

Solving for yi (r}, r5™) yields

P §  (1+A — 5+ 0Ag(1 — bt
yl(rhr;rl) -7 « ( 1)(M2 22( : 2 5))
H1 (1+/\1)(1+/\2)—5 -0 )\II

5(1 + /\1)(#2 -5+ 5)\2(1 — ’I”gi_l))

T+ X)X+ Ao)pr — 02p1 — 63N
S(L4 M) (g — 0+ 0o (1 —rithy)
(T4 2)(1+ Ao)ps — 02 — 62A; + 63X, — 63X,
O M) (2 — 8+ (1 —r5ThY)
(L+ M) (1 + A)pr — 62)
S(pa — 6 + 8o (1 — rith))

- (1+ Ao)ps — 62

_3II
=Y -

This contradicts y; (1, r5t1) < 2. O

This result allows us to prove the second part of Lemma B.6.

Proof of Lemma B.6, Part 4i. Let (r},r5™') € Q31. By the definition of
Q@31 we have
oy (P ey >y (rf rit) > ) and

T ) > ()
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Assume yy (1}, 75™) > yf’l. Then by Lemma B.2 we have y;(r

11 (7‘1,7“12“) Observe that 1, (7“1,7"2 ) > 7t and thus by (9) 11 (7“1,7"5"’1) = ri"’l.

( i+1 i+2) >

Hence, y; (rit? Z+2) > riimplying (rit! 75) € P31, Then from Lemma
B.1, y1(ri, ”1) > y Iand y1(r] i+l r§+2) > yl(rl,TQH), we have
xg(riﬂ,réﬂ) =0 — dyr(r] A Z“) <8 — oy (rt, ”1) <0— 6y = xg’l.

By Lemma B.2 this implies zo(rit, ritt) > 2o (rit2 75t2). Observe that, by
(9), 5t > @o (it 75 implies 7“2+ =75t and thus
Pt = it s po (P L) > g (P2 1),
This leaves two possibilities.
a. 52 > o (P2 rit) > o (Pt i) e (KT rET?) € Qa1
b. y2( z+2 z+3) > 7“ > C52(7.114-2 rz2+2) ie. (rzl-ﬁ-l i+2 )E Q3 II.

Take case b., i.e. (ri"’l i+2 ) € Qs.11. Then

P22, 1579) 2 15 = 1 > (i ),
which implies yy (1, r5t2) > 41 (ri2, §+3) By Lemma B.2 we have y; (ri™!,

rit2) < 21 This contradlcts part 4. of Lemma B.7.

Hence, case a. must hold, i.e. (ri™!, r5"?) € Q1. Note that 2o ("%, r5"2) <
zo(rit, T;+1) < zy". Then

; 0 0 0 0
y(rh ) = o E$2(T§+2 ) > o Ifﬂgl =y

Thus, if (i, 75"1) € Qa1 and y(ri, 75") > 42! then (ri*!,rit?) € Q31 and
g (rit ity > 3 Thus, for all k > z We have (r’f,r§+l) € @31. Then by
Lemma B.3 we have that y; (ri, r5"") = ity >yt
]

. This contradicts y; (11,

We can now also complete the proof of Lemma B.7.

Proof of Lemma B.7, Part #i. Let (ri,ré"’l) € @3,11. By definition of Q311
we have

wy (et > yl(ﬁﬂ“z D>

y2(ry™h ™) 2t > (g,

Assume y (i, riY) > 43" Then by Lemma B. 2 We have yl(rl, rithy <
yl(rllﬂ, r12+2). Since y1 (5, 75) > i, (9) says that riT! = 41 (r, ri™h). Hence,
yr(rit rit?) > pith ) which implies (it 75t € P37H. From Lemma B.1,
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y1(7°1=7“§+ ) < (it st y? <y (et rith), and the fact that 572 =

max{rs™ zo (ritt rit) Y = 7t we have

i1 S(1 4+ Aorit?) ) i1
ooy = 1+ Aj BT (i, 73™)
S(1+ dor5™?) g i il
1+)\2 - 1+)\2y1(T1aT2 )
5(1+ Aors™?) 0 3m
1+ X W
R e N
TN T+t
3,11
=ay .

By Lemma B.2 this implies x5 (r{ ™, r5t1) > 2o ({72, r5t2). Since rit? = 7t >

zo(rit, rith), this implies 75" > £L'2 (rit2 rit2). Then there are two possibili-

ties:

a. TV S (P2 pESY S g (b2 piE2) e (L pit2) € Qg1

b, yo(rit2 rit3) > plt 2 > gy (P2 b2 el (P ) € Q.

Take case a., i.e. (rit! rit?) € Q31. Observe that
(i) 2yt =05 > e (g,

( i+1 1+2) < Y1 ( 1+2 i+3) i+1 1+2) >

and thus vy (r Lemma B.2 now implies y; (r]", 75
31 . This contradlcts part 4. of Lemma B.6. '
Hence, case b. must hold, i.e. (ritt rit?) € Q. Since ao(rith ritl) >
2™ and 2o (rit? rit?) > 29 (ri"”l r%"’l) we have from Lemma B.1
. . ) ) , . ) ]
+1 042 i+2 | i+2 3,11 _ 3,11
yr(riT,r — — —xo (T, > — — —xy =y .
(ry 3 )= P (ry 5 ) R 1
Thus, (i, r5™) € Qs and y1 (7%, rit) > o™ implies (ri+!, rit?) € Q11 and
Y1 (7‘11+1 rit2) > ¢3! Then, for all k > i we have (r§, 7+ ) € Qs, 1 which by

Lemma B.3 implies y (4, rit?) = y¥''. This contradicts y, (r, r5™) > > O

Similar results hold in PQJH and Pl,III-

Lemma B.8 If (ri,ry) € Py 1, then za(ri,ry) = xé A

Lemma B.9 If (i, 74) € Py, then xo(ri, ) = a5,

The proofs of these lemmas are analogous to the proofs of Lemmas B.6 and B.7
respectively.

Lemma B.10 If (r{,r}) € Ps 111, then
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i aa(rf,r3) = 2y,

i wo(ri,ry) < :103 =

Thus, xo(ri,ri) = ,Tg ot

Proof of Lemma B.10, Part i. Let (ri,?‘é) € P3111. By the definition of
PB,HI we have

ya(ri, 15 t) > wa(ry, ) > 1,

w1 (g™ > () =

Assume zo(rt, rd) < 5™ Lemma B.2 implies 2o(rf,r3) > 2o(rit?, T?Ll).
Since xo(r},75) > 4, we have from (9) that 75t = zo(ri, r). Hence, ritt >
zo(rit, riT1). Then there are two possibilities:
a. rhtt > yo (it ri ) S e (KT el e (), rhT) € Qa1
b, ya(rith rit2) > pi T S g (P pEH) e (r1, 75T € Qs
Take case a., i.e. (r{,r5™') € Q31. From Lemma B.6 we have yr (i, ritty = 1
P 31_ & 31
From Lemma B.1 it follows that zo(r},74) = % — li vt = Oyt Observe that
pra(p1 — 0%) < pypg — 6°. Thus,
31 14+ X\ _ (1+)\1)(1—5) _ (1—6+/\1(1—6))
TN 0 O+ Mm+0)(1-0) 16+ M(1—0)+0—_0°
-0 -0
_ H2 % (Ml 2) > po (1 2) :ngH' (11)
p2 -9 Pz — 0
Then zo(ri,rs) > —yg A — :vg I contradicting the initial assumption xo(rd,
3,111
ry) <@y
Take case b., i.e., (ri,r5™) € Qs11. By Lemma B.1, xo(r},r}) = yg’ i

Note that it = zo(ri, r}) by (9), and that y5" is a function of ritt, That is,

i iy O (Ml —0)(1+ A2) + 02 A1y
72(ri;ra) = uz w1 (1 + Ag) — 62
_ 0 (= 0)(1+ o) + 0% Nawa(ry, 73)
2 pa(1+ Az) — 62

Solving for zo(r},r4) yields

P iy (11 = 8)(1 + X2) _ S(p1 = 6)(1+ A2)
wa(ry,mp) = — X _ 52 _ 52\ 0 14 X)) — 8209 — 03N
2 pr(l+ X)) —62—96 A2 papz(1+ A2) 2 2

_ 6(p — ) (L + o) _ §(p1 —9) _ 3
M1M2(1 + )\2) - 52 — 52)\2 + 63)\2 - 63)\2 U1 — 62 2 '
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This contradicts za(ri, r4) < 963 g .

Before we can complete the proof of Lemma B.10, we need a similar result for

Q3111-
Lemma B.11 If (rl, ) € Qs 11, then

I
- N (7”1 ) 7”12+1) 2 yg

7

i+1 3, IH

iy (ri, eyt <y

z+1) 3,IH'

Thus, yi(rt, Y5

Proof of Lemma B.11, Part 7. This is analogous to the proof of Lemma
B.10 Part . O

We continue with the second part of Lemma B.10.

Proof of Lemma B.10, Part . Let (ri,r}) € P 1. By definition of Ps 111
we have

yQ(TlivTéJrl) > xQ(TziaTg) > T%vand
e (it et > g (e, rs T >

Assume x2(rf,75) > 25" Then by Lemma B.2 z5(ri, ) < a:g(riﬂ reth).
Since xo(rt, rd) > 7“2, we have ritt = 2o(r},73) by (9). Thus, rott < zo(ritt,

r&t), implying (7}, 75"") € Q3 111. By the first part of Lemma B.11 this implies
that yy (1}, ritt) > y3 M Then from Lemma B.1 and the construction of 231!
we obtain

i g g 1 g 0 311 _ 3
Tar,7h) = = = g (r], gt < - - g = g
(ri,m3) i (r1, ) w2 gt 2
This contradicts zo(ri, %) > a3 O

In a similar way we can complete the proof of Lemma B.11.

Proof of Lemma B.11, Part 4. Analogous to the proof of Lemma B.10,
Part . (]

redWe can now obtain the offers made in the sets P31 and Ps 1y.

Lemma B.12 If (i, r}) € Ps then zo(ri,rh) = x5

Proof. Let (r},r%) € Ps1. By definition of P51 we have

ré > yg(ri,ré""l) > xg(ri,ré) and

1+1 1+1)

x1(r} > yl(Tla 7"2+1) > Tl

3,1

Assume xo(ri,ry) # 3. We have three mutually exclusive and exhaustive

cases.
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e (r,75"1) € Qa1: Note that (], 75) € P31 by Lemma B.1 implies @2 (1}, 75)
= §—8y1(rt, Hr1) = Sya(r, rith). Then by Lemma B.6 and the construc-

tion of #3! this implies xo(ri, %) = 6y2 = xg ! contradicting o (rt, ) #
LB
Ty
e (r},rit') € Qs 1: Since (T17T2) € Pyyand (1}, 75" € Q.11 we have

y2( i+1 1+2) > T‘ — InaX{T'Q,CEQ(TpTQ)} = 7'2 > y2(T17T5+1)'

However, yg(rl,réﬂ) = y3'" by Lemma B.7, and this implies yo(ri, 75™)
= Yo (r?ﬁl £+2) by Lemma B.2. This contradicts the above.

e (i, 75") € Qs11: By Lemma B.1, Lemma B.11, inequality (11), and the

construction of z3!, we have

To(rl, ) = 6 — Syy (rh, ity = sy < gyt = 23,

By Lemma B.2 this implies 25 (r}, r§) > @2 (ri™, r5th). Since rl > za(rf,r})
we have by (9) that ritt = i implying 75 > 2o (ritt i), This im-
plies (ri,r%"’l) ¢ Qs.111, a contradiction.

It follows that zo(ri, %) = 23", O

Lemma B.13 If (i, r}) € Ps then xo(ri,rh) = x5’

Proof. Let (r},r}) € Ps 1. By definition of Ps 11 we have

yQ(Ti,Té-H) 2 Té > xQ(Tivré)
w1 (i eyt > (e >

Assume z2(r8,r8) # xs " Then we distinguish three mutually exclusive and
exhaustive cases.

o (rl,75t) € Qa1: Since ry > xo(ri, rh) we have from (9) that ri = ritt.
Hence,

ya(rir5") = vy =1 > (i ).
However, by Lemma B.6 we have yo(r%, T‘é+1) = yg ’I, which by Lemma B.2
implies yo(ri, 75™) = ya (rit, ri™?). This contradicts the above.

z+1)

e (ri,ri™) € Qs11: By Lemma B.7 we have y; (1}, y>!. By Lemma

B.1 and the construction of 3!, we then have

0L+ Aery™) o (rf,r5)

xz(Ti,Té) =

14+ X 1+ A

S0t gt

- 1 —|— AQ 1 + AQ

5y BIL ) T,z-i-l)

o 14+ X

_ 30

=y,

contradicting xo (Ti, Té) # xi’“-
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o (1%, ré“) € @s3,111: By Lemma B.11 and the definition of yf’m this implies

+1 3,111 3,111
yl T‘l,Tl _y7 i x; .
(1 2 ) 1 1

By Lemma B.1 we have

o 5§ 6 o
yi(ri,rstt) = — 2 (ry ™ 5.

|

|

|
8
N
=
=

i1 a1y _ 31T
Hence, zo(ri™ 15" ") = x5 .
Since 1} > xo(ri, %), we have from (9) that rit* = r5. Then
i+l it i+l i i i
za(ry,ry ) 2wy =15 > wa(ry, ).
By Lemma B.2 this implies zo(ri, r}) > 5™ Since 74 > zo(ri, r}) and

; ; e 3,11 .
ry = rit this implies 75" > 23", That is,

i1 O =0+ dory )

r
? pi(l4+ Ag) — 62
This is equivalent to 75" " > 25‘;;:‘?2 = 2™ Hence, 5t > 2o (ritt rith),
which implies (r},75"") ¢ Qs 1. This is a contradiction.
It follows that zo(ri, r4) = 23" O

Similar results hold for Q2111 and Q1 111

Lemma B.14 If (ri,rith) € Q th (i, ity = L1
. 1, T 1,111 then y1(r], ry Yy

Lemma B.15 If (ri, rit1) € Qo pir then yi(ri, rith) = y>HL,

Proofs are analogous to Lemma B.12 resp. B.13. We now prove the main result
of this section.

Proof of Theorem 4.1. Let (ri,r}) = P;1. By definition we have r§ >
yo (i, ity and ri > (i, r). By Lemma B.5 this implies ry > yy' and
ri > x}’l. Hence, (ri,r}) € X111, from which it follows that P 1 C X 1.

Similarly, by Lemmas B.5, B.8, B.9, B.10, B.12, and B.13, (ri,r}) € P,
implies (r{,r4) € X, for each w € Q. Hence, P, C X,, for each w € Q. Since
the sets P,, are mutually exclusive and exhaustive, this implies

P, = X, for each w € Q.

Hence, at times ¢ € T,qq player 1’s unique SPE strategy is to propose x* if
(ri,m2) € X,,. That is, to play strategy f. Analogously, we have

Q. = X, for each w € Q,

35



such that player 2’s unique SPE strategy at times t € Teyer is to propose y* if
(ri,m2) € X, i.e. to follow strategy g.

It follows from part B. of the proof of Theorem 3.1 that player 1’s unique
optimal strategy at times ¢ € Tgyen is to accept proposals which are at or
above 2’s SPE proposal, and to reject those which are not. (Rejecting player
2’s proposal violates immediate acceptance.) That is, player 1’s unique SPE
strategy at times ¢t € Tiyep is f . Similarly, player 2’s unique optimal strategy
at times t € Ty,qq is to accept and reject proposals according to the strategy g.

Thus, the strategy profile (f,§) is the unique SPE satisfying (U1)~(U3). O

C Concave utility functions

Let player i’s preference for pie, i = 1, 2, be represented by a strictly increasing,
concave von Neumann-Morgenstern utility function v; : [0,1] — R. Since such
a utility function is unique up to an affine transformation, we may assume that
v;(0) = 0 and v;(1) = 1. Furthermore, define

Z = {(vi(21),v2(22)) | z € Z}.

In this more general setting, each finite path in H is associated with a wutility
outcome. That is, for all h € H \ H*, we say that player 4, i« = 1,2, obtains
v;(&;(h)), rather than &;(h). Note that due to rescaling, both players still attach
a zero utility payoff to a disagreement path, and a utility payoff of one to
agreement on a partition that gives them the whole pie. The loss aversion
transformation w is then applied to the utility outcome v;(&;(h)). The reference
point 7; used in this transformation, is defined as the utility associated with the
highest share player ¢ has rejected in the past. Like before, we have

a. 1> x> Y1 0141 = Y1-
b. 1 > 71 > y1: hr = (14 A)yr — .
C. T1>Y1 > 711 0171 = U1Yi-
and

i. 79 > Yo > To: oYz = To.

i yo > 1o > wo: doyo = (14 A2)z2 — dadara.
il yo > @2 > 7ot Soy2 = powo.

where x,y € Z. These equations again define a ninefold partition of the set of
all possible reference point pairs, similar to the one depicted in Figure 1. Define
Q= {a..,...,c.iil.}, and denote the associated sets again by X, w € Q. It
can be shown that the system of equations yields a unique solution (z*,y*) in
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Z x Z for each w € Q. Let h* = (h'~1, 2) with z € Z. Then for all w € Q, define
the strategy pair (f, g) for t € Toqq by

Y ifzg > ¥

.f ht*l h]t71 GXW
N otherwise. (( )s72( ) )

ity =2, ghh') = {
and for ¢t € Teyen by

v Y if > v
finty = ALY Gy = g, i (W), ma(BY) € X
N otherwise

We obtain the following result.

Theorem C.1 The strategy profile (f, g) is an SPE.

Proof. Observe that Lemma A.1 continues to hold if players’ utility func-
tions are concave. Hence, the game is still continuous at infinity. The proof of
Theorem C.1 is then analogous to that of Theorem 3.1. [J

It follows that the partition obtained at the beginning of the game, where ref-
erence points are zero, is given by z®". Henceforth, we drop the superscript
c.iii., and write the solution as . Note that we may again generalize the above
results to the case where the time lapse between proposals is A. Thus, we have
e 05 it _ 05 i, _ a3 (51A )
V(1) = 22 12 Y2 12 (™) 2 (0 1 1

where 1; = 1 + X\i(1 — §2). Then by extending Proposition 4 from Binmore et
al. (1986), we generalize the result that the equilibrium partition converges to
an asymmetric Nash bargaining solution partition as A goes to zero, to the case
where players have concave utility functions.

Let 2V be the asymmetric Nash solution

N = argmax 2025 %,

z€Z

(14+X2) log 62

N . .
TFa)loz 61+ (1 ha) o203 ° Observe that 2z is uniquely defined by

where o = C
o 2N =(2V), and
ZN
o ()] < 25 % < WL,

where 1" and ¢, are the left- resp. righthand side derivatives of ¢. Let v — T as
A — 0. Since ¢ is continuous on [0, 1], we have that To = ¢ (Z1). Furthermore,
since 9 is decreasing and concave, we have

Xz
)] < Jim | =g P < @)
1= m 1



and, using ’Hopital’s rule,

LI 55 LI
(@) = (T ) .| GE =D ()
lim 55 = ilm 35
S m- g B St

o
(1+)\2)62A10g621/} LI +(§ _wa(ﬁm)
I P L P2 dA
= 11m

A0 _ (14+A1)88 log 6, B\ day
ui T+ (1 1 ) dA

(1+ )\2) log 02 « w(fl)
(1 +)\1)10g51 1_71
o« T

11—« .f1'

It follows that & = 2.
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