
A Simple Bargaining Procedure for the Myerson
Value�

Noemí Navarro Andrés Perea

This version: August 2010

Abstract

We consider situations where the cooperation and negotiation possibilities between pairs
of agents are given by an undirected graph. Every connected component of agents has a
value, which is the total surplus the agents can generate by working together. We present
a simple, sequential, bilateral bargaining procedure, in which at every stage the two agents
in a link (i; j) bargain about their share from cooperation in the connected component they
are part of. We show that, if the marginal value of a link is increasing in the number of links
in the connected component it belongs to, then this procedure yields exactly the Myerson
value payo¤ (Myerson, 1977) for every player.
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1. Introduction

This paper introduces a noncooperative bargaining procedure that leads to the Myerson value
(Myerson, 1977) for network games. The Myerson value has been widely used as an exogenously
given payo¤ scheme in many non-cooperative settings, although the choice of allocation rules,
or equivalently, payo¤ schemes is quite large. Network games range from the seminal work by
Myerson (1977), in which cooperative TU games in characteristic function form are restricted to
communication structures, to the more general speci�cation introduced by Jackson and Wolinksy
(1996), in which the value function takes the network as a primitive. (See the book by Jackson
(2008), Chapter 12, for a more formal de�nition). Apart from the Myerson value, many other
allocation rules have been proposed and studied for network games. See, for example, Amer and
Carreras (1995), Bergantiños, Carreras and García-Jurado (1993), Borm, Owen and Tijs (1992),
Calvo, Lasaga and van den Nouweland (1999), Hamiache (1999), Herings, van der Laan and
Talman (2008), Jackson (2005), Slikker (2005), Slikker, Gilles, Norde and Tijs (2005), Talman
and Yamamoto (2008) and Vázquez-Brage, García-Jurado and Carreras (1996).

The Myerson value is relatively easy to compute. Nevertheless, that is not the only reason
for its popularity. The Myerson value presents appealing properties when applied to network
formation settings.1 Namely, it is well-known that some non-cooperative games of network
formation have a potential when the payo¤s for players follow the Myerson value in each of
the possible resulting networks.2 A similar result is known about the Shapley value and non-
cooperative games of coalition formation.3 In addition, Jackson (2003) shows that there always
exists a pairwise stable network relative to the Myerson value and, even more importantly,
following improving paths with respect to the Myerson value always leads to a pairwise stable
network. These are very important features of the Myerson value, since the existence of pairwise
stable networks or them being a �sink�of a dynamic network formation setting is not always
granted.

In this paper we propose a simple bargaining procedure in network games that leads to the
Myerson value if the surplus from cooperation is link-convex. Our bargaining procedure consists
of a sequence of bilateral negotiations between agents. First, we �x a graph. Each link in that
graph represents a pair of agents that are allowed to bargain directly. Afterwards, we �x a rule
of order over the links of the graph. When a pair of agents is called to play, they bargain in
two stages, called �bid�and �propose� stages. During the �bid� stage agents announce a bid
price. During the �propose� stage the agent with the highest bid proposes a payo¤ for him
and for the other player. In case of acceptance by the other player, both players commit to the
proposed pair of payo¤s and the mechanism turns to the next link given by the rule of order. In

1See for example Aumann and Myerson (1988), Dutta, van den Nouweland and Tijs (1998), Garrat and Qin
(2003a) and (2003b), Pin (2008), Slikker, Dutta, van den Nouweland and Tijs (2000) and Slikker and van den
Nouweland (2000, 2002).

2For a de�nition of games with potential, see Monderer and Shapley (1996).
3See Qin (1996).

2



case of rejection (i) the proposer has to pay his announced bid to the other player, (ii) the two
players are not allowed to bargain directly any more, and (iii) the procedure starts all over again.
Precisely, the graph that is �xed after the rejection corresponds to the current graph where the
link representing the pair of players that could not reach an agreement has been eliminated.
The procedure continues until all the links in the original graph have been considered.

The �nal result of the procedure will consist of a series of bilateral agreements on payo¤s and
a graph, possibly empty, which includes all directly connected pairs of agents that have reached
an agreement. For every connected component in the �nal graph, we �rst check that the total
amount of agreed upon payo¤s by the participating agents in the component does not exceed
the value of the component. Provided this is true, every agent receives the sum of his agreed
upon payo¤s at the �nal graph, plus or minus the bids received or paid as a result of previous
disagreements. Otherwise, the empty network is implemented and everybody receives his or her
stand-alone payo¤, plus or minus the bids received or paid as a result of disagreements.

We prove that, under the assumption that the surplus from cooperation is link-convex, there
is a unique subgame perfect equilibrium outcome to this procedure in which all proposed payo¤s
are accepted and the �nal payo¤s for the players coincide with the Myerson value applied to
the original graph. Here, by link-convex we mean that the marginal contribution of a link to a
connected component is increasing in the number of links within this component. We show that
this implies that the Myerson value payo¤ for all agents in a component increases by adding a
link to this component.

The monotonicity of the Myerson value with respect to the density of the network inside a
component is a relevant requirement due to two features of our mechanism. First, the bargaining
procedure is sequential. And second, in case of disagreement, the link connecting the pair
of agents who did not reach an agreement disappears from the bargaining procedure. The
sequentiality of the procedure could in principle induce a �rst-mover advantage: Two agents
bargaining now can agree on payo¤s that are too high. This, in turn, could leave not enough
payo¤ for some other players that will bargain later during the procedure. In other words, two
agents agreeing on payo¤s that are too high could lead to a future disagreement. In case of
disagreement the corresponding link is eliminated from the graph. Therefore, if link-convexity
is satis�ed, there is no incentive for disagreement, as the resulting payo¤s of the bargaining
procedure after a rejection are smaller for everybody. The same type of condition appears in
part of the literature implementing the Shapley value. The Demand Commitment Game is a
well-known game form that has been proven to lead to the Shapley value by Winter (1994)
and by Dasgupta and Chiu (1998). In such a game, agents sequentially commit to join any
coalition meeting his payo¤ demand. The main di¤erence of these two works is the following.
In Winter (1994) the �rst agent is randomly chosen and each agent points at the next player
after announcing the demand, while in Dasgupta and Chiu (1998) there is a random order over
the whole set of agents. Both require the TU game to be convex, which in turn means that the
Shapley value payo¤ of each agent is increasing any time a new agent, or new set of agents, joins
the cooperation. Therefore, no agent has an incentive of demanding too much, forcing some
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agents out of cooperation from the grand coalition. One last comment is in order. Dasgupta
and Chiu (1998) de�ne a system of transfers and taxes so that the Demand Commitment Game
could implement the Shapley value for any TU game. On one hand, the system of transfers
makes larger coalitions more valuable and, on the other hand, the system of taxes alleviates the
�rst-mover advantage (apart from balancing the budget), since the agents coming �rst by the
rule of order pay more than the ones that come after. Whether a system of transfers and taxes
could be possible in our setting we leave it for future research.

Other mechanisms leading to the Shapley value are the ones proposed by Hart and Mas-
Colell (1996) and the bidding-for-the-surplus procedure �rst introduced by Pérez-Castrillo and
Wettstein (2001). The mechanism proposed by Hart and Mas-Colell (1996) allows one active
agent, randomly chosen (with uniform probability), to make a feasible proposal to all the active
agents.4 This proposal has to be accepted or rejected by the rest of active agents, following
some pre�xed order. If they all accept the set of active agents cooperate together and distribute
the value as proposed. If one agent rejects, the proposer is eliminated from the set of active
agents with a certain probability and the mechanism starts all over again. The Shapley value
for the grand coalition is obtained as the probability of being eliminated approaches 0. The
bidding-for-the-surplus mechanism (Pérez-Castrillo and Wettstein, 2001) di¤ers in two aspects.
First, a bidding stage is introduced, so that the proposer is not chosen randomly. Each active
player chooses a bid for each of the other active players and the one with the highest net bid
becomes the proposer. Second, the proposer leaves the game with probability one in case of a
rejection. While Hart and Mas-Colell (1996) implement the Shapley value for any monotonic
TU game, the bidding-for-the-surplus does so for zero-monotonic TU games, properties that
imply in particular that the Shapley value is larger for an agent when he or she participates
than when the agent is left alone. Intuitively, the advantages of being a proposer vanishes in
Hart and Mas-Colell (1996) due to the fact that (i) the proposer never leaves the game, and
(ii) any active agent becomes the new proposer with equal probability and the game starts all
over again. In the bidding-for-the-surplus mechanism the bidding stage alleviates the advantage
of being the proposer, and so does our mechanism. The proposer, at the proposal stage, will
make all respondants indi¤erent between rejecting or not. Therefore, all active agents except
the proposer obtain the payo¤ at the reduced game without the proposer. Hence, no rejections
take place. In order to make payo¤s more balanced, as in the Shapley value, the proposer always
pays the value of his bid to each of the other players previous to the proposal stage. This bid
coincides with the di¤erence in payo¤s to each of the other agents between the scenario with the
proposer and the scenario without the proposer. The only thing that has to be satis�ed is that
any agent becoming the proposer prefers participating in the procedure than not to participate.
That is the role played by the assumption of monotonicity or of zero-monotonicity.

Mutuswami, Pérez-Castrillo and Wettstein (2004) extend the bidding-for-the-surplus mech-
anism to the provision of public goods and network formation. In the latter context, the main

4Active agent means that this agent is still allowed to play.
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di¤erence with respect to the original bidding-for-the-surplus mechanism is that at the second
stage the proposer announces in addition a coalition and a connected graph on such coalition.
Vidal-Puga and Bergantiños (2003) apply the bidding-for-the-surplus mechanism to implement
the Owen value, which is an extension of the Shapley value to cooperative situations where
players are organized in a-priori unions. Slikker (2007) has shown that a modi�cation of the
bidding-for-the-surplus obtains the Myerson value for monotonic value functions. As it is a
procedure based on the bidding-for-the-surplus, it mainly di¤ers from our procedure in three
points. First, we propose a procedure that is based on sequential and bilateral bargaining, while
the bidding-for-the-surplus is not. Second, in the bidding-for-the-surplus prices are always paid
in equilibrium, whereas in our mechanism the announced prices are paid only if a proposal is
rejected. In particular, no prices are paid in the unique subgame perfect equilibrium outcome.
Finally, in case of a rejection, the bidding-for-the-surplus mechanism deletes all the links of the
proposer, while our procedure only eliminates the link for which the players have failed to reach
an agreement.

The paper is organized as follows. In Section 2 we lay out the model of a cooperative game
with network structure, introduce the Myerson value, and de�ne an illustrate the assumption
of link-convexity. In Section 3 we describe the bargaining procedure and illustrate it by means
of a three-player example. In Section 4 we present and prove the main result, stating that the
bargaining procedure uniquely leads to the Myerson value, provided link-convexity is satis�ed.
The appendix contains a proof of the lemma stating that in link-convex game, the Myerson value
payo¤ of a player in a connected component decreases if we delete a link from this component.

2. The Model

2.1. Cooperation in Graphs and Value Functions

Let N = f1; :::; ng be the set of players. The bilateral negotiation possibilities among players
are given by an undirected graph g with N being the set of nodes. Such a graph g consists of a
set of undirected links (i; j), and the interpretation is that players i and j can negotiate directly
if and only if (i; j) 2 g. The coalitions in N which will eventually cooperate are the connected
components of N in g. Every connected component S in g has a value w (S; g), which is the
total surplus from cooperation for S if the cooperation structure is given by g. This value is
assumed to be perfectly transferable among players in S.

Let G be the set of all possible undirected graphs on N . For every graph g and coalition
S we de�ne the restriction of g to S as gjS = f(i; j) 2 g : i 2 S and j 2 Sg. Note that gjS � g
and gjN = g. A coalition R � S is called a connected component of S in g if: (1) for every two
players in R, there is a path, that is, a set of consecutive links, in gjS connecting them, and (2)
for any player i in R and any player j not in R, there is no path in gjS that connects them.
Let Sjg be the set of connected components of S induced by g. Similarly, we may de�ne N jg
as the set of connected components of N in g. Note that N jg is a partition of N . A graph g is
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connected if N jg = fNg.
A value function is a map w that assigns to every graph g and every connected component

S in g a value w (S; g). Following Jackson and Wolinsky (1996), we assume throughout the
paper that the value w (S; g) does not depend on the cooperation structure outside S. That
is, w (S; g) = w (S; g0) whenever gjS = g0jS. However, we allow w (S; g) to depend on the
cooperation structure inside S, hence, w (S; g) may di¤er from w (S; g0) if gjS and g0jS are
di¤erent. From now on, the value function w is assumed to be �xed.

2.2. The Myerson Value

An allocation rule is a function y that assigns to every graph g 2 G some payo¤vector y (g) 2 <n.
An allocation rule is called component e¢ cient if for every graph g 2 G and every connected
component S 2 N jg; we have X

i2S
yi (g) = w (S; g) :

Let gn (i; j) be the graph that results after deleting the link (i; j) from g. An allocation rule y
is called fair (Myerson (1977)) if for every graph g 2 G and every link (i; j) 2 g; it holds

yi (g)� yi (gn (i; j)) = yj (g)� yj (gn (i; j)) :

By fairness, we thus impose that two players who cooperate directly gain or lose the same
amount by dissolving this cooperation.

Jackson and Wolinsky (1996) show that there is a unique component e¢ cient and fair alloca-
tion rule, which can be written as the Shapley value of some auxiliary TU-game to be described
below. This is an extension of an earlier result by Myerson (1977), who restricted attention to
value functions w with the property that w (S; g) is independent of the cooperation structure
inside and outside S.

For every graph g 2 G let [N;Ug] be the auxiliary TU-game in which the characteristic
function Ug assigns to every coalition S the value

Ug (S) =
X
R2Sjg

w (R; gjS) :

Intuitively, Ug (S) is the total surplus from cooperation that players in S may obtain if the
cooperation structure is restricted to g and no cooperation with players outside S is possible.
Note that if S is a connected component in g then Ug(S) = w(S; g).

Theorem 2.1. (Myerson (1977) and Jackson &Wolinsky (1996)). There is a unique component
e¢ cient and fair allocation rule, namely the allocation rule assigning to every graph g the Shapley
value of [N;Ug].
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Throughout the paper, the fair and component e¢ cient allocation rule will be referred to as
the Myerson value, and will be denoted by m. More precisely, by mi(g) we denote the payo¤
for player i if the Myerson value is applied to graph g:

2.3. Link-Convexity

For the remainder of this paper we shall restrict our attention to a particular class of value func-
tions, namely those satisfying link-convexity. In words, link-convexity states that the marginal
contribution of a link to a connected component is increasing in the number of links inside this
component. Formally, we have the following de�nition.

De�nition 2.2. A value function w is called link-convex if

Ug(S)� Ugnl1(S) > Ugnl2(S)� Ugnfl1;l2g(S)

for every graph g; every connected component S 2 N jg and every two links l1; l2 in gjS:

Note that link convexity implies that

Ug(S) > Ugnl(S) (2.1)

for every graph g, connected component S in g and link l 2 gjS: This is obtained by considering
the case l1 = l2 in the de�nition of link-convexity.

We now derive a result that proves to be important for our main theorem. One can show,
namely, that for a link-convex value function, deleting a link from a connected component leads
to a strictly lower Myerson value payo¤ for all players in that component.

Lemma 2.3. Let w be a link-convex value function. Then, mi(w; g) > mi(w; gnl) for every
graph g; connected component S 2 N jg; player i 2 S and link l 2 gjS:

The proof for this result can be found in the appendix.

2.4. Examples for Link-Convexity

We conclude this section with some examples of value functions that satisfy link-convexity. In
a context of TU games with communication structures, van den Nouweland and Borm (1991)
�nd necessary and su¢ cient conditions for the resulting game to be link-convex, assuming the
underlying TU game is convex.

Example 1: Cooperation between Scientists

Consider a group N of scientists that work together on a project. Each scientist is involved in
bilateral cooperations with other scientists, represented by a graph g: As every scientist has his
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own �eld of expertise, every bilateral cooperation, or link, yields a type of knowledge that can
only be generated by this speci�c cooperation. For every link l; let c(l) be a positive number
that re�ects the contribution of the bilateral cooperation l to the project. For a connected
component S 2 N jg of scientists, de�ne its value by

w(S; g) =
Y

l2gjS
c(l);

whenever S contains at least two members. If the connected component S contains only one
scientist i, that is, if i is disconnected, then let w(fig; g) = 0: Hence, the total scienti�c output
of the group S corresponds to a Cobb-Douglas production function in the input variables c(l)
generated by the various bilateral cooperations inside S: It may be veri�ed by the reader that
such value functions w are link-convex if c(l) > 2 for all links l.

Example 2: R&D Networks

Consider a group N of �rms producing a homogeneous good in a perfectly competitive market.
Each �rm may, or may not, be engaged in bilateral R&D agreements with other �rms. We
represent these agreements by links in a graph g: The goal of these agreements is to reduce
production costs by developing new, more e¢ cient technologies. It is assumed that a technology
resulting from an R&D cooperation between �rms i and j becomes available to all �rms that
are directly or indirectly connected to these two �rms in the graph g. We model this as follows.
Let Ci (xi; g) be the total cost for �rm i of producing quantity xi when the collection of R&D
agreements is equal to g. For simplicity, we assume that, for every graph g, connected component
S in g, �rm i in S, link l 2 gjS, and quantity xi, the ratio

Ci(xi; gnl)
Ci(xi; g)

is independent of the graph g, the �rm i and the quantity xi. In words, the ratio above re�ects
the cost reduction induced by the R&D cooperation l. As this cost reduction is independent of
g, i and xi; we may de�ne

�(l) =
Ci(xi; gnl)
Ci(xi; g)

for every link l. Moreover, we assume Ci(xi; g) = x2i for every disconnected �rm i in g. As such,
the cost function for a �rm i in a connected component S is given by

Ci (xi; g) =
x2iQ

l2gjS �(l)
:

Let the market price of the good be normalized to 1. Each �rm i in a connected component S
is assumed to maximize pro�ts given the price of the good and its cost function induced by the
network g. This yields an optimal production level equal to

xi (g) =
1

2

Y
l2gjS

�(l);
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and a pro�t given by

�i (g) =
1

4

Y
l2gjS

�(l):

The value w (S; g) of a connected component S in an R&D network g is simply the sum of the
pro�ts for all �rms in the component S. Hence,

w (S; g) =
jSj
4

Y
l2gjS

�(l);

when S contains at least two �rms, and w(fig; g) = 1
4 when i is disconnected. Again, it may be

veri�ed by the reader that this value function is link-convex if � (l) > 2 for all links l.

3. The Bargaining Procedure

3.1. Description

We now present a simple bargaining procedure that leads to the Myerson value. Let N be the set
of players and g a graph representing the bilateral negotiation possibilities. For every connected
component S; we start the following procedure: Fix an ordering of the links in gjS such that,
whenever (i; j) is not the last link in S; then either i or j (or both) are involved in some future
link. For every link (i; j) the negotiation between i and j consists of two stages:

Bidding Stage. Both players simultaneously make non-negative bids bi and bj .

Proposal Stage. The player with the highest bid proposes a payo¤ pair (xi; xj) which the
other player can accept or reject. If the player accepts we move to the next link. If the player
rejects the link (i; j) is removed, the proposer pays his bid to the other player and the procedure
starts all over again for the reduced graph gn(i; j). In case both players have chosen the same
bid in the bidding stage, both will propose with equal probability.

At the end we reach a graph g0 � g, possibly the empty graph, where all bilateral negotiations
have led to an agreement. For every connected component S0 in g0 with at least two players, let
X(S0) be the sum of all agreed upon payo¤s of all the players in S0. If X(S0) does not exceed
the total value w(S0; g0), then every player i 2 S0 obtains, next to the bids received or paid as
a result of possible previous rejections, the sum of all the agreed upon payo¤s to i. If X(S0)
exceeds the total value w(S0; g0), no player in S0 receives anything next to the bids received or
paid during the negotiation process. If S0 = fig then player i obtains, next to the bids received
or paid as a result of possible previous rejections, his stand-alone value w(fig; g0).

3.2. Order of Bilateral Negotiations

In our procedure, we have imposed a restriction on the order of the bilateral negotiations.
Namely, within a connected component S; if i and j negotiate, and are not the last ones to
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negotiate, then either i or j (or both) will negotiate at least once more in the future. Put
equivalently, if i and j are not the last ones to negotiate within S; then it should not be the
case that both i and j will leave the negotiations immediately afterwards. We call such orders
of bilateral negotiations regular.

The reason for this condition is that without it, there is no reason to expect a fair allocation
of the surplus. Assume, namely, that within some connected component S players i and j would
negotiate, would both leave the negotiations afterwards, but some other players in S would still
negotiate in the future. Then, i and j would grab all the surplus, and leave the remaining
negotiators just the minimal amount they would accept. This, of course, would never yield a
fair allocation, and hence the Myerson value will surely not result if we would not impose our
regularity condition on the order of bilateral negotiations.

The question remains whether we can always �nd a regular order of bilateral negotations.
It can easily be veri�ed that this is indeed always possible. At every stage in the procedure,
namely, we can choose the next link (i; j) in such a way that the set of remaining links (including
(i; j)) is connected. If we do so, then, unless (i; j) is the last link, either i or j will be connected
to a future link, and hence either i or j will negotiate at least once more. So, we obtain a regular
order.

3.3. Illustration of the Bargaining Procedure

We illustrate the bargaining procedure by means of a three-person example. Let g1 = f(1; 2); (2; 3)g;
g2 = f(1; 2)g, g3 = f(2; 3)g and g4 = ;. Let w(f1; 2; 3g; g1) = w123, w(f1; 2g; g2) = w12,
w(f2; 3g; g3) = w23, w(f1g; g3) = w(f1g; g4) = w1, w(f2g; g4) = w2 and w(f3g; g2) = w(f3g; g4) =
w3. We use subgame perfect equilibrium to analyze the players�behavior in the bargaining pro-
cedure.

We start with the graph g2, where only players 1 and 2 negotiate. Suppose player i wins
the bidding stage. Then player j; by rejecting player i�s o¤er, would obtain wj + bi, where bi
is player i�s bid. Therefore, player i will o¤er player j exactly xj = wj + bi. So player i would
propose the remaining amount xi = w12 � wj � bi for himself and player j would accept.

Note that the payo¤ of the winning player is decreasing in his own bid. As a consequence,
players 1 and 2 in equilibrium must choose the same bid. Namely, if bi > bj then winner i could
improve his payo¤ by decreasing his bid a little bit. Therefore, in equilibrium, both players will
be the proposer with probability one half.

Furthermore, in equilibrium the common bid b must be such that both players are indi¤erent
between being the proposer or not. Namely, if one of the players would strictly prefer being
the proposer, he could increase his bid a little, become the proposer with probability one and
thereby improve his payo¤. If, on the other hand, the player would strictly prefer being the
respondant, he could decrease his bid, become the respondant with probability one and thereby
improve his payo¤. We know that the payo¤ for player i from being the proposer is equal to
xi = w12 � wj � b and the payo¤ for player i from being the respondant is wi + b. By setting
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the two equal we obtain that

b =
w12 � w1 � w2

2
:

Hence, for both players i, the expected payo¤ equals the payo¤ from being a respondant,
which, as we have seen above, is equal to

wi + b =
w12 + wi � wj

2
:

So, the payo¤s to players 1, 2 and 3 in graph g2 are given by�
w12 + w1 � w2

2
;
w12 + w2 � w1

2
; w3

�
:

This is exactly the Myerson value for graph g2.
Similarly, it can be checked that the bargaining procedure applied to graph g3 leads to its

corresponding Myerson value.

We �nally turn to the graph g1 and assume that the order of the links in g1 is �rst (1; 2) and
then (2; 3).

We start at the end of the bargaining procedure, that is, link (2; 3). Suppose that players 1
and 2 have agreed upon payo¤s x1 and x2 during their negotiation. The procedure then moves
to players 2 and 3. Suppose player 2 wins the bidding stage. Then player 3; by rejecting player
2�s o¤er, would obtain w3 + b2, where b2 is player 2�s bid. Therefore, player 2 will o¤er player 3
exactly y3 = w3+b2. So player 2 would propose the remaining amount y2 = w123�x1�x2�w3�b2
for himself. Thus, player 2�s total payo¤ if he won the bidding stage would be

x2 + y2 = w123 � x1 � w3 � b2:

On the other hand, if player 3 won the bidding stage then player 2, by rejecting 3�s o¤er,
would obtain m2 (g2)+b3, where m2 (g2) is the Myerson value payo¤ for player 2 in g2. As shown
before, if the bargaining procedure has to start all over again for graph g2; the equilibrium payo¤s
will coincide with the Myerson value for g2. If player 2 would accept player 3�s o¤er, his total
payo¤ would be x2 + y2. So player 3 would o¤er player 2 exactly y2 = m2 (g2) + b3 � x2. Player
3 would then propose the remaining amount

y3 = w123 � x1 � x2 � y2 = w123 � x1 �m2 (g2)� b3

for himself and player 2 would accept.
Note that in both cases the total payo¤ of the proposer is decreasing in his own bid. By

a similar argument as above in graph g2; players 2 and 3 in equilibrium must choose the same
bid. Therefore, in equilibrium, both players will be the proposer with probability one half.

Furthermore, in equilibrium the common bid b must be such that both players are indi¤erent
between being the proposer or not. The argument is the same as above in graph g2. We know
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that the total payo¤ for player 2 from being the proposer is equal to x2+y2 = w123�x1�w3� b
and the payo¤ for player 2 from being the respondant is x2 + y2 = m2 (g2) + b. By setting the
two equal we obtain that

b =
w123 � x1 � w3 �m2 (g2)

2
:

The reader may check that this value of b also makes player 3 indi¤erent between being the
proposer or not.

Therefore, the total payo¤s for players 2 and 3; if players 1 and 2 have agreed upon x1 and
x2; are given by

x2 + y2 = m2 (g2) + b =
w123 � x1 � w3 +m2 (g2)

2
; (3.1)

and

y3 = w123 � x1 �m2 (g2)� b =
w123 � x1 + w3 �m2 (g2)

2
:

Note that, for every x1, we have that the di¤erence in total payo¤s between players 2 and 3 is
equal to m2 (g2)� w3 = m2 (g1n(2; 3))�m3 (g1n(2; 3)). So, for every x1 we have fairness at the
link (2; 3) :

We now turn to link (1; 2). Assume �rst that player 1 wins the bidding stage and proposes
(x1; x2) . If player 2 rejects the o¤er, he will obtain m2 (g3) + b1. If he accepts, then, by (3.1),
his �nal payo¤ will be (w123 � x1 � w3 +m2 (g2))=2: So player 1 would o¤er the x1 that makes
player 2 indi¤erent between accepting and rejecting, namely

x1 = w123 � w3 +m2 (g2)� 2m2 (g3)� 2b1;

and player 2 would accept. In particular, player 1�s payo¤, when being a proposer, is decreasing
in his own bid.

Assume now that player 2 wins the bidding stage and proposes (x1; x2). Player 1, by rejecting
the o¤er, would obtain a payo¤ equal to w1 + b2. On the other hand, by accepting the o¤er,
he would obtain x1. Player 2 will therefore propose w1 + b2 to player 1 and he would accept.
Player 2�s total payo¤, by (3.1), would then be

x2 + y2 =
w123 � w1 � w3 +m2 (g2)� b2

2
:

Again note that player 2�s total payo¤ when being the proposer is decreasing in his own bid.
By a similar argument as above, we can conclude that players 1 and 2 must choose the

same bid in equilibrium. So both players will be the proposer with probability one half. But
then, as before, the common bid b must be such that both players are indi¤erent between being
the proposer or not. Recall that player 2, by accepting player 1�s bid, obtains a total payo¤ of
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m2 (g3)+b; and by being the proposer obtains a total payo¤of (w123 � w1 � w3 +m2 (g2)� b) =2.
By setting the two equal we get

b =
w123 � w1 � w3 +m2 (g2)� 2m2 (g3)

3
:

By combining all of the equations above, we conclude that, in equilibrium, the total payo¤s are
given by

x1 =
w123 + 2w1 � w3 +m2 (g2)� 2m2 (g3)

3
;

x2 + y2 =
w123 � w1 � w3 +m2 (g2) +m2 (g3)

3
;

y3 =
w123 � w1 + 2w3 � 2m2 (g2) +m2 (g3)

3
;

which is exactly the Myerson value of g1.

4. The Main Result

We now prove that the bargaining procedure always leads to the Myerson value if the value
function w is link-convex.

Theorem 4.1. Let w be a link-convex value function and g a graph. Then, there is a unique
subgame perfect equilibrium outcome in the bargaining procedure, and in this outcome the total
payo¤s for all the players coincide with the Myerson value at g.

Proof. We show the statement by induction on the number of links in g. Assume that the
graph is empty. Then, by construction of the procedure, every player receives his stand-alone
value, which is also the Myerson value of the empty graph.

Now consider a graph g and assume that for any subgraph g0 the procedure implements the
Myerson value. By the construction of the bargaining procedure it is clear that we can apply
the procedure to each connected component in g separately. We therefore assume, without loss
of generality, that the full player set N is a connected component within g.

Suppose now that the procedure reaches the link (i; j); that is, i and j must negotiate. Let
Nout be the players that will not negotiate anymore, and let N in = NnNout be those players
that will negotiate at least once more, starting from link (i; j): Let Xout denote the sum of total
payo¤s claimed so far by the players in Nout; and let Mout be the sum of the Myerson value
payo¤s for the players in Nout: We proof the following claim.

Claim. Consider the subgame that starts at link (i; j); and where the players in Nout have
together claimed a total payo¤ of Xout: Suppose that, for every remaining link (k; l); we have
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Xout < Mout+ jN inj(mk(g)�mk(gn(k; l))): Then, there is a unique subgame perfect equilibrium
outcome in this subgame, where every player k 2 N in will receive a total payo¤

Xk = mk(g) +
Mout �Xout

jN inj :

Proof of the Claim. We prove the claim by induction on the number of links that follow (i; j).
To start with, assume that (i; j) is the last link. Suppose that Xout < Mout + jN inj(mi(g) �
mi(gn(i; j))); that is,

Xout < Mout + 2(mi(g)�mi(gn(i; j))):

Assume that players i and j have claimed total payo¤s of Xi and Xj so far. If i wins the bidding
stage, proposes (xi; xj), and player j rejects, j�s total payo¤ would be mj (gn (i; j)) + bi. Here
we use the induction assumption that if the link gets broken the bargaining procedure leads to
the Myerson value for gn (i; j). On the other hand, if player j accepts, his total payo¤ will be
Xj + xj . Therefore player i will choose the xj such that Xj + xj = mj (gn (i; j)) + bi. Hence,
player j�s total payo¤ would be

Xj + xj = mj (gn (i; j)) + bi; (4.1)

and player i�s total payo¤ would be the remaining amount, which is

Xi + xi = Ug (N)�Xout � (Xj + xj)
= Ug (N)�Xout �mj (gn (i; j))� bi: (4.2)

Therefore, player i�s total payo¤ is decreasing in his own bid when he is the proposer.
Similarly, if player j is the proposer, player i�s total payo¤ would be

Xi + xi = mi (gn (i; j)) + bj ; (4.3)

and player j�s total payo¤ would be

Xj + xj = Ug (N)�Xout �mi (gn (i; j))� bj : (4.4)

Hence, also player j�s total payo¤ is decreasing in his own bid when he is the proposer.
This implies that in equilibrium players i and j must choose the same bid. Namely, if bi > bj ;

player i could improve his total payo¤ by lowering his bid a little and still become the proposer.
Therefore players i and j will both become the proposer with probability one half.

Furthermore, the common bid b must be such that both players are indi¤erent between
being the proposer and the respondant. If a player would strictly prefer being the proposer,
then he could improve his total payo¤ by raising his bid a little and become the proposer with
probability one. If he would strictly prefer being the respondant, he could improve his total
payo¤ by lowering his bid a little and become the respondant with probability one. It can easily
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be shown that such a common bid exists and is unique: If we take bi = bj = b and set (4.1)
equal to (4.4), we get the same solution for b as when we set (4.2) equal to (4.3), namely

b =
Ug(N)�Xout �mi(gn(i; j))�mj(gn(i; j))

2
:

As Ug(N) =Mout +mi(g) +mj(g); we have that

b =
Mout �Xout +mi(g) +mj(g)�mi(gn(i; j))�mj(gn(i; j))

2

= mi(g)�mi(gn(i; j)) +
Mout �Xout

2
: (4.5)

Here, the second equality follows from the fact that mj(g)�mj(gn(i; j)) = mi(g)�mi(gn(i; j)):
Since, by assumption, Xout < Mout + 2(mi(g) � mi(gn(i; j))); we obtain that b > 0: So, the
common bid is positive and therefore well-de�ned.

With all the above, the total expected payo¤s for players i and j equal the total payo¤s they
obtain by being the respondant, namely

Xi + xi = mi (gn (i; j)) + b, and Xj + xj = mj (gn (i; j)) + b: (4.6)

By substituting (4.5) into (4.6), and using the fact thatmi(g)�mi(gn(i; j)) = mj(g)�mj(gn(i; j))
we get

Xi + xi = mi(g) +
Mout �Xout

2
= mi(g) +

Mout �Xout

jN inj ;

and

Xj + xj = mj(g) +
Mout �Xout

2
= mj(g) +

Mout �Xout

jN inj :

So, the claim holds if (i; j) is the last link:

Consider now a link (i; j) which is not the last link, and suppose that Xout < Mout +
jN inj(mk(g)�mk(gn(k; l))) for every remaining link (k; l): Assume also that the claim holds for
all the links that follow. There are two possible cases to distinguish, namely that neither i nor
j will not leave the negotiations after (i; j); or that one of them will.

Case 1. Suppose that neither i nor j will leave the negotiations after (i; j):
In this case, the set of inactive players Nout will remain the same after the negotiation at

(i; j); and hence also the claimed amount Xout: Therefore, by our induction assumption, the
eventual payo¤s for the players in N in are not a¤ected at all by the negotiation at (i; j); as long
as the o¤er there is accepted. So, the only objective for players i and j is to make sure that the
o¤er is accepted, and hence the claim follows rather trivially in this case.

Case 2. Suppose that player i will leave the negotiations after (i; j):
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Since the order of bilateral negotiations is regular, we know that player j is involved in at
least one other remaining link.

Assume that players i and j have claimed total payo¤s Xi and Xj so far. If i would win the
bidding stage, propose (xi; xj) and player j rejects, then j�s total payo¤ would be

mj(gn(i; j)) + bi: (4.7)

If j would accept, then his total payo¤ would be

mj(g) +
(Mout +mi(g))� (Xout +Xi + xi)

jN inj � 1 : (4.8)

Here, we have used the assumption that the claim holds for the link that follows (i; j): Namely,
if j accepts, then player i would have total payo¤ Xi + xi: Since player i leaves after (i; j); the
total claimed amount by the inactive players after (i; j) would be Xout+Xi+xi; and the sum of
the Myerson value payo¤s of the inactive players after (i; j) would be (Mout+mi(g)): Moreover,
the number of active players after (i; j) would be jN inj � 1:

So, if i proposes, then we would choose xi such that (4.7) and (4.8) are equal. Hence, player
i�s total payo¤ would be

Xi + xi =M
out +mi(g)�Xout + (jN inj � 1)(mj(g)�mj(gn(i; j))� bi) (4.9)

and player j�s total payo¤ would be

mj(gn(i; j)) + bi: (4.10)

We thus see that player i�s total payo¤ is decreasing in his own bid if he is the proposer.
If j would win the bidding stage, propose (xi; xj) and i rejects, then i�s total payo¤ would

be mi(gn(i; j)) + bj : If i would accept, then his total payo¤ would be Xi + xi; and player j�s
total payo¤ would be

mj(g) +
(Mout +mi(g))� (Xout +Xi + xi)

jN inj � 1 :

So, player j would choose xi such that Xi+xi = mi(gn(i; j))+bj ; and hence j�s own total payo¤
would be

mj(g) +
(Mout +mi(g))� (Xout +mi(gn(i; j)) + bj)

jN inj � 1 ; (4.11)

whereas i�s total payo¤ would be
mi(gn(i; j)) + bj : (4.12)

Hence, also player j�s total payo¤ is decreasing in his own bid if he is the proposer.
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Summarizing, we see that for both players the total payo¤ when being the proposer is
decreasing in the winning bid. But then, both players must choose the same bid b: Namely, if
bi > bj then i could improve his total payo¤ by lowering his bid a little and still be the proposer.
Similarly when bj > bi: Hence, players i and j will both become the proposer with probability
one half.

Also, the common bid b must be such that both players are indi¤erent between being the
proposer and being the respondant. Namely, if a player strictly prefers being the proposer, then
he could improve his total payo¤ by raising his bid a little and thereby become the proposer
with probability one. Similarly, if the player strictly prefers being the respondant, he could do
better by lowering his bid and become the respondant with probability one.

It is easily veri�ed that such bid b exists: By setting (4.9) equal to (4.12) for bi = bj = b; we
obtain the same solution for b as by setting (4.10) equal to (4.11), namely

b =
Mout �Xout +mi(g)�mi(gn(i; j)) + (jN inj � 1)(mj(g)�mj(gn(i; j)))

jN inj :

As mj(g)�mj(gn(i; j)) = mi(g)�mi(gn(i; j)); we obtain that

b = mi(g)�mi(gn(i; j)) +
Mout �Xout

jN inj ; (4.13)

which is positive since, by assumption, Xout < Mout + jN inj(mi(g) �mi(gn(i; j))): Hence, the
common bid b is well-de�ned.

So, player i�s total expected payo¤ is equal to his expected payo¤ by being the respondant,
which, by (4.12), is equal to mi(gn(i; j)) + b: By (4.13), we can then conclude that player i�s
total expected payo¤ is

mi(g) +
Mout �Xout

jN inj : (4.14)

Similarly, player j�s total expected payo¤ is equal to mj(gn(i; j)) + b; which, by (4.13) and the
fact that mj(g)�mj(gn(i; j)) = mi(g)�mi(gn(i; j)); is equal to

mj(g) +
Mout �Xout

jN inj : (4.15)

We now explore what the other active players after (i; j) would get. Consider the subgame
that starts immediately after (i; j); and let ~Xout; ~Mout and ~N in refer to this subgame: Since
player i leaves the negotiations after (i; j); and receives total payo¤mi(g)+(M

out�Xout)=jN inj;
we have that

~Xout = Xout +mi(g) +
Mout �Xout

jN inj = mi(g) +
Mout + (jN inj � 1)Xout

jN inj :
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Obviously, ~Mout = Mout + mi(g) and j ~N inj = jN inj � 1: As, by assumption, Xout < Mout +
jN inj(mk(g)�mk(gn(k; l))) for every link (k; l) that comes after (i; j); we may conclude that

~Xout < mi(g) +M
out + (jN inj � 1)(mk(g)�mk(gn(k; l)))

= ~Mout + j ~N inj(mk(g)�mk(gn(k; l)))

for every link (k; l) that comes after (i; j): But then, by our induction assumption, we may
conclude that every active player k after (i; j) will receive total payo¤

mk(g) +
~Mout � ~Xout

j ~N inj
= mk(g) +

Mout �Xout

jN inj :

Together with (4.14) and (4.15) we then obtain that every player k 2 N in receives total payo¤

mk(g) +
Mout �Xout

jN inj ;

which was to show. By induction, the proof of the claim is complete.

We �nally prove the statement of the theorem. Let us move to the beginning of the bargaining
procedure, that is, to the �rst link (i; j). There, obviously, Xout = Mout = 0: Since the value
function is link-convex, we know by Lemma 2.3 that mk(g) > mk(gn(k; l)) for every link (k; l):
Hence, we have that Xout < Mout + jN inj(mk(g)�mk(gn(k; l))) for every link (k; l): But then,
by our Claim, we may conclude that there is a unique subgame perfect equilibrium outcome in
the bargaining procedure, where every player k receives total payo¤

mk(g) +
Mout �Xout

jN inj = mk(g):

This completes the proof of the theorem. �

Appendix

Proof of Lemma 2.3. Let the value function w be link-convex and let g be a graph. Recall
from Section 2.2 that the auxiliary TU-game [N;Ug] is given by

Ug(S) =
X
R2Sjg

w(R; gjS)

for all coalitions S; and that the Myerson value at g coincides with the Shapley value applied
to Ug: Since S is the union of connected components in gjS; we may use our terminology from
Section 2.3 to write

Ug(S) = w(S; gjS):
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We prove the following claim.

Claim. Let g be a graph, S a coalition, i a player not in S; and l a link in g such that S [ fig
is a connected component in g; and l 2 gj(S [ fig): Then,

Ug(S [ fig)� Ug(S) > Ugnl(S [ fig)� Ugnl(S):

Proof of claim. By de�nition, we have that

[Ug(S [ fig)� Ug(S)]� [Ugnl(S [ fig)� Ugnl(S)]
= [w(S [ fig; gj(S [ fig))� w(S; gjS)]�

�[w(S [ fig; (gnl)j(S [ fig))� w(S; (gnl)jS)]
= [w(S [ fig; gj(S [ fig))� w(S [ fig; (gnl)j(S [ fig))]

�[w(S; gjS)� w(S; (gnl)jS)]: (4.16)

As
w(S; gjS) = w(S [ fig; gjS)� w(fig; gjS)

and

w(S; (gnl)jS) = w(S [ fig; (gnl)jS)� w(fig; (gnl)jS)
= w(S [ fig; (gnl)jS)� w(fig; gjS)

it follows that

w(S; gjS)� w(S; (gnl)jS)) = w(S [ fig; gjS)� w(S [ fig; (gnl)jS):

Hence, with (4.16) it follows that

[Ug(S [ fig)� Ug(S)]� [Ugnl(S [ fig)� Ugnl(S)]
= [w(S [ fig; gj(S [ fig))� w(S [ fig; (gnl)j(S [ fig))]�

�[w(S [ fig; gjS)� w(S [ fig; (gnl)jS)]: (4.17)

We distinguish two cases.
Case 1. Suppose that l 2 gjS: Let l1; :::; lK be the links that connect i with a player in S:

Then,

gj(S [ fig) = (gjS) [ fl1; :::; lKg and
(gnl)j(S [ fig) = ((gnl)jS) [ fl1; ::; lKg:
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Hence,

w(S [ fig; gj(S [ fig))� w(S [ fig; (gnl)j(S [ fig))
= w(S [ fig; (gjS) [ fl1; :::; lKg)� w(S [ fig; (gnljS) [ fl1; :::; lKg)
> w(S [ fig; (gjS) [ fl1; :::; lK�1g)� w(S [ fig; (gnljS) [ fl1; :::; lK�1g)
> w(S [ fig; (gjS) [ fl1; :::; lK�2g)� w(S [ fig; (gnljS) [ fl1; :::; lK�2g)
> : : :

> w(S [ fig; (gjS))� w(S [ fig; (gnljS));

where the inequalities follow from link-convexity. By (4.17) it follows that

Ug(S [ fig)� Ug(S) > Ugnl(S [ fig)� Ugnl(S);

which is the desired result. This completes the proof of Case 1.
Case 2. Suppose that l =2 gjS: Then, gjS = (gnl)jS; which implies that

w(S [ fig; gjS)� w(S [ fig; (gnl)jS) = 0: (4.18)

As, by assumption, l 2 gj(S [ fig); it follows that l = (i; j) for some j 2 S: Let l1; :::; lK be the
links other than l that connect i with some player in S: Therefore,

gj(S [ fig) = (gjS) [ fl; l1; :::; lKg and
(gnl)j(S [ fig) = (gjS) [ fl1; ::; lKg:

Then,

w(S [ fig; gj(S [ fig))� w(S [ fig; (gnl)j(S [ fig))
= w(S [ fig; (gjS) [ fl; l1; :::; lKg)� w(S [ fig; (gjS) [ fl1; :::; lKg) > 0

by property (2.1) of link-convexity. Combining this insight with (4.17) and (4.18), we obtain
that

Ug(S [ fig)� Ug(S) > Ugnl(S [ fig)� Ugnl(S);

which was to be shown. This completes the proof of Case 2, and hence the proof of the claim is
complete.

We �nally show that
mi(w; g) > mi(w; gnl)

for every graph g; connected component S 2 N jg; player i in S and link l in gjS: Consider a
graph g and a connected component S in g. Let l be a link in gjS: Consider the reduced graph
gnl, and the corresponding auxiliary TU-game

�
N;Ugnl

�
. De�ne the TU-game [N;Vg;l], where

Vg;l (R) = Ug (R)� Ugnl (R)
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for all coalitions R: We show that for all i 2 S the Shapley value payo¤ in the game [N;Vg;l] is
strictly positive.

Let � (v) denote the Shapley value of the game [N; v]. By de�nition,

�i(Vg;l) =
X

R�Nnfig

jRj!(n� jRj � 1)!
n!

[Vg;l(R [ fig)� Vg;l(R)] : (4.19)

Fix a player i 2 S. We show that

Vg;l(R [ fig)� Vg;l(R) � 0

for all R � Nn fig ; and
Vg;l(R [ fig)� Vg;l(R) > 0

for at least one such R: Choose an arbitrary R � Nnfig: Let C1; :::; CK be the connected
components in gj(R [ fig); and let C1 be the connected component that contains player i: We
distinguish two cases.

Case 1. Suppose that l 2 gjC1: Then,

Vg;l(R [ fig)� Vg;l(R)
= [Ug(R [ fig)� Ug(R)]� [Ugnl(R [ fig)� Ugnl(R)]
= [w(R [ fig; gj(R [ fig))� w(R; gjR)]� [w(R [ fig; (gnl)j(R [ fig))� w(R; (gnl)jR)]
= [w(C1; gjC1)� w(C1nfig; gjC1nfig)]� [w(C1; (gnl)jC1)� w(C1nfig; (gnl)jC1nfig)]
= [Ug(Ci)� Ug(Cinfig)]� [Ugnl(Ci)� Ugnl(Cinfig)]
> 0;

where the inequality follows from the claim.
Case 2. Suppose that l =2 gjC1: Say, l 2 gjCk with k 6= 1: Then,

Vg;l(R [ fig)� Vg;l(R)
= [Ug(R [ fig)� Ug(R)]� [Ugnl(R [ fig)� Ugnl(R)]
= [w(R [ fig; gj(R [ fig))� w(R; gjR)]� [w(R [ fig; (gnl)j(R [ fig))� w(R; (gnl)jR)]
= [w(C1; gjC1)� w(C1nfig; gjC1nfig)]� [w(C1; (gnl)jC1)� w(C1nfig; (gnl)jC1nfig)]
= 0;

since
w(C1; gjC1) = w(C1; (gnl)jC1)

and
w(C1nfig; gjC1nfig) = w(C1nfig; (gnl)jC1nfig):
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As, by assumption, S is a connected component in g; i is a player in S, and l is a link in gjS;
there is at least one R � Nn fig with the property that l 2 gjC1; namely R = Snfig: By
Case 1 and Case 2 it thus follows that Vg;l(R [ fig) � Vg;l(R) � 0 for all R � Nn fig ; and
Vg;l(R[fig)�Vg;l(R) > 0 for at least one such R: By (4.19) we may conclude that �i(Vg;l) > 0.
By linearity of the Shapley value,

�i(Vg;l) = �i(Ug)� �i(Ugnl) = mi (w; g)�mi (w; gnl) > 0:

This completes the proof of Lemma 2.3. �
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